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Chapter 1

Introduction

At present, we know of three fundamental forces which govern the microscopic world:
The electromagnetic, the weak nuclear and the strong nuclear force, all of which can be
accurately described by gauge quantum field theories. The easiest of these is quantum
electrodynamics with Abelian gauge group U(1). The combination of the electromag-
netic and weak nuclear force is described by a non-Abelian gauge theory with (broken)
gauge symmetry SU(2) x U(1). The strong nuclear force, which is responsible for the
formation of quarks into hadrons, is described by quantum chromodynamics (QCD)
which has the colour gauge group SU(3). These theories are combined into the Stan-
dard model of particle physics, which has been tested to great accuracy in scattering
experiments and has recently received another confirmation by the discovery of the
Higgs boson at the Large Hadron Collider. Of course, we know that the Standard
Model is incomplete, as it does not contain gravity or provide candidate particles
which could constitute the dark matter hypothesized in astrophysics. However, also
the theories beyond the Standard model are typically gauge theories.

Despite their fundamental role, our understanding of gauge theories is not as ad-
vanced as one could hope. This concerns both higher-order calculations of scattering
amplitudes as well as an understanding of non-perturbative effects such as the con-
finement of quarks. The consideration of a similar but simpler gauge theory could lead
to novel insights, which might in turn be used to improve our understanding of other
gauge theories such as QCD. This approach has been successful in many branches of
physics. A brillant example is our understanding of atomic spectra which is based on
the exact quantum mechanical solution of the Schrodinger equation for the hydrogen
atom.

The simplicity of a quantum field theory may be connected to its degree of sym-
metry. In this regard, N' = 4 supersymmetric Yang-Mills (SYM) theory with gauge
group SU(N) stands out among other four-dimensional gauge theories, as it possesses
maximally extended supersymmetry and a conformal symmetry, which is also present
at the quantum level. The supersymmetry is said to be maximally extended in the
sense that a theory with a higher degree of supersymmetry would necessarily contain
particles of spin s > 1, for which no renormalizable theory is known. With a view
to its high degree of symmetry and the hope that an exact solution could be within
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reach, N'=4 SYM has been called the hydrogen atom of gauge theories.

For example, it has been possible to derive certain tree-level amplitudes for QCD
from the respective amplitudes in ' =4 SYM [1]. The calculation of the scattering
amplitudes in the latter theory is greatly simplified by their superconformal symmetry
and in fact it has been possible to derive all tree-level amplitudes in N' =4 SYM [2].
Apart from the superconformal symmetry, the scattering amplitudes in /' =4 SYM
also possess a higher Yangian symmetry, which has been discussed in [3]. The Yangian
algebra is an infinte-dimensional algebra, which extends the underlying symmetry
algebra. Its appearance is often related to an underlying integrability of the theory. In
the case of N' =4 SYM, integrable structures have been found for different observables,
an important example are the two-point functions of local operators, see [4] for a
review.

But there are more aspects that raise attention towards N'=4 SYM. In 1998, Juan
Maldacena proposed the now famous correspondence between N'=4 SYM and a type
IIB superstring theory on the background space AdSs x S® [5]. In a weaker form, the
conjecture is restricted to the so-called planar limit [6], where the rank of the gauge
group SU(N) is sent to infinity, while the 't Hooft coupling constant A = ¢?N is kept
fixed. Interestingly, the conjecture relates a strongly coupled Yang-Mills theory to a
weakly coupled string theory. The correspondence, if it holds, thereby allows to gain
insights into the parts of both theories which are inaccessible to perturbation theory.
Similar dualities for theories with less symmetry have been formulated and applied.
The case of N'=4 SYM is however best tested and understood. For a review see [7]
as well as [4].

The Wilson loop is an interesting observable which can be considered in any gauge
theory. It was first introduced by Kenneth Wilson [8] in the study of the confinement
problem in QCD, where it arises because the calculation of the expectation value of the
Wilson loop over certain contours allows to derive the force between two static quarks.
This computation can be performed to all orders in pure quantum electrodynamics,
providing a derivation of the Coulomb potential. In N' =4 SYM there is a natural
extension of the Wilson loop, which was suggested by Juan Maldacena [9]. The
Maldacena-Wilson loop is in many respects easier to handle than the ordinary Wilson
loop. It has a finite expectation value, which is conformally symmetric and (locally)
invariant under certain linear combinations of the supersymmetry generators. Using
the conformal invariance of the expectation value, it has been possible to derive exact
results for special contours [10]. It also has a dual string description [9], which relates it
to the area of a minimal surface in AdSs. The consideration of scattering amplitudes at
strong coupling [11] has led to the proposal of a duality between scattering amplitudes
and (Maldacena)-Wilson loop, which has been put forward also at weak coupling
[12].

The combination of this duality with the Yangian symmetry of scattering ampli-
tudes has led to the idedf’] that also the Maldacena-Wilson loop possesses a Yangian

!The duality relates scattering amplitudes to light-like loops, for which the Wilson and Maldacena-
Wilson loop agree.
2This idea was jointly developed by J. Plefka and N. Drukker.



symmetry. This possible higher symmetry of the Maldacena-Wilson loop is studied
in this thesis. We show that a supersymmetric extension of the Maldacena-Wilson
loop, which includes also fermionic fields, indeed exhibits the proposed symmetry.
The results of this thesis have been incorporated in [13], where it is also shown that
the strong coupling description of the Maldacena-Wilson loop is invariant under a
Yangian symmetry. Interestingly, at strong coupling it is not necessary to include
fermionic degrees of freedom.

Outline

Before we embark on the study of the Yangian symmetry of the Maldacena-Wilson
loop, we introduce the necessary preliminaries for this discussion:

In chapter 2] we discuss spinors in four- and ten-dimensional Minkowski space as
well as six-dimensional FEuclidean space. The concepts and notation introduced here
will be needed at various instances. The four- and six-dimensional spinor indices
are used in labelling the fields of ' = 4 SYM, the ten-dimensional spinors will be
employed in the construction of the action of =4 SYM and in the discussion of the
local supersymmetry of the Maldacena-Wilson loop.

In chapter [3| we describe the different symmetries which are applied or studied
in this thesis. We give a brief introduction to conformal symmetry, focusing largely
on the conformal algebra. We also introduce the N' = 4 superconformal algebra and
provide a representation in terms of differential operators acting in the superspace em-
ployed in the supersymmetric extension of the Maldacena-Wilson loop. Furthermore,
we discuss the Yangian over a simple Lie algebra.

In chapter 4] we discuss N = 4 supersymmetric Yang-Mills theory. We derive the
action by performing a dimensional reduction from A = 1 supersymmetric Yang-Mills
theory in ten dimensions and briefly discuss its symmetries. We also derive the sclar,
gluon and gluino propagators which are needed to compute the expectation value of
the extended Maldacena-Wilson loop. Furthermore, we discuss scattering amplitudes
and their symmetries in N'=4 SYM.

In chapter [5| we introduce the Maldacena-Wilson loop. For this, we first discuss
Wilson loops in general gauge theories and then show how the Maldacena-Wilson
loop arises by putting a constraint on the ten-dimensional Wilson loop in N' =1
SYM. We show how this constraint is related to supersymmetry and that it leads to
a finite expectation value for well-behaved curves. Furthermore, we discuss the con-
formal symmetry of the expectation value and briefly review the conjectured duality
to scattering amplitudes.

In chapter [0, we then turn to the Yangian symmetry of the Maldacena-Wilson loop.
Building upon the conformal symmetry, we propose a possible level-1 momentum
generator of the Yangian algebra and study whether it is possible to modify it in such
a way that it annihilates the vacuum expectation value of the Maldacena-Wilson loop
to first order in perturbation theory. Although we find that this cannot be done, the
form of the result leads us to construct an extension of the Maldacena-Wilson loop
which includes also the fermion fields of N'=4 SYM. This extension is (to the orders

3
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we compute it) entirely fixed by supersymmetry. We then show that the modified
level-1 momentum generator does annihilate the expectation value of the extended
Maldacena-Wilson loop.

An outlook on possible subsequent works will be given in chapter [7]



Chapter 2

Spinors in Various Dimensions

In this section we will introduce spinors in four, six and ten dimensions. These are
needed in many parts of this thesis, for example to construct the action of N' = 4 super-
symmetric Yang-Mills theory by dimensional reduction from N = 1 supersymmetric
Yang-Mills theory in ten dimensions. Apart from introducing our conventions, we also
provide several technical identities. We follow the conventions of [14] and [15]. For
details concerning the derivation of technical identities which are not proven below,
the reader is referred to the latter.

2.1 Four-dimensional Minkowski Space

We consider Minkowski space with the metric 7, = diag(+1, -1, -1, —1). Four-dimen-
sional Dirac spinors can be written in the following form:

()

The indices a € {1,2} and & € {i,2} are raised or lowered by contracting with the
two-dimensional epsilon tensors ¢*? and e*?,

12 i2 , , 3 i
€-=€a=1, e€“=¢€j5=-1 :>e"56w:5fj, e“ﬂew:éﬁf,

(2.1)
in the following way:
P = e’ Q;Z)ﬁ ) Yo = wﬁeﬂa ) 1;(! = €8 1;[} ) 1/;(5[ = QZ)HGBQ : (22)

To give a representation of the Clifford algebra in four dimensions, we introduce the
following two bases of hermitian matrices:

o= (1,5), o', = (1,-d), (2.3)

where & are the Pauli matrices

01
1 _ 2
U_<1 0)’ 7

Il
N\
<. O
o |
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The sigma matrices can be identified as follows:

paB _ By =n & _ —ppBa P TR 7) _ .
o =€ 0'766 =0 , O'aB—Eﬂ,»YO' €50 = 0 3a -

Furthermore they satisfy the following identity:
Egﬁ-/a”w + EZ,;/O'”;Y’B = 20" of, ot d’YU’I;B +o” d‘”afy‘ﬁ =29 (52“ . (2.4)

Thus the following matrices form a representation of the Clifford algebra:

0o o, . 1 0
o of 5 __ 2 0.1.2 3
7—<omﬁ 0), 7—W’7’YV—<O _1>- (2.5)

This representation is called the chiral representation. In any dimension a representa-
tion of the Clifford algebra induces a representation of the universal cover SL(2,C) of
the Lorentz group SO(1,3). In the given representation the reducibility of the induced
representation of SL(2,C) is manifest as the generators

=K By _ =V _uBy
,y,ul/ 1 [,y,u’ /y,,] _1 (O-QBO- Uaﬁo' 0 )
T i 4 paf=v v af—=h
0 ot o, — oV oy,

are block-diagonal. Of course, the question of reducibility is not related to a concrete
representation of the Clifford algebra. The irreducible representations constituting
the above representation act on the left- and right-handed Weyl spinors

(W) =rw=t@ere. (%) =Pw=3a-2)v.

