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Outline

• The one loop spin chain and the central charge. 

• Ending on D-branes: giant gravitons. 

• Boundary conditions: one and two loops. 

• All loop orders, beta deformations and geometry.



One loop spin chain
States in N=4 SYM on cylinder can be described in terms of 

gauge invariant local operator insertions.



String states are traces

O(0) ' Tr(W1W2 . . . )

W 2 (@[n]�1,..6, @
[n] I , @[n]Fµ⌫)

Derivatives should be covariantized.



SU(2) sector

Choose an N=1 R-charge, and decompose the 
multiplet into three chiral super fields X,Y,Z and vector 

superfield.

The SU(2) sector is built only from Y,Z and no derivatives.



O(0) ' Tr(ZY ZZZY Y ZY Z....)

H1�loop

/ g2
YM

NTr[Y, Z][@
Z

, @
Y

]

The one loop spin chain is proportional to 

Minahan & Zarembo; 
 Besiert, Christiansen and Studacher.



Infinite spin chain limit

O(0) ' zzzzzzzzzY zzzzzzzzzzzzzzz

The Z make a ground state, and  
the Y hop to left or right as impurity.

There is a (quasi) momentum on spin chain associated to 
eigenstates of the discrete translation.



When considering bigger sectors with SUSY, 

{Q,Q} / exp(ip)

one can associate a central charge to the spin chain 
(Beisert).

Y ! [Y, Z]

Which shows effectively as follows

Evaluating one gets



Produces a non-trivial dispersion relation for impurity

�� J '
q

1 + h(�) sin2 p/2

Good to “all orders”
h(�) = �

This is the strong ’t Hooft coupling constant.



This is the dispersion relation 
of a giant magnon: a straight chord  
between two end-points on a disk, 
moving with angular velocity one

S3 ! S5

#
D2

(Hofmann -Maldacena)



Can form BPS bound states of k such impurities

�� J =
q

k2 + h(�) sin2 p/2

N. Dorey.



• Central charge is confined in closed strings. 

• How does it relate to central charge of N=4 SYM on 
Coulomb branch? 

• In flat 10 D space, central charge can be sourced 
by placing D-branes in various positions. 

• How does one build correct boundary conditions 
for spin chain from first principles? 



Ending on D-branes
Want a D-brane configuration that 

preserves same symmetries of ground state 
of spin chain: built out of Z.

There are such D-branes: giant gravitons & dual  
giant gravitons.













Interpretation

A giant graviton with fixed R-charge is a quantum 
state that is delocalized in dual variable to R-charge

To build localized states in dual variable we need to 
introduce a collective coordinate that localizes on the 
zero mode: need to introduce uncertainty in R-charge
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Cuntz oscillator at each site
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• There are extra first derivative terms colored in red. These are the leftovers from
removing the terms that wrap around in the closed spin chain. Is there a way to get
rid of them?
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Full two loop result

=0 in ground state
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We had 1 and 2-loop verified









Geometric limits: “lots of operators with small 
anomalous dimensions”

















Dual giants

9

We find that the correct coe�cient to attach to this process is g2
YM

N �p
N

. Notice that this

takes n1 ! n1 � 1. Following our practice of labeling states with Cuntz oscillators, we see

that the hop-out interaction is given by the following extra contribution on the first element

of the spin chain

Hhop-out, left ' �g2
YM

N
�p
N
a1 (28)

Hermiticity ensures that the hop-in interaction is the adjoint of this operation, so we have

that

Hhop-in, left ' �g2
YM

N
�⇤
p
N
a†1 (29)

Finally, there is one extra contribution to the left from acting with the term Tr(ZY @
Y

@
Z

)

where the derivative with respect to Z acts on the giant graviton. Such terms are identical

to those that were already computed in [1], and these are given by

g2
YM

��⇤ (30)

Such terms were called ‘kissing interactions’ in [13].

Putting it all together, we find that the open spin chain Hamiltonian on the left side of

the spin chain is given by

H
eff

' g2
YM

N

✓
�p
N

� a†1

◆✓
�⇤
p
N

� a1

◆
+ (a†1 � a†2)(a1 � a2) + . . .

