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Exercise 1: Motion of massless particles

The equations for a massless particle parametrized by z#(7) are given by

BT i = 0, (1)
gu(x)its” =0, (2)
where I', are the full Christoffel symbols for g,,, and "= %.

1.1) Prove that the equation of motion (1) is invariant under infinitesimal reparametriza-
tions of the affine parameter \,

ot — ot 4 St dzt = it | A=0. (3)
i.e., for redefinitions of the form A\ = a7 + b, with a,b € R constant.
1.2) Prove that the constraint (2) is preserved under time evolution.
Exercise 2: Bending of light in gravitational field

In the lecture we showed that light is deflected in a gravitational field with potential ¢ = ¢(7).
The deflection vector is given by the integral

Al = —21{/6@@ (4)

along the z-axis, where the gradient transverse V| is defined by
Vip = Vo—k2(k-Vo)k (5)
in terms of the null vector k* := % = (k, k), |K|* = k2, with 2@¥ the trajectory of the

unperturbed light ray.

2.1) Take the unperturbed light ray to be along the z-axis and the gravitational potential

to be sourced by a mass M,
GM
¢(7:‘) = T

,
which we assume to be located at (0, —b,0). Determine the deflection angle o =
using the integral (4) along the z-axis from —oo to +oo.

2.2) Estimate the deflection of light passing by the sun, as becomes measurable during a
total eclipse.