Apart from left- or right-handed Weyl spinors, one often also considers Majorana
spinord]] The Majorana condition can be viewed as a Lorentz invariant reality condi-
tion. To impose such a condition, we need a charge conjugation matrix C(; 3y, which
satisfies

021,3)0(1,3) =1, 021,3)7#0(1,3) =—("". (2.6)
These properties make sure that the charge conjugated spinor
¢(C) = C(l,s)w

transforms like ¢ under Lorentz transformations. To see this, consider the commutator
of C(1,3) with a representation matrix

STA] = exp (2w ™).
By (2.6) we have Cy 39" = ()" C1,3) and hence

CanSI[A" =S[A]Cus) -

LOur discussion follows |16].



2.1. Four-dimensional Minkowski Space

The charge conjugated spinor then transforms as
P = CugSA Y =S [A]Cuny™ = S[A] 9.
Therefore the Majorana condition

P =1 (2.7)

is Lorentz invariant, meaning that it holds in any frame if it holds in one. A possible
choice for a charge conjugation matrix is the following:

oo [0 —io?\ [0 ey
0(1’3) =1y = (io’Q 0 = 60‘5 0 . (28)

It is easy to see that this satisfies the conditions (2.6). The Majorana condition then

becomes
(%) B ( 0 %) (e \ _ ((44)
¢d Eaﬁ O (wd) (wa)* .

We hence see, that left- or right-handed Weyl spinors cannot satisfy the Majorana con-
ditionP] This is not the case for ten-dimensional Minkowski space, where we consider
Majorana-Weyl spinors.

To any four-vector in Minkowski space we can assign a bi-spinor by contracting it
with the sigma matrices introduced above. To be able to translate back and forth be-

tween bi-spinors and four-vectors, the following identities for contractions of spacetime
or spinor indices will be crucial:

EZBEH’YS = —2€ay €45, OhgOuse = —2€ps5 €y, Ongo " =20 =0ok 0" (2.9)
The assignment of a bi-spinor to a four vector p* is given by the following contraction:
P =GOS, = g8, = po

This can be inverted making use of :
pH = %6“adpad = %U“do‘pda , Do K™ = 2p, k" . (2.10)

There are different possibilities in defining bi-spinor derivatives. Following [15], we
define them by the translation we use for other Minkowski four-vectors; i.e.:

. 0 .0
e — = ghr — | 2.11
g 0% 4a oxH ( )
This definition leads to the following relation:
Fo e T =208 5[‘3‘. (2.12)

2The Weyl and Majorana conditions are known to be compatible only in d-dimensional Minkowski
space-times for which d = 2 (mod 8).
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Note also that in our conventions the chain rule receives a factor of one half:

d oF 1 OF
el _ YT aniey — T
ds F(a(s)) oz (s) 2 Ogod

T%(s). (2.13)
We also assign bi-spinors to antisymmetric tensors of rank two. For this, we define:
g as = i (Eﬂaso_mﬁ _ Euasamﬁ) € (2.14)
g s = i (UWVE”‘;B - a”o"VEMB) €5 - (2.15)
Then we assign the following bi-spinors to an antisymmetric tensor F,, by:
FP .= F, o  F%.—F, "%, (2.16)
The two bi-spinors associated to F),, can be related to
Foobl .=, Gghod v oo
by the following identity:
FoPl = e8P pel 4 LeP Al (2.17)
As this differs from the one given in |15] we will go through the proof. To check the
above statements, it suffices to contract the equation with the epsilon tensors e, and
€,5- Using the symmetry properties of the bi-spinors defined above, F*# = Ff* and
Fé8 = Ffe we have:
€aB (%eé‘éF‘lB + %eo‘ﬂFdB> — jFaP , €af (%eé‘BFQB + %eO‘BFdB> = jFP
On the other hand we find
EaﬂFadBB = €up F,u,l/ E/Lao'z Evﬁﬁ — %Fpu <E[LOL(3L EuﬁB _ Eu(xd E;LBB) €ap
— i F,t (U“ME”BB - a”‘i‘“&”’ﬁ) €po =i FO7
and in the same way
edBFo‘dﬁﬁ =iF°?,

which concludes the proof.

The bi-spinors associated to an antisymmetric tensor via are symmetric.
Bi-spinors which do not have this property can be decomposed into a symmetric and
an antisymmetric piece:

Nap = Nap) + Mag) = Map) + Creas,  Ngp =N+ Cacyy -

Contracting both sides with € or €*? respectively we find the general symmetry
properties:

Aap) = Nap + 5605 A7, (2.18)

aB -ty



2.2. Six-dimensional Euclidean Space

As a direct consequence of , we find the Fierz identity
£ = 10" (10,45€), (2.20)
and the trace identity
1 Tr(a"o”) =n". (2.21)
For our further calculations, we also need the following higher trace identities:

’I‘I’(O’“ o O_p ) _ nuu npn + ,’,’up num nup 771//@ _ €HW)V» , (222)
Tr(c#G" o?T") = "' 0P + 0P nh" — Pt et (2.23

N— N~

These identities can be derived similarly to the derivation of trace identities for four-
dimensional gamma matrices. Using the Clifford relation in terms of the sigma ma-
trices (2.4), we have:

Tr(c" 0¥ 5’ o) = 20" Tr(c” o) — Tr(c” 0" ° 0") =
=4 m"'n" — 00" + ") — Tr(c” 0 5" o).

Using the cyclicity of the trace, we arrive at
Tr(c" 0¥ 3" o) + Tr(c" " 0”T") = 4 ("0l — Py + k' n"P) .
On the other hand, one can easily assure oneself that
Tr(c" 0¥ 5" ") — Tr(c" 7" 0 T")

is totally antisymmetric in all indices. A calculation with fixed indices then shows
that

Tr(c" 0" o” 0") — Tr(c" G 0 G"°) = —4ie"P .

The combination of these two identities proves and ([2.23)).

2.2 Six-dimensional Euclidean Space

We consider R® with negative definite metric n;; = diag(—,...,—). The reason for
this choice of metric is, that we will later combine this space with four-dimensional
Minkowski space to give the ten-dimensional Minkowski space R™?. The gamma
matrices for the six-dimensional Euclidean space can be written as

0 xiaB u 1 0
~T ~7 . ~T
v = (z 0 ) ;A —_ZI|_|17 = (0 —11> : (2.24)

Z:AB
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Here, I runs from 1 to 6 while the upper or lower indices A, B take values in {1,2,3,4}.
The sigma matrices are defined by

(SPAB S4B = (1) ap, Mo ABs T3 4B 1T Ay T A B M3 48) ; (2.25)
—1 —6 — — o
(ZAB7 EE) EAB) = (771 AB5> T2 AB> M3 ABy — U1 aB> — )2 AB> —“73,43) ) (226)

where 7; 45 and 7, 45 denote the 't Hooft symbols
NiaB @ = €484+ 0ia0sp — 0;50an , N ap ‘= €iaBa — 0ia0ap + 0;504a . (2-27)

Here, eapcp denotes the four-dimensional epsilon tensor normalised by

_ 1234 __
€1234 — € =1.

We note the following contraction:
DKLM __ KLM MKL LMK LKM MLK KML
€DABC € - 5ABC + 5ABC + 5ABC - 6ABC - 6ABC - 6ABC : (228)

Note also, that the sigma matrices are antisymmetric. In terms of the sigma matrices
the Clifford relation, 447 + 4741 = —2677 1, takes the following form:

SIABS] 4+ SIABTL = o5l gA . S, BYBC 45, N80 = 251755 . (2.29)

Proving the above involves a straightforward but lengthy calculation.
Similar to the four-dimensional case, we assign (4 x 4)-matrices to a vector ¢; € R®
by the prescription

9P = %2““%17 Gap = %i{md)l- (2.30)
These matrices are related by
aAB _ %GABCD ¢CD : ¢AB _ %GABCD 60[) .
For the scalar product we find the following identity:
XABY 45 = X 4pYV P = —2X"Y;. (2.31)

In our later calculations we will need the following identity for a unit vector n; satis-
fying n'n; = —1:

NAB 7’LCB = %(Sg . (232)
The proof of this can be reduced to using the Clifford relation ([2.29)),

— cB _ 1%! JCB _ 1 (T JBC | v/ IBC
napn —5EABE nInJ—_Z<ZABE +ZAB2 nrny

_ 1 sC gIJ _15C

10



2.3. Ten-dimensional Minkowski Space

2.3 Ten-dimensional Minkowski Space

We consider R with the metric n™V = diag(+, —,..., —). A representation of the
Clifford algebra can be constructed from the respective representations we have used
for the six-dimensional Euclidean space and the four-dimensional Minkowski space.
It takes the following form:

o Ly®@q* for M =pue€{0,1,2,3} [ 47
4@~ for M =I+3¢€{4,5,6,7,8,9}

Using the Clifford relations in four and six dimensions, one easily shows that the above
matrices satisfy {T™ | TV} = 29M¥N. The spinors in C3? ~ C® @ C* can be written in a

similar way as
= §A> <€~a> 2.33
f <£A ® ga N ( ° )

Note however, that this is not the most general form of an element of C*?, as not
every element of a tensor product space can be written as the tensor product of two
vectors. To avoid writing linear combinations of vectors, we will write the spinors in
the following form:

e= (e 8 e )

How to multiply the gamma matrices with these spinors can be read off from ([2.33))
and it is actually clear by the position of the indices. However, let us be very explicit
and write out how an arbitrary matrix

e (2 B (0 )
CAB DAB Ca’B daﬁ
acts on such a spinor. From

(6) e (8)] - (Boeat pra) o (g i
32 % Capt® + D P¢p P+ d* &P

we read off that

&5 A5 (0,7 €8 +b,5E57) + B (a,7€n 5 + by5Ep)
A EBB _ AAB( aﬁgﬁ +da SBB) +BAB( aﬂé +da gB)
B Cap(a,’¢F + baﬂgBB) +D,"(a,’¢p 5 + baﬁgB)
& Cap(c*Pef +d?, gBﬁ) + DB (c*Pep s+ d* 53)

For the ten-dimensional N' = 1 gauge theory, we will need Majorana-Weyl spinors
in ten dimensions. A left-handed Weyl spinor satisfies the following condition:

e (g, -6, 6. &) =€

11
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Thus, a left-handed Weyl-spinor has the form

e=(c2.0,0.8)

For the Majorana condition we need to define a charge conjugation matrix C; o satis-
fying TMC, o = —Cy o (TM)". A possible choice is

0 1 : 0 —
0179 = (14 04> &® C173, where Cl)g = ’L’}/Q = <6 0€> . (234)

The Majorana condition C; ¢&* = ¢ takes the following form for a left-handed Weyl
spinor (note (2.1)) for signs):

~ T
Cro€ = (e €1, 0,0, 7 e) ¢ (2.35)

This imposes the restrictions (£44)* = &2 and (£4*)* = £€4. The 32 complex degrees of
freedom of a Dirac spinor in ten dimensions are hence reduced to 16 real degrees of
freedom for a Majorana-Weyl spinor in ten dimensions.