�
(31)

A similar term shows up in the right hand side, with � ! �̃ and a1 ! a
k

. Notice that

this is a simple generalization of equation (9) at the boundaries. This is a nearest neighbor

interaction with hopping in and out of the chain at the boundaries. It is important to notice

that since the parameter � is complex, there are phases associated to hopping in and out

at the boundary. This is a simple generalization of the spin chain Hamiltonian found in

[5, 6]. Notice that the Hamiltonian can be made to be the same as the one presented in

that work if we choose � = �̃ = �
p

N(1� p/N) in the notation of [5]. Notice that this

result ends up having the same information content as the one found in [13] (particularly

equation ). All we have to do is interpret the parameter �/ in our expression in terms of

raising and lowering operators associated to the momentum of the giant graviton. Since �

is a coherent state parameter for a (inverted) harmonic oscillator, as shown in [1], we can

think of � ' b and �⇤ ' b†, for a harmonic oscillator pair. In this case, acting with a

lowering operator actually increases the R-charge of the giant, and acting with the raising

Same Hamiltonian! now the collective 
coordinates end up outside the unit disk.

DB: arXiv:1411.5921



Generically BPS ground state in SU(2) sector does  
not exist, except for 0 sites (1 Y).

The z coherent state coordinates end up outside the 
unit disk: they don’t belong to the Hilbert space of the  

chain (non-normalizable states).

One can cross walls of marginal stability.



Can take limits

Here we are using the fact that ∆ = L = N|Z|2 −N. This means that the redshift factor is

cosh ϱ = |Z| ≃ |Z1| ≃ |Z2|, and for the branes to be closer than the string scale, the energy

of a string suspended between them needs to be lower than the local string length. This

means that we want to take the limit such that

1 << gYM

√
N|Z1 −Z2| << ℓ−1

s cosh ϱ = (g2
YMN)1/4|Z| (15)

this only modifies equation (11) at strong t’Hooft coupling. Obviously both limits can be

realized by first choosing |Z1 − Z2| sufficiently large, and then choosing |Z| to be that

much larger. Notice that in this limit the branes can also be considered to be static. This

is because the proper velocity of the branes on a rest frame located at the AdS position of

the brane is vproper = 1/ cosh(ϱ)→ 0, an effect due to the blueshift of proper time.

In this limit, at energies of order gYM

√
N|Z1 − Z2| there is no way to excite stringy

states that are not low energy W-bosons. Similarly, we can argue that there is no back

reaction so long as the energy of these W bosons is much smaller than the energy of the

brane gYM

√
N|Z1 −Z2| << L ≃ N|Z|2. Since the right hand side grows quadratically in

|Z|, there is always a sufficiently large value of Z for which the energy of the W-bosons

is subleading, even at finite values of gYM. Any calculation done in this double scaling

limit for dual giants can be considered to be exactly in the Coulomb branch of N = 4

SYM in flat space. Here we now see the identification of the central charge of Beisert as

being identical in value to the central charge ofN = 4SYM, even at finite coupling in the

appropriate limit.

IV. WALLS OF STABILITY

The next question that needs to be asked is if the BPS states with given quantum

numbers exist or if they don’t. We will address this explicitly in the SU(2) sector at weak

coupling, and will conjecture what the rules for the other states are. The key observation

is that the ground state of the spin chain Hamiltonian described by (1) and (2) can be

computed in the presence of coherent states for giants or dual giants, along the lines of

[20].

H1−loop = g2
YMN

⎡

⎢

⎢

⎢

⎢

⎢

⎣

(w∗ − a†1)(w − a1) +
k−1
∑

i=1

(a†i − a†i+1)(ai − ai+1) + (a†k − w̃∗)(ak − w̃)

⎤

⎥

⎥

⎥

⎥

⎥

⎦

(16)

9

Large collective coordinates for D-branes land us on 
Coulomb branch. If we scale effective masses to be 
very large, radius of 3-sphere becomes irrelevant.

We also need to decouple strings.



In the limit

Beisert’s central charge evaluates to the Coulomb 
branch central charge of N=4 SYM.

Beisert’s central charge contains the other one as a limit. 
This probably explains the non-renormalization of h rigorously.

It also relates the two shortening conditions of BPS states.



Conclusion

• Ground state of open strings between (dual) giant 
gravitons is soluble (2-loop and sigma model) 

• The giant gravitons source Beiserts central charge 
and energy of state is controlled by SUSY. 

• Can do beta-deformations (can see details of 
geometry)



• Beisert’s central charge contains the central charge 
of the Coulomb branch of N=4 SYM. 

• Can play similar games with N=2 SUSY (no 
integrability, but central charge available — 
Gadde,Pomoni,Rastelli)