The conjugate spinor is as usual defined by € := ¢T°. In order to perform the
dimensional reduction from N = 1 gauge theory in ten dimensions to N/ = 4 gauge
theory in four dimensions, we are interested in writing out the expression éT'™™ ¥ in
terms of the components of £ and ¥. We note that

§T — (éAo'm 07 07 §Aa> .
For M = p € {0,1,2,3} we have
. ~ A T
FOF#\I} — (]]-8 ® ,}/O,Y:u) v = (U#aﬁwﬁA’ 0, 0, Egﬁ¢i)
Hence we have
N e I N ST (2.36)
For M =T1+3¢€{4,,...,9}, we get
DT W = (3 ©4°°) W = (=247, 0,0, T, 0F)
from which we conclude that

ETIH W = £, STAP G 4 A0S gl (237)

12



Chapter 3

Symmetries

Symmetry has served as an important guiding principle in the construction of new
theories or objects as well as a powerful tool to perform calculations otherwise impos-
sible. In this chapter, we discuss the different symmetry transformations and algebras
which are applied in this thesis.

3.1 Conformal Symmetry

We begin by introducing the conformal transformations of Minkowski space R%43 . We
focus on infinitesimal conformal transformations, deriving the Lie algebra so(2,4) of
the conformal group, but also give the form of large conformal transformations and
comment on the notion of the conformal group. The background for this concerning
differential geometry may be found in |17], the discussion of the conformal group and
algebra is based on [18] as well as [19).

The concept of conformal transformations enhances the notion of isometries. While
an isometry preserves scalar products, conformal transformations change the scale
leaving only the angle between two vectors invariant. As it will turn out that certain
conformal transformations cannot be defined on the whole Minkowski space, we will
consider an open subset U c R®% of Minkowski space in the definition of them.
We then define a conformal transformation of Minkowski space to be a smooth map
f: U — RM3 which satisfies f*n = e2?n, or equivalently

8f({17)p 8f(x)0' _ 20(x)
e Ny VeeU, (3.1)

where o : U — R is a smooth function. In finding all conformal transformations
it can be helpful to consider the vector fields which generate them. Vector fields
generate transformations in the following sense: To each vector field we can assign
integral curves, whose tangent vectors are given by the vector field. We will denote
the maximal integral curve to the vector field X through a given point z, by . (7).
This curve satisfies

Yoo (0) =20, n(r)=X( (7)) VTEL,. (3-2)

13



Chapter 3. Symmetries

Here, I,, denotes the maximal interval to which the solution of the ordinary differential
equation can be extended. This allows us to define the flow which the vector field
X generates. The space on which the flow can be defined is related to the maximal
intervals defined above,

D:={(r,3) eERxR"|r e, }.
The flow of the vector field X is then the smooth map % : D — R™% defined by

o™X (1, 20) = fyjf](T), YV (r,29) €D.

For fixed 7 the flow gives rise to a diffeomorphism between open subsets of Minkowski
space. Vector fields for which these diffeomorphisms are conformal transformations
are called conformal Killing fields. One can show that these vector fields satisfy
the conformal Killing equation £xn = 1 (9,X*)n, which has the following coordinate
expression in Minkowski space:

Xy + 0, X, = % (0,X") M -

On general grounds it is clear that the set of vector fields satisfying the conformal
Killing equation forms a Lie algebra with the Lie bracket given by the vector field
commutator. We will call this Lie algebra the conformal algebra.

Finding the most general solution of the conformal Killing equation allows to derive
all conformal transformations of Minkowski space which are continuously connected
to the identity. One can show that any conformal Killing field can be expressed in
the following way:

X(x) = (a”PH(x) + %w‘“’MW(x) + sD(x) + C“Ku(a:)) )
Here, we defined the following basis of the conformal algebra:

Pu(x) = O, MMV(‘T) = (xual/ - a:,,@u) ) (3'3)
D(z) = "9, K, (z) = (°nu — 2z,m3,) 0. (3.4)
The vector fields P* and M* generate translations and Lorentz transformations and

form the Lie algebra of the Poincaré group. The conformal algebra is given by the
following commutators:

(M

[P

(M,
D,

(M

— 21, D (K,

[D, M,
[P

One can show that the Lie algebra given by the above relations is isomorphic to the
Lie algebra so0(2,4). For this reason, we will refer to the conformal algebra as so0(2,4).

M,,] Moy + 1Mo = NppMyoo — Mo M,y
P B =
[ Pl K] =
M, ] K] =
K] K, =

K,
Mol — Nup Ky
0
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3.2. N =4 Superconformal Symmetry

We now turn to the discussion of large conformal transformations. The vector-
field D generates dilatations, z — e**z. The vector fields K, generate so-called special
conformal transformations,

B x + z’c
142+ 222

K.(x) (3.6)

Both statements may be checked upon expanding the transformation for small s or
¢ respectively. In dealing with special conformal transformations, it can be helpful
to know that they may be expressed as the composition of two inversions and a
translation. The inversion map is given by

The special conformal transformation K. can then be expressed as
K.=50T,08,

where T, denotes a translation by ¢. From we infer that special conformal trans-
formations become singular at a light cone centered at —c/c*. Hence they are not
well-defined on the whole Minkowski space. To have globally well-defined conformal
transformations, one can define a conformal compactification of Minkowski space, on
which the conformal transformations can be analytically continued to become diffeo-
morphisms. One can show that the group of diffeomorphisms so defined is isomorphic
to the group SO(2,4)/{£1}. For details concerning this construction the reader is
referred to [1§].

3.2 N = 4 Superconformal Symmetry

In this section, we discuss the N' = 4 supersymmetric extension of the conformal
algebra so(2,4). For a general introduction to supersymmetry, the reader is referred
to [20] or [21], which gives many explicit calculations. A more formal introduction to
Lie super algebras may be found in [22]. An interesting account of superconformal
algebras can be found in 23] as well as [24].

The commutation relations of the superconformal algebra can be written in a more
compact way, if we write the generators of the conformal algebra as bispinors,

) =M _ Qnv T . — v
P.o=70,,P,, Koo =0,,K,, Mg =045 M, , M,;=0"M,,.

[e%e" ac af = Ud@

15



Chapter 3. Symmetries

The commutation relations of these generators are given by:

[Maﬁ , Mw;: = —2i (€ay Mgs + €as My, + €5, Mas + €55 Ma)
[Maé : MW: = 2i (a5 Mps + €45 Mps + €55 Moy + €5 Mas)
M, M(w-: ~0 [Pw, PBB} ~0 [Kad, Kﬁg} ~0 .
{Maﬁ s Poy| = =20 (€ary Py + €y FPay) [Maﬁ ; Kw} = —2i (eay K3 + €5, Kay)
[Hdﬁ, PW: — —2i (eay Ps + €4: Poc) [me Kvl — —2i (eay K5 + €5, K1)
[P,m VK yp| = ieap Mg+ i€gs Mag +deas sy D

The dilatation generator D satisfies the commutation relations
D, J] = dim(J) J,
thus assigning dimensions to the other generators of the conformal group. We have
dim(K) =1, dim(M) = dim(M) =0, dim(P) = —1. (3.8)

The conformal algebra is augmented by sixteen supercharges Q% and @Ad, which
satisfy the key commutation relation of supersymmetryff

{Qj 7 @B‘j‘} = 2 6B P& (3.9)
We consider an extension without central charges Z45:
{es. @i} =0,  {@".@""} =0 (3.10)

The supersymmetry generators are spinors transforming in the left- or right-handed
representation of SL(2,C) respectively,

[Maﬂv QAW} = —2i(€ay Qap + €3y Qaa) {Mdg, QM} =0, (3.11)
v =4 . —A —A —A
| M50 Q7 = ~2i (as Qh + €5, Q1) (M5, Q7] =0, (3.12)
Furthermore, they have half the dimension of P,

dim(Q) = dim(Q) = —% . (3.13)

Additionally there are sixteen superconformal generators S and S, 4, which follow
from the commutation relations

[Kad, Qi] —26°Fau, [Kad , @“‘B] _ 250 54, (3.14)

!The conventional factor of 2i is chosen to match the commutator of the supersymmetry field
transformations, which will be introduced in chapter @
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3.2. N =4 Superconformal Symmetry

They satisfy a relation analogous to :
{S;;‘  Sna} =284 Kaa- (3.15)
Thus they have half the dimension of K,
dim(S) = dim(3) = % . (3.16)

Also the superconformal generators S and S transform in the respective representation
of SL(2,C),

[Maﬁ, sﬂ — —2i €y S} + €5, 52 [mﬁ., sﬂ ~0 (3.17)
[mﬁ. : SM} — —2i (€45 S a5+ €4, Saa) [Maﬂ , ?M} —0 (3.18)

Furthermore, we have the commutation relations:

[Pad, s;;‘] =255Q"" [Pad : ?AB} = 285Q4 (3.19)
{@“,sf}:o {Qg;,?,;d}zo (3.20)
{Q;;, 5;?} — 68 M®, + 65 RP , +2i65 65 (D + C) (3.21)
{@A”",EBB} = SADL"; — 8 RA, + 206455 (D~ O) (3.22)

Here, we introduced the central charge C, which commutes with all generators of
the superconformal algebra, and the R-symmetry generators R4,;. There are only
15 linearly independent R-symmetry generators as >, R*, = 0. They generate the
R-symmetry group SU(4), which transforms the different supercharges into another.
The generators satisfy the following canonical commutation relations:

, o o —Ca . co=Ada . 4=Ca
(R, Qe =diodQy—ishQe [R5, Q7" =—4is5Q" +iep Q™" (3.23)
[RAB , ?Od} = 4i6A S s — 16480, [RAB , Sﬂ = 4i0S SA +idA8C  (3.24)
[RAB , RCD} — 4i 64 RC,, — 4i0S RA,, (3.25)

In a super Poincaré algebra, the R-symmetry is an outer automorphism of the algebra,
which may or may not be a symmetry of the action. For a superconformal algebra
however, the relation shows that the generators of the R-symmetry are elements
of the algebra and hence they have to be symmetries of the action as well [23].

The N = 4 superconformal algebra described here is called su(2,2[4). As the cen-
tral charge C' commutes with all generators, it is possible to consider representations
where C' = 0. In this case, the resulting Lie super algebra is called psu(2,2[4). For a
representation of the superconformal algebra in terms of complex (4]4) supermatrices,
the reader is referred to [25]. The supermatrix representation also clarifies the naming
of the algebra.
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Chapter 3. Symmetries

In the discussion of the supersymmetric extension of the Maldacena-Wilson loop,
we will need a representation of the superconformal algebra in terms of differential
operators acting in a non-chiral superspace spanned by the variables

(:Eada efa éAd) .
For the GraBmann odd coordinates 62 and 4, we define the following derivatives:

a « 8 n &

As before, we define the derivatives to obey the same transformation rules as the other
spinors, which is reflected in the following derivatives:
0 0

BB _ _sB B 998 — 588 2
(%Aag 6567, 89?{93 0504 (3.27)

A representation of the superconformal algebra in a chiral superspace has been given
in [3]. However, when extending this representation to include the variables 64, one
finds it impossible to obtain the commutation relations of the superconformal algebra.
Rather, we need to introduce another bosonic variable y,?, where A and B take values
in {1,2,3,4}. For this, we define the derivative

8?JAB

5P = 59 68, (3.28)
C

We will now give the explicit form of the generators of the superconformal algebra
satisfying the commutation relations stated above. To write the generators in a more
compact form, we introduce the following abbreviations:

) ) .0

a Ao — = —
%= 00’ 0 s’ o y,” -

The generators of the superconformal algebra su(2,2|4) are then given by:

Mg = 2im500, " + 400,05 2 My =2ia 05 — 404607 (3.29)
D = 12,0 + 10205 + 10,07 Pt =g°¢ (3.30)
Koo = 034,077 — 224,050% — 220400 40°7 + 410205 40,7 (3.31)
Q% = —0% +ya" 05 + 04,0 Q' =000 1y, 0P —igdor (3.32)
S2 = (05 +yp™) (2030”7 + 210507 — ix05050°7 — 2i056050,. (3.33)
Saa= (=08 +ya") (24,05 — 200p505") + iwar0, ;07 + 20, 400 40" (3.34)

R Ay =2i (=65 +yp”) (68 +yc™) 0p° + 2i (=05 +yp©) 0267
+ 21 (5é + yCA) 0_3 daCd + 29_3 d@faad

R, = R4, —16ARC, (3.35)
C= i(&f@% - §Cd80d + 2'925Ad80‘d - 8AA
+ yABH(‘ja% + yABe_B aaAd + yACycBGBA) (336)
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3.3. Yangian Symmetry

3.3 Yangian Symmetry

The Yangian Y (g) over a simple Lie algebra g was first introduced by Drinfeld in
[26]. In this chapter we will introduce it in a way which is known as Drinfeld’s first
realization of the Yangian. Our discussion is based on [27] as well as [28]. In appendix
[B], we provide the algebraic preliminaries which are needed in this section.
In the construction of the Yangian algebra, we start with a simple Lie algebra g

spanned by the generators {J(¥} satisfying

IO 0] = fa IO (3.37)
Additionally, we consider a second set of generators {J(V}, a =1,...,dim(g) and we
define commutation relations between the J® and the J(V:

IO T = fat a0 (3.38)
If one interprets the above commutator as the definition of a representation of g on
span{J{V}, one reads off from (3.38) that the {J(V} transform in the adjoint represen-
tation of g. Note that we have not defined a Lie algebra structure on g @ span{J{V}

as we did not specify commutation relations between the {J(V}. The Yangian Y (g) is
now defined to be the enveloping algebra of g @ span{JV}, such that

[0 1) = f7 50, [0 1) = a0, (339

0, [0 0] - [, [0 90T] = g {00, g g0y (a0
The last equation is sometimes referred to as the Serre relation. For g = su(2) it is
trivially satisfied and needs to be replaced by another relation, which is otherwise
implied, see [27]. Let us explain the notation in the above equations. The enveloping
algebra Y (g) is an associative algebra with unit and we omit writing out the algebra
product explictly,

my@ (t®y)=1ay forz,yecY(g). (3.41)

Also, we define the commutator on Y (g) as usual by [z, y] := zy — yz. Furthermore,
we have a one-to-one map i : g ® span{JM} — Y (g) and to shorten our notation, we
write JO = i(J©), JV =i(JV). Equation is then just the statement, that the
enveloping algebra should be such that i preserves the structure we have defined on
g ®span{J}. In (3.40), we used the following definitions?}

aabcdeg P = fardfbsefctgfmt ) (342>
{00, g0} = TP IO 4 T O IO 4 g0 70
+ IO IO O 1 g0 g0 g0 4 © 5O 5O (3.43)

2See appendix |A| for our conventions on index raising and lowering.
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Chapter 3. Symmetries

The constant « € C is arbitrary.
One can define a Hopf algebra structure on Y (g) by setting

AJN=J9e1+12J0, e(J ) =0, (3.44)
AN =TV el+1e Y+ % LT @ O e(JM)=o0, (3.45)
S(UD) = =0+ 5 1,20 IO S(JO) = —JO | (3.46)

Additionally, we set
Al)=1®1, (1) =1, s(1)=1. (3.47)

At this point, we have only defined how A, € and s act on the generators J(® and J{V).
For elements of Y (g) which are given as linear combinations of products of the J®
and JM, the action of coproduct, counit and antipode are defined by the requirement
that these maps be linear algebra morphisms. The constraints and are
designed in such a way that this can be done consistently, see also [29]. In [30] it is
shown in detail that when are enforced, we also need to require (3.40)) in order
for the coproduct to become an algebra morphism. If one has established, that both
A and ¢ are algebra morphisms, it is sufficient to check the defining properties of a
Hopf algebra on a set that generates this Hopf algebra, in our case {J©, JM}. Tt is
then easy to go through the properties listed in appendix [B] The antipode s should
satisfy the relation

(mo(id®s)oA)(JM) = (uoe) (JM)=0. (3.48)
This can easily be seen from an explicit calculation using the definitions - :
(mo (id®s)oA)(JV) = (mo(id®s)) <J§1> 1+1eJ" + % £.279 @ J§°>>
=m (J;” @1-10J0Y+ %fad’n ® JOJO %fa A JC(O))
=0.
The coassociativity of the coproduct is also checked easily:
(A®id) o A) (JV) = (A ®id) (J;U ©1+10J0 + % £,259 @ J§0>)
JV11+10JVel+19l® JM
+ % . (JZSO) ©10J9+10J" @0 +7" 0 J0® ]1)
([d®A)oA)(J,).

The other relations can be checked similarly.
The Yangian Y (g) can be thought of as a graded algebra spanned by a set of
generators {J, JV J2 3. The superscripts denote the level of the generators,

deg(JV) =0,  deg(JM)=1.
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3.3. Yangian Symmetry

Higher-grade elements may be constructed from the commutators of lower-grade el-
ements. In this regard, (3.40) can be viewed as a constraint on the construction of
them. If we define a grade-two element by

1 . 1
JE = — g 90, 9]

Ca

the commutator of the level-1 generators can be reexpressed as
[Jlgl) ’ Jc(l)] = fbcdjf) +XbC7 where fachbc =0.

Imposing (3.40]) then uniquely determines X, see [27].
Yangian symmetries have been encountered in many different contexts. In the
case of multi-site spaces, the level zero and one generators are given byf’}

TV =3"Jui, (3.49)
=1

g D DN A A T R A (3.50)
i<j k=1

Here, the J,; form a representation of the Lie algebra g. The Yangian symmetry
generators for tree-level scattering amplitudes [3] are of this type. The generators we
will consider can be thought of as a continuum limit of the above generators. Formally,
they are more similar to the Yangian symmetry generators encountered in the study
of two-dimensional integrable field theories, which have the form

J(EO):/ dz joa (), Jél)Z/ dzjia(z) + £," [ dzdyjoc(@)jos(y).  (3.51)

— 00 o0
<y

Here, j,(t,x), p = 0,1, is a Lie algebra valued current with components j, ., j, = 7.1
which satisfies

"5, =0, Aojr — O1jo + o, j1] = 0. (3.52)

More details can be found in [27] and references therein.

3We follow 28] and set o = 1. Consider also |31] for an explanation of the structure of these
generators.
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Chapter 4

N = 4 Supersymmetric Yang-Mills
Theory

In this chapter, we introduce N' = 4 supersymmetric Yang-Mills theory, which is
interesting in many respects: It is the most symmetric four-dimensional gauge theory
possessing N = 4 superconformal symmetry also at the quantum level. A theory with
N > 4 would necessarily contain particles with spin s > 1, for which no renormalizable
theory is known. In this sense, the degree of supersymmetry is maximal for N = 4
SYM. It is also the corresponding gauge theory in the most prominent example of
the AdS/CFT correspondence, which connects it to a type IIB superstring theory on
AdSs x S°.

We derive the action of =4 SYM by considering a dimensional reduction from
a ten-dimensional AN/ = 1 supersymmetric Yang-Mills theory to four dimensions and
briefly describe the symmetries of the action. This way of deriving the action of
N =4 SYM was first described in [32]. The Feynman rules of N’ =4 SYM will not be
needed in this thesis, as the computation of the expectation value of the Maldacena-
Wilson loop to first order in perturbation theory only requires the knowledge of the
propagators. We derive them in section 4.2

As the Yangian symmetry of scattering amplitudes is a key motivation for this
thesis, we will shortly discuss them in section [£.3] This is also of interest for us
because the Yangian generators found for the Maldacena-Wilson loop are structurally
similar to those for the scattering amplitudes.

4.1 Derivation of the Action

The field content of N' = 1 supersymmetric Yang-Mills theory in ten dimensions is
given by the gauge field A, and a Majorana-Weyl spinor ¥. All fields are Lie-algebra
valued in su(N), and we expand them as

U =0T, Ay =A%T".
For the basis {T} of su(N), we fix the following convention:

Tr (T°T") = $6°°. (4.1)
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Chapter 4. N = 4 Supersymmetric Yang-Mills Theory

The field strength and covariant derivative are given byfl}

F]VIN = aJVIAN - aNAAZ\/I —1 [AJW) AN] ) (42)
D ¥ = 0y W — i [Ay, 0] . (4.3)

The action of N = 1 supersymmetric Yang-Mills theory in ten dimensions reads:

1 1 _
S = /dl% Lig=— [ dzTr (—3FunF"Y +i0TY Dy ) . (4.4)

9%0 Jio

It is invariant under the gauge transformations
Ay = U(x) (Ay +i00) U(2)', U — U(z)VU(2)", (4.5)
and the supersymmmetry transformations
5.0 = iFyyTMVe, 5 Ay = —ieTyU. (4.6)

Here, € is a constant Majorana-Weyl spinor and ',y := % [Ca, Tv]. The invariance
of the action under the above transformations is shown in [15].

For the dimensional reduction, we demand that the fields A,; and ¥ only depend
on the first four coordinates z* € R"3) ¢ R4 ie. that

OyAny =0=0,V for M€{4,5,...,9}. (47)
Furthermore, we prescribe:
¢[ ::AI+3 fOI' 16{1,2,,6} (48)

This allows us to write the Lagrangian density in terms of the fields A,, ¢;, ¥2 and
¥%. For the bosonic fields we can rewrite:

—% FynFYN = —% E, F" — F,L,I+3FM’I+3 - % FI+3,J+3FI+37JJr3 .
Using the prescriptions for the dimensional reduction, we have
Fu,1+3 = 8M‘I’1 —1 [Aua ¢1] = Du¢[7 FI+3,J+3 =—1 [4517 ¢>J] :
Thus it follows that
—5 PunFYY = =3 Fu " + 5 (D ap) (D"¢"F) + 5 [bap s dop) [677, 677] . (4.9)

For the fermionic fields, we employ ([2.36]) to rewrite:

UTHD, W = ae 0" Dy + 948" Dyl = dag 0" Dy yf — (Dmd) o Pl

Tn the conventions chosen here, the fields have classical (mass) dimensions [A] = 1 and [¥] = 3/2,
while the Yang-Mills coupling constant g19 has dimension [g19] = —3.
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4.1. Derivation of the Action

When considering the action we may perform an integration by parts on the second
term. This is also possible for the covariant derivative as

e ([ s 08) = 42 3o (70, 7] 79
= — A U T (T T, T) = =T (Vaa [4n, 03] -
Hence we have:
/d% Tr (UT#D, W) = /d4a:Tr (20400"*" D, ) -
For M =T+3€{4,,...,9}, we apply , which yields
YT 3D g U = —aa S AP Dy s + 9" Sy Dys 8
= iPaa A o1, 05| =it Thp [or, ]
= —V2itaa [0V, B3] +V2ivM [Bap, wE] . (410)

Hence, the action of N' = 4 supersymmetric Yang-Mills theory is given by:

5= 2 [aams (L RuP® + L (D800) (D°6"%) + 1 [Bap. G [ 6°7)

2045 0" Dyt + V2044 [asAB, &%} — V29 (G5, wf]). (4.11)

Here, we have absorbed the remaining volume integrals V' = [dz* ... dz° into the
coupling constant g = V~/2g,,, which is now dimensionless.

4.1.1 Symmetries of the Action

Of course, the action (4.11)) is still invariant under the supersymmetry transformations
given in (4.6). They act on the fields of N'=4 SYM in the following way:

O AN = —ieh G G —iag 0"y

5.l = iEaa SIAB GG —ieho S, B

0. = 4 Fu o™, P el = V2 (Duo™P) 7 e+ [0%7, dpc] €5,
0.0 = 4 Fo 0% 81+ V2 (Dubap) 0%l +i G4y, 67 €2

The first two equations are trivially obtained by combining the ten-dimensional super-
symmetry transformations (4.6 with (2.36]) and (2.37). The supersymmetry transfor-

mations of the fermion fields follow from writing out Fy,yI'™¥ for the ten-dimensional
gamma matrices introduced in chapter 2l We define the supersymmetry generators
Q4% and o' by stripping off the spinor indices, i.e. for any field © and any Majorana-
Weyl spinor ¢ we demand that

5.0 =2 Q%(0) + 24,0 (0).
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Chapter 4. N = 4 Supersymmetric Yang-Mills Theory

Clearly, the supersymmetry generators so defined also annihilate the action as their
contraction with any Majorana-Weyl spinor € does. From (4.12)) - (4.15)), we can
compute how the generators act on the fields:

Q5 (A% =2 ¢ ] 0 (A%%) = —2438 AP (4.16)
Q4 (dnc) = V2icapop ¥P 0" (bne) = —V2i (0% 524 — g8 68)  (4.17)
Q4 (WPP) = L F*P 6% + i€ [pac, 6" QM (PP) = —V2 D pAB (4.18)
Q5 (U) = V2D g O™ (W) = —i F¥ 68 1+ e [67C Gpe]  (4.19)

Apart from the Poincaré symmetries and supersymmetry, the action is also invari-
ant under the scale transformation

r—c A—cA, o — co, W — ).

This scale invariance points at a conformal invariance of the theory, which together
with super Poincaré invariance combines into superconformal invariance.

However, the classical symmetries of the action might not survive quantization.
The introduction of a renormalization scale u in the quantized theory typically breaks
scale and thus also conformal invariance. The scale dependence of observables is then
described through the scale dependence of the parameters of the theory. In the case
of N'= 4 super Yang-Mills theory, the only parameter is the coupling constant g, the
scale dependence of which is described by the beta function

_ 9y

Perturbative calculations have shown that the beta function vanishes,

B=0.

This behaviour is believed to extend to all orders in perturbation theory, see for
example [33]. In this case the superconformal symmetry of the action is preserved at
the quantum level.

Often, one considers the planar limit, where the rank of the gauge group SU(N)
is sent to infinity while the gauge coupling constant g is sent to zero in such a way
that the 't Hooft coupling

A= g¢’N

is kept fixed. In this limit, new symmetries can arise which are not classical symmetries
of the action. In our study of the Yangian symmetries of the Maldacena-Wilson loop,
it will not be necessary to consider the planar limit as we will be working to first
order in perturbation theory, where no subleading contributions in 1/N to the vacuum
expectation value of the Maldacena-Wilson loop exist.
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4.2 Propagators

We now turn to the derivation of the propagators in N'=4 SYM. In order to derive
the scalar propagator, we note the relevant part of the action in component notation,

1
~2g2 (0u07) (0" 0°1) .
Using the Green’s function
dip e-irla=v)
Clowi= ‘/ Gt i 0 Ce-n =00y, (4.20)

we can perform a shift

63(x) = ¢'%(z) = ¢ () + 6° / d'y Gz — y) T (y)

in the path integral such that the J-dependent terms can be factorized?l Then, we
find for the correlation function of two scalar fields:

(97 (21) <15l}(332)> =—1 925ab 015 Gz — 22).

The Green’s function G(z) takes the following form, see for example [35]:

1 1
Thus the scalar propagator is given by
2 5ab K}
(5 (21) (@) = — g (4.22)

472 (zq — x9)?
If the scalar fields are expressed as antisymmetric (4 x 4)-matrices, the respective
expression reads:
2 5(11) 6ABCD

(6447 () 9P () = ~ 5

472 (.’131 — $2)2

(4.23)
For the fermion fields, the relevant part of the action is given by

i = & a

72 ’I/J O'M 56#¢BA .

The correlation function for two fermion fields can be derived similarly to the scalar
case, noting that

d4p e~ w(z—y)
9(T = Y)aa 8/ e (4.24)

2See for example [34] for an explanation of this method.
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satisfies
"0, g(x —y),5 =050 (z —y),
which is a simple consequence of (4.20)) and (2.4)). Then we find that
(W2 (21) P o(32)) = g7 6 65 g(1 — 2) 0 -

Inserting (4.21)), we arrive at

o2
aA 7b W9 e A(fﬁl - $2)aa
(o (@1) ¥palze)) = 55 0 5Bm : (4.25)

For the gauge field propagator, we note the relevant term of the gauge fixed action
in Feynman gauge,

1 a v a
2792/1# 77# 3p8p AV .

In the Feynman gauge, the calculation of the gauge field propagator works in exactly
the same way as that for the scalar propagator and we reach the result
2 y 6ab
(A2 (1) A (2)) = 5 0o (4.26)

7'('2 (.%'1 — .1'2)2

4.3 Scattering Amplitudes

Scattering amplitudes are a good example for the possibility to extract valuable in-
formation about gauge theories from N = 4 supersymmetric Yang-Mills theory as
well as for the apperance of higher symmetries for certain observables in this theory.
Indeed, it was possible to derive the form of all tree-level scattering amplitudes in
N =4 SYM |2|. This information could in turn be used to derive certain tree-level
amplitudes for QCD |[1].

Although scattering amplitudes are not the subject of this thesis, their Yangian
symmetry motivates to look for a Yangian symmetry of Maldacena-Wilson loops by
the conjectured duality. The duality will be discussed in chapter [5.3] Here, we will
introduce the color-ordered superamplitudes in N/ =4 SYM and briefly review their
symmetries. The account is based on [3,36]

To make contact with [3] we alter our conventions in this section. The difference
to the conventions discussed in lies in defining o, := (1,7) , 7% := (1,—) and
in the definitions for raising and lowering spinor indices. In this section,

Mo = apA®, A =Ny, Aa =\, A =¥y, (4.27)
where the two-dimensional epsilon tensors are given by

cpo=el=1=¢ =€, (4.28)
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4.3. Scattering Amplitudes

In the calculation of scattering amplitudes we assign bi-spinors
P =04 i

to the external momenta p;. For massless particles, det (p¢®) = p? = 0 and one may
write

P = AT

The reality of the external momenta translates to the condition that (A\%)* = £\,
where the free sign depends on the sign of p?. The helicity spinors A and A are thus
only defined up to a simultaneous rescaling

)\1' — em )\,;, )\1 — eiia}(\i .
Defining the contractions
<Z]> = <)\1)\J> = )\?)\jay [Z]] = [5\15\]:| = S\idj\?, (429)

we note that p; - p; = (i) [ji]. The use of helicity spinors A\ and X simplifies the
calculation of scattering amplitudes because apart from the momenta also the infor-
mation about the helicities of the external particles can be stored in them. For more
information on the use of helicity spinors, see for example [37].

The evaluation of scattering amplitudes can be further simplified by separating
the kinematical data from the calculation of the gauge group factors. This leads
to the introduction of so-called color-ordered amplitudes, which no longer contain
information on the color structure. For example, a pure-gluon tree-level amplitude in
SU(N) gauge theory may be shown to take the following form:

AT o Qai, piy hi}) = g™ ) T (T%® . Tow-nTer)

n-gluon
ocES,_1

;I:(;uon (pa(l)v ha(l); « o3 Po(n-1)s ho’(nfl);pna hn) .
Here, the helicities of the gluons are denoted by h; € {+1}. The color-ordered am-
plitudes are given by the coefficients A\, ({pi; hi}). For a general treatment of
color-ordered amplitudes the reader is referred to [37] and references therein.

To describe scattering amplitudes in A/'=4 SYM it is convenient to assemble the
on-shell states of the theory into an on-shell superfield making use of four Gra3imann

odd parameters n*:

) 1 1 W

®(p,n) = g+ (p) +n*galp) + 3 n'n”Sap(p) + ai n*nPn“eapcp g (p) (4.30)
1

+ 0 eason g-(p). (4.31)

Here, g.(p) (9_(p)) describes a gluon of positive (negative) helicity, §4(p)(G (p)) de-
scribes a gluino (anti-gluino) of helicity +1/2(—1/2) and Sap(p) describes a scalar
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Chapter 4. N = 4 Supersymmetric Yang-Mills Theory

particle, which has helicity 0. Making use of the above superfield one considers the
color-ordered superamplitudes

An({)‘i , :\z ) 771}) =A ((I)(ph 771) cee @(pm 7771)) . (432)

The amplitudes for a given set of states may then be extracted from the superampli-
tude by extracting the corresponding coefficient of the expansion in the n-variables.
The superconformal symmetry of ' =4 SYM is also manifest for the scattering
amplitudes. In terms of the kinematical variables {\;, \;,7:}, a representation of the
superconformal algebra su(2,2(4) can be given by the following set of generators:

P = f: A\ koo = i i a0; 4 (4.33)
=1 i=1
Map = z:: Ai (a0 ) My = z::)\ @9, ) (4.34)
d= Zn: (% AfOia + %S\?éza + 1) rip = zn: (—n{'0:p + 3051 0:c)  (4.35)
=1 i=1
=3 ey 7= Ko (4.36)
=1 =1
N P 5223 ntda (4.37)
i=1 =1
c= Z (14 2X000 — SA0is — 30014 ) (4.38)
=1

Here, we use the following short-hand notation for derivatives:

0 = 0 0
81' .—87)\?, 61-@.— 85\?, &A—W

The superamplitudes (4.32) are invariant under all these generators,

{maﬁv maﬁ?pada da koaia TAB > quc7 qi: SAas §A C} -An =0. (439>

This enforces that the superamplitudes have the following form:

5 (p) 6®(q)

An({hs Aoy mid) = (12)(23) ... (nl)

P, . (4.40)

Note that §®(q) is a GraBmann delta-function,
2 4 n

(o) =111 (Z (A%z“)) :
a=1A=1 i=1

such that the n-expansion of the amplitude starts at order n®. Furthermore P, has
the following expansion:

P, = 7?7(10) + 7)7(L4) +. 4 1P7(L4n—16)
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4.3. Scattering Amplitudes

where P is of order 7.

In [38] it was found that tree-level scattering amplitudes possess an additional
symmetry, dual superconformal symmetry. This symmetry can be expressed in terms
of the dual variables x; and 6;, which are defined by the relations

(l‘i - $i+1)aa = NaAia s (91' - 0i+1)§ = )\ia77;;4 . (4-41)

The dual variables define a chiral superspace. Note that they are only fixed up to an
arbitrary reference point. A representation of the superconformal algebra su(2,2[4) in
terms of the dual variables is given in [38]. This specific representation respects the
constraints . Introducing the abbreviations

0 0
0i Aa ~—W7 Oiad -—W,

it is given by:

P.. = Zama Qaa = ZaiAa QS = Z (Qfaamd + 772451'@) (4'42)

K2

Mop = Z (20 0ipra + 0:{aipya + Aiaig) (4.43)

My =3 (2060 + Mol (4.44)

D= Z <_x?aaiad - %ezAaaiAa — A 0;0 — %5\?8104> (4.45)
Ko = Y (wiaswiasd’ = 04505005 = viashiad)

— T Baj‘zaéf + Xia9i1a3i3> (4.46)

Ry = Z (0,°0: po + 0" 0ip — 03050 ca — 30515 D) (4.47)

C= (—%A?@m + 1IN0, + gnfaM) (4.48)

S‘f - Z <$ia59?ﬂaiﬁ8 - efaefﬁaims + Aia 9?78i7

+ T f??fam - ‘951 oﬂ?zAaz'B> (449)

Saa = Z (lﬁmﬁamﬁ + S\idaiA> (4.50)

)

If one imposes momentum conservation and supersymmetry in the definition of
the dual variables, the dual variables become cyclic, (z,11,60,11) = (z1,60,). However,
if one wants to act on the amplitudes in the distributional sense stated in , the
dual variables cannot be considered cyclic from the start. In this case, the summation
in the above generators extends from 1 to n+1 for the terms involving derivatives in
the dual variables.
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Chapter 4. N = 4 Supersymmetric Yang-Mills Theory

The original superconformal symmetry and the dual superconformal symmetry
combine into a Yangian symmetry, which is described in [3]. The level-1 momentum
generator of the Yangian symmetry algebra is given by

pfxlo')t = Z [(mivadg + mﬁdég - di‘sg‘sg) Divy T Qi ac qjca - (Z A .7)] . (4-51>

i>]

This generator has the structure described in (3.50) and we will use this information
to make an ansatz for the level-1 momentum generator we study in chapter [6]

32



Chapter 5

Maldacena-Wilson Loops

In this chapter we introduce the Maldacena-Wilson loop operator in N' = 4 super-
symmetric Yang-Mills theory. We begin by discussing Wilson loops in general gauge
theories, where we follow [39] and [40]. The Maldacena-Wilson loop, which was first
introduced in [9], is an extension that arises naturally in N' =4 SYM. As a prepa-
ration for the study of Yangian symmetries, we study its conformal symmetry both
for large and infinitesimal transformations. Furthermore, we discuss the conjectured
duality between Wilson loops and maximally helicity violating scattering amplitudes
in N =4 SYM.

5.1 Wilson Loops in Gauge Theories

In a general gauge theory one considers quantities which depend on a path in spacetime
as opposed to local operators O(z) which depend on a point in spacetime. For a path
C connecting the points x and y in spacetime, given in a parametrization

z:]a,b] = RYY | 2(a) =z, 2(b) =y,

we define the Wilson line operatof}

V(y,a,C) = Pexp <¢/CAH da;“) | (5.1)

In the above definition Pexp denotes the path-ordered exponentiall, which implies
that in the expansion of the exponential function the matrix-valued fields A, are
ordered by the parametrization parameter 7. To be concrete, we spell out the path-
ordered product of two gauge fields:

Ay (2(72)) Au(x(ny))  ifm <7

P(Au(x(n)) Au(x(m2))) = {A (z(1)) Au(z(r2)) ifra<m

1To avoid confusion, we reserve W(C') for the Maldacena-Wilson loop which we will introduce
later.
2The path-ordering is only necessary if the gauge group is non-Abelian.
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Chapter 5. Maldacena-Wilson Loops

We will now turn to the discussion of gauge transformations of the Wilson line
operator. Here, we will consider the gauge group SU(N). In order to compute the
gauge transform of V(y,z,C), we slice the curve into small pieces

r—TKL =Ty —>... >TN_1 TN Y.
The Wilson line operator can then be written as
V(y,z,C) =V(y,an)V(zn,xn-1) ... V (T2, 21)V (21, 2) . (5.2)

For a curve of infinitesimal length, we expand the Wilson line operator as
x+e
V(z+e,x)=Pexp (z/ A, dx“> =1 +ie"A,(z) + O(e?).

Under a gauge transformation
A,(x) = U(2) A, (@)U (@) =i (9,U(2) U a)'
we then have:

V(z+e,x) = 1+ie"(U()Au(2)U(2)" — i (8,U(2)) U(z)') + O(e?)
=U(x +e)V(x+e,2)U(x) +0O(?). (5.3)

Inserting this into ((5.2)), we find the gauge transform of the Wilson line operator:
V(y,2,C) = Uy)V(y,2)U(x)". (5.4)

This behaviour under gauge transformations may be proven more elegantly and rig-
orously by showing that the Wilson line operator as a function of the end point of
the curve satisfies a first-order ordinary differential equation. Omne can then show
that the gauge transformed Wilson line operator and the expression given in (5.4)) are
both solutions to this equation. The uniqueness theorem for ODEs then allows one
to conclude that the two expressions are equal, consider for example [34] for a more
detailed discussion. Here, we have taken a more intuitive approach.

The gauge transformation shows that for a closed loop C one can define a
gauge invariant non-local operator by

1
W(C) := NTrPexp (ijiA# dx”) .

This observable is called the Wilson loop operator. One very interesting application
of it is the possibility to compute the force between two static charged particles in
a gauge theory. Consider a rectangular contour Cr z with side length 7" in the time
direction and R < T in some spatial direction. For large T, we have

(W(Crg)) ~ e VT

where V(R) is the potential between the two static charges. Consider [39] for a
detailed explanation. An interesting application is the derivation of the Coulomb
potential in pure quantum electrodynamics, where the absence of interactions allows
one to compute the expectation value of the Wilson loop to all orders in perturbation
theory.
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5.2. The Maldacena-Wilson Loop

5.2 The Maldacena-Wilson Loop

Similarly to the construction of ' =4 SYM itself, we can construct the Maldacena-
Wilson loop [9] from the the Wilson loop in the ten-dimensional gauge theory, which
is given by

U(0) = 1 Tr Pexp (z ]{C Au de> . (5.5)

Inserting (4.8)) for the gauge field Ay, we can rewrite this using the field content of

the four-dimensional theory:

U(C) = %Tr P exp <z / dr (A, (2)#* + i (2) y1)> , (5.6)

where we have combined the six extra components of the ten-dimensional vector to
a six-dimensional vector y! to which the scalar fields couple. We now impose the
constraint that the ten-dimensional curve has light-like tangent vectors,

@i, + 9y =0. (5.7)
We can realize this constraint by setting ¢’ = |¢|n’, where n’ is a unit six vector which
satisfies n‘n; = —1. We will assume n! to be constant along the loop. Note also that
we define

T if >0
|| := {H | where ||z] := /|22,

ill# if @*<0’

such that |#|> = #? for any #. Satisfying the constraint (5.7]), we define the Maldacena-
Wilson loop operator by

W(C) =+ T Pesp (z /C dr (A, ()" + gb](az)|:'c|n1)> . (5.8)

The gauge invariance of this operator is clear because the ten-dimensional Wilson
loop operator (5.5)) is gauge invariant for any closed curve in ten dimensions. As the
gauge transformations in A/ =4 SYM only depend on the four-vector z*, it suffices
that the curve described by a#(7) is closed.

The constraint can be related to supersymmetry in a sense which we will
now discuss. Consider the supersymmetry variation of the Maldacena-Wilson loop

operator. By we find:
S.W(C) = %Tr P{i/dT 0. (Auit + ¢r(w)|i|n')
exp (z / dr (Au(2)é* + ¢1(x)ﬂb|nl)> }
1 73{@ / dr B(a(r)) (T + Tryolint) e

N
exp <1 / dr (A, (@) + ¢1(x)j:|nl)> } . (5.9)
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The supersymmetry variation vanishes as a function of the fields if and only if
A(t)e=0, A(1) :=T,3" (1) + Trysli(r)|n’ . (5.10)

Although the spinor ¢ in the supersymmetry variation has to be constant, it is inter-
esting to see if (5.10) can be solved locally, i.e. whether there is a parametrization
dependent function e(7), such that it holds. There is room for a non-trivial solution,
as

(@ (7) + T psl(r)n')* = 0, (5.11)

which follows easily from the ten-dimensional Clifford relations. This property of A(r)
is of course intimately related to the constraint (5.7)). If one would not impose it, none
of the supersymmetry would be preserved locally, as

(xMFM)2 = 2?1 implies that det (xMFM) = (2%)'°.

For an invertible matrix, there are of course no non-trivial solutions of . If the
constraint is imposed, we conclude from that the dimension of the kernel of A(7)
is at least sixteen, and in appendix [D| we show that there are 8 linearly independent
left-handed Majorana-Weyl spinors, which are mapped to zero by A(r) if &(7) is a
time-like or light-like vector. If i(7) is a space-like vector, there are still 8 linearly
independent left-handed Weyl spinors satisfying , but the Majorana condition
cannot be satisfied.

The difference between time-like and space-like tangent vectors may seem surpris-
ing, but there is a simple reason for it: It is impossible to extend a space-like vector
in Minkowski space to a light-like vector in the ten-dimensional space R as we are
adding six space-like directions. We only reach a light-like ten-vector (i* + |#|n’) by
setting |#| = i||z|| for space-like z. This changes the commutation properties of A(7)
with the charge conjugation matrix, which are a crucial point in proving the possibil-
ity to pick Majorana spinors in ker(A(7)). In both cases, we find eight different linear
combinations of the supersymmetry variations, which leave the action invariant. The
Maldacena-Wilson loop is therefore called 1/2 BPS, in analogy to the BPS states
encountered in supersymmetric theories. See e.g. [23] for an explanation.

If one requires that n’ is constant along the loop, the only curves for which it
is possible to pick a constant spinor ¢, which satisfies , are straight lines. For
these it is always possible to pick a parametrization, in which & is constant such that
A(7) is also constant, and hence half of the supersymmetry is preserved globally. This
matches well with the finding that the expectation value for a straight line L satisfies

which has been checked perturbatively. If one allows n! to vary along the loop, it
is possible to preserve some of the supersymmetry globally for special curves. This
construction is described in [41]. The class of loops, which are globally invariant
also becomes larger if one considers general superconformal transformations, see for
example [42].
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5.2. The Maldacena-Wilson Loop

Another interesting aspect of the Maldacena-Wilson loop is that it has a dual string
description via the AdS/CFT correspondence, which was first described in [9]. The
correspondence relates it to the area A,,;,(C) of a minimal surface in AdSs, for which
the boundary condition is given by the loop. To be more precise, one needs to consider
the conformal compactifications and boundaries of Minkowski as well as Anti-de Sitter
space AdSs. In this construction one finds that the conformal compactification of
Minkowski space R can be viewed as the conformal boundar of AdSs, for details
see e.g. [7]. One then considers the minimal surface which ends on the image of the
loop on the conformal boundary of AdSs;. The area of this surface is divergent, as
the AdS-metric becomes divergent upon approaching the conformal boundary. The
divergence can be regulated by shifting the boundary loop slightly into AdS. Upon
subtracting the divergent part, which is proportional to the length of the loop, one
arrives at the renormalized area A} (C) of the minimal surface, which is related to
the expectation value of the Maldacena-Wilson loop at strong coupling by

(W(C)) = exp (~ LA (C)) . (5.12)

In this thesis, we focus on the vacuum expectation value of the Maldacena-Wilson
loop to first order in perturbation theory. Expanding the exponential in leads
to:

W(C)) =1 % / drydryTr (:c‘fo (P (A (20) Ay (22)))
+ |@1[|&2|n'n” (P (¢1($1)¢J(m2)))> +...

Here we abbreviated z; := z(7;),i = 1,2. The expectation value is to be understood
within the path integral formalism. Writing explicitly

Au(r) = AL(a)T,  ¢i(x) = ¢5(2)T,
we realize that the functions A%(z) and ¢%(z) are automatically time-ordered in the

path integral, while the generators of the Lie algebra su(N) remain path ordered.
Nonetheless, since the trace is cyclic this is irrelevant here. Thus we get:

(W) =1- % /dﬁd@{xfig (AS (1) AD (22)) Te(TT?)

+ |21 || @2 |n n” <¢?(w1)¢f’,(a:2)> Tr(T“Tb)} + ...

Inserting the propagators (4.22)) and (4.26)) and using the normalization

Tr (T°T") = 16

3The conformal boundary is the boundary (in the topological sense) of the image of the respective
space in its conformal compactification. It should not be mixed up with the usual notion of boundaries
of manifolds.
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Chapter 5. Maldacena-Wilson Loops

of the generators of the gauge group, we arrive atff]

g2N jﬁl . .’1.72 — |(L’1H$2‘
—=—— [dnd e 5.13
167'('2 T (CCl — x2)2 + ( )

W) =1

For brevity, we introduce the following notation for the first-order approximation of
the vacuum expectation value of the Maldacena-Wilson loop:

Tydy — [21][22]

(21 — 32)?

W(C))q = (5.14)

T /dﬁde I(1y,72), where (7, 7) :=
s

Here we have used the 't Hooft coupling A = ¢?N. Having the vacuum expectation
value at hand, we can discuss another important implication of the constraint ,
the finiteness of (W(C)). We will discuss this at first order in perturbation theory, an
argument for all orders may be found in [43]. As we are working in Minkowski space,
this is a little more subtle than for the Euclidean case. We need to assume that for
any two distinct 7; and 7, the points z(7;) and z(r) are space-like separated, consider
appendix |C| for more details. Under these assumptions the integrand of can
only become divergent if 7, ~ 7. We discuss this limit using a parametrization by
arc-length, > = —1, by setting 7, = 7, + ¢ and expanding for small . This gives:
p(n)a(r+e)+ 1 ei(r)i(r) +e2z(r)2®(r) + O(?)

I(T,T+€) = (33(7') —ﬂ’j(T+€))2 = —€2+O(63)

Making use of the identities (C.1]), we get:

I(r,7+¢) =i+ O(e).

This shows that the integrand of is bounded and hence that the first-order
approximation of (W(C)) is finite.

We now turn to the discussion of the symmetries of the Maldacena-Wilson loop.
Here, we consider the invariance of (W(C)),, under conformal transformations. Of
course, the finiteness of (W (C)) is crucial for this because otherwise we would have to
consider a renormalization procedure which might spoil the conformal invariance. We
focus on the infinitesimal conformal invariance, for which we consider a representation
of the conformal algebra in terms of curve integrals over functional derivatives. It is,
however, illustrative to also consider large conformal transformations.

5.2.1 Global Conformal Symmetry

It is easy to see that already the integrand I(ri,72) of (W(C)),, is invariant under
translations, Lorentz transformations and dilatations. To consider special conformal
transformations, recall that they can be expressed as the composition of inversions
and a translation. Hence, it suffices to study the inversion map

S(z) = =

x2

In the prefactor, we have replaced (N? — 1)/N by N in view of the large N limit. This would
be the right result, if we were considering a u(N) Lie algebra.
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5.2. The Maldacena-Wilson Loop

Under this transformation we have:

1 . 33
(z1 — 22)? (21 — 22)? .

From this transformation behaviour we read off that the part of the integrand which
stems from the scalar propagator is invariant under an inversion and hence under all
conformal transformations:

|2 ||| |21 || o]
%

(z1—22)? (21 —x9)?

The whole integrand I(r, ) =: I}, transforms as

I j —7 9 xfa:% (xli'l)(l'l.%"g) (1’232'2)(.%'2[1}1) 9 (1’1.%'2)(.%'1[1.31)(1'23}2)
12 =7 L1z = L2 — _ 2 4,2 + 4,2 - 4.4 :
(21 — 22) Ty L3 Lo T Ta Xy

We will now abbreviate 9,, = 9;, z; — x5 = x15. For the transformed integrand, we
rewrite:

A[u L= j12 — I =

1
=""5 5. 3 ((8135%) 1’3 Oa(z1 - 2) + (32953) 35% Or(wg - 1) — (31953) (8296%) (xlfﬂz))
T1a T T3
_(3195?)32(%%2) _ (0523) 01 (2172) + (0127) (0223) (122)
- 2 .2 2 .2 2 22 2
T1 T1g T3 T1o LRGP
1 (&x% 072, N Opal Dy,  Orat 82:E§>
2\ 27 i, r3 r] 3

We realize that this can be written as a total derivative unless the curve crosses
the light-cone z? = 0. In this case, the curve is mapped to a curve which is only
closed via infinity. In such cases the vacuum expectation value of the Maldacena-
Wilson loop need not be invariant and could receive a contribution which stems from
integrating over the respective singularity. For Euclidean signature this anomaly has
been considered in [10], where they studied an inversion mapping a straight line to
a circle. This allowed to compute the vacuum expectation value of the Maldacena-
Wilson loop to all orders in A and N. For Minkowski signature, anomalies like the
above are discussed in [44].

Assuming now, that for our curve z2, < 0 and x? < 0 for all points on the loop, we
rewrite:

1
Al =3 (32 (04 In [—22] In [~22,]) + 8y (8 In [—a2] In [—22,])
— 0, (&1In [~a] n [~a3]) ) .
This is a total derivative and hence we find invariance.
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5.2.2 Infinitesimal Conformal Symmetry

In order to discuss the invariance under infinitesimal conformal transformations, we
consider a representation of the conformal algebra in terms of curve integrals over
functional derivatives. In analogy to (3.3) and (3.4)), we have the following basis:

P, = / ds py(s) = / ds 53,«5(3)’ (5.15)
M, = / ds 11, () = / s <:c“( ) 5375(3) () Mf(s)) , (5.16)
D= [dsd(s) = [ dsars) 5955(5)’ (5.17)

K, / ds ki, / ds < W—Qacﬂ(s)x”(s) 5:(;5(5)) . (5.18)

This can be viewed as the continuum limit of a sum of the respective generators acting
on different points in space-time. In applying the above generators to curve integrals,
we assume that the generator is given in the parametrization of the curve integral.
However, it is important that one does not restrict the parametrizations of the curve
integrals’] The functional derivatives are defined by

o (s

and the common rules for derivatives of products and the chain rule. Assuming also
that the functional derivative commutes with time derivatives, we note the following
derivatives, which will be used frequently:

02,(7) _ . Sle(r)| _ () o 5
52+ (s) Nuv 070 (T = 5) 527(s) — Ta(0) d.6(1—s), (5.19)
&Cf(s) (z(11) — 2(12))? = 2 (2,(11) — 2u(72)) (8(71 — 8) — 6(2 — 8)) . (5.20)

Using the above rules we show that the first-order correction of the Maldacena-
Wilson loop is translation invariant by acting on it with P,:

0 By — |Eq|| 2o
PI,=[d
K12 / y dxr(s) (z1 — x2)?

= ds¥ &1, 07,0(T0 — 8) + &2, 0,6(T1 — 7|3.671|$,2 0.,0(m9 — s
)2 123 12 1

|2 |
Bydg — | @ || 2o

— =21, 0,0(1 —s) —2 (1 = 1)?

(z — :172)# ((5(7’1 —5)—0(mp — 3))
By virtue of

Ofi/dsé(ﬂ-—s) =0 and /ds (6(r1—s) = d(r2—5)) =0

5An easy way to see this is by considering for example the length of curve, L = [ dr|&|. This scales
under dilatations and applying the dilatation operator, one finds D(L) = iL. In a parametrization

by arc-length, L = fOL 1d7 and the calculation of D(L) fails.
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we indeed find P, I(m,7) = 0. A similar computation shows that also M,, and D
annihilate I(r, 7). For the generators K, of special conformal transformations, the
computation is more involved. In our discussion of large conformal transformations
we have seen that the part of (W(C)),, which stems from the scalar propagator is
invariant under conformal transformations and indeed we find thatf]

K 21|22

——=0.
g (71 — 25)?

This simplifies the calculation of the action of K, on the integrand I;,:

1) T
K, I, = / ds (2%(s)0 — 2x,(s)z"(s)) 550 (o 1;2)2
1
= /ds (2*(5)8), — 22, (s)x" (s)) s {501,, 0:,0(m2 — §) + @2, 07,0(11 — 5)
12
22 s (8(r — ) — 6(ma — s))}
Li2
— xT |:$1y$2(x2 — .’L'l) + :L’Qu xl(xl — xg) — .’L'l.'L'Q(.’IJl + xQ)H + 951332(%1 + xQ)#:|
12
. 1'72(332 —~T1) . $.1(5U1 —1‘2)
-9 L2V T g L1t — ba)
T1p (ml — 1'2)2 + Tap (.’I)l _ x2)2

= &1, 0, In[— (z; —:62)2] + G2, O, In [ — (21 —xg)z]
= 672(x'1uln[— (x4 —xz)z}) + an(:'nmln[—(xl —xQ)Q]).

For the curves under consideration we have (z; — 25)? < 0, and the above is a total
derivative. Therefore we have:

K, <W(C)>(1) =0.

5.3 The Correspondence Between Scattering Am-
plitudes and Wilson Loops

In this section we briefly review the conjectured duality between MHV gluon am-
plitudes and the expectation value of Wilson loops over specific contours in N' = 4
super Yang-Mills theory. The account is based on [45], [46] and [47], where the reader
will find detailed explanations and calculations. This duality is a strong motivation
for our attempt at finding a Yangian symmetry for Maldacena-Wilson loops, as the
scattering amplitudes possess such a symmetry.

The first hints for the duality came from the consideration of gluon amplitudes
at strong coupling by Alday and Maldacena in [11]. There, it was shown that the
computation of the amplitudes at leading order reduces to the computation of the

SFor computational simplicity, the scalar and gauge field contributions are discussed separately
here. It should however be pointed out, that only the sum of them is finite. The individual contri-
butions would need to be renormalised which would spoil the conformal invariance.
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Chapter 5. Maldacena-Wilson Loops

area of a minimal surface that ends on a lightlike polygon related to the momenta
of the gluon. It was also pointed out that the computation is formally equivalent to
that of a Wilson loop on this contour at strong coupling. In [12] it was argued that
the duality also holds at the weak coupling side of the AdS/CFT correspondence.
Evidence for this duality has been provided in [48] and [49).

Planar MHV amplitudes have the property that their loop corrections can be
written as multiples of the tree-level amplitudes,

A71\1/IHV — Ai\L/IHV, tree MrIZ/IHV . (521)

Here, the function M, depends only on the momentum invariants p; - p;. The ampli-
tudes are infrared divergent and can be regulated by dimensional regularization using
D = 4—2¢;i with ;5 < 0. Moreover, the loop corrections factorize into divergent and
finite parts. It is therefore natural to consider the logarithm of the loop correction,
which is known to have the following form:

1 F(l)‘ G(l) n [ lerr
MHVY) _ _ — l cusp _ HIR MHV
In (MYMY) = 1 Y a ((lazR)Q . ) < ) + FMY 4+ O(err) . (5.22)

S. .
1>1 i=1 byitl

Here, s;:11 = (pi +piv1)? are the Mandelstam invariants of two adjacent gluons (p,1 =
1), Wip is an infrared cut-off related to the dimensional regularization scale and a is
related to the 't Hooft coupling by a = A\/(872). The finite part FM1V is independent
of the regulator e and y;z. The coefficients T%)  and G are the coefficents of the
cusp and collinear anomalous dimensions,

Pap(a) = D T80t Gla)=3_6Vd,

1>1 >1

which start out as
Teusp(@) = 2a — 2¢2a* + O(a?) , G(a) = —(3a* + O(a”) .

The duality states that MMV is related to the expectation value of a Wilson loop
over a polygon with cusp points defined by the gluion momenta via

Ty — Tit1 = Pi - (523)

The cusp points are only defined up to a reference point, which is irrelevant as the
Wilson loop is translation invariant. By momentum conservation, the cusp points
x; define an n-sided polygon C, with light-like edges, such that the Wilson and the
Maldacena-Wilson loop agree on it. Due to the cusps, the Wilson loop is ultraviolet
divergent. The divergence can be regulated by dimensional regularization using D =
4 — 2eyy with egy > 0. The associated ultraviolet cut-off is called p?,,. The vacuum
expectation value of the Wilson loop for this contour is known to have the following
form:

(W) =~ 3 et (S IO} 5~ Paity) "
n n = —— a —(Tij—1 — T3
4 < (l€UV)2 levv - 1 +1) Hyvy
+ F:VL + O(ng) . (524)
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Here, T'™W are the coefficients of the collinear anomalous dimension,

T(a)=> TWad = —7¢a* + O(a®) .

1>1

The regularisation and renormalization parameters can be matched in such a way
that the divergent parts of In (MMHV) and In ((W(C,))) match, compensating also for
the difference between the collinear anomalous dimensions. This behaviour is not a
special property of ' =4 SYM, it actually holds in any gauge theory. The conjectured
duality now states, that in the planar limit the finite parts are equal up to an additive
constant, which does not depend on the kinematical data,

FME(po o psa) = FYY 2y, .. 2,5 a) +dy(a). (5.25)

A variety of checks of this duality relation can be found in [46].
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Chapter 6

Yangian Symmetry of
Maldacena-Wilson Loops

The combination of the duality discussed above and the Yangian symmetry of scat-
tering amplitudes points toward a Yangian symmetry of Wilson loops over light-like
polygons. Such a symmetry has been discussed in [50]. As we have seen, the cusps
in these contours lead to divergences, which complicate the study of symmetries. To
avoid divergences, we consider smooth space-like curves for which the expectation
value of the Maldacena-Wilson loop is finite. As for the conformal invariance of the
loop, we discuss the invariance of the vacuum expectation value under variational
derivative operators acting in the curve space. For simplicity, we do this at first order
in perturbation theory. In the study of the conformal symmetry of the Maldacena-
Wilson loop, the symmetry generators are given by

JO = /dsjflo)(s), (6.1)

where j(9(s) collectively denotes the densities {m,,, p,, d, k,} of the conformal alge-

bra, which are introduced in (5.15]) - (5.18). In analogy to the generators (3.51)) found

in integrable two-dimensional field theories, we write the level-1 generators as:

JI = / dsjO(s) + £, dsydss ji” (s1) 39 (s2) - (6.2)

s1<82

The knowledge of the dual structure constants f,* of s0(2,4) allows us to determine
the bilocal part of J. The idea is then to first calculate the action of the non-local
part of the level-1 generator on (W(C)),,, to find out, whether it is possible to define
a level-1 density j(V(s) in such a way that

Jw (1 + <W(C)>(1)> ~0. (6.3)

In particular, if j{(s) is of order A and contains no differential operators, we have:

IO (14 W(C) ) = / ds j(s) + [, / dsidss 5 (s1) 5 (s2) (W(C))yy - (6.4)

51<82
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It is thus possible to reach invariance in the sense of ([6.3)), if the action of the non-local
part of JM on (W(C)),y turns out to be a single curve integral. We will check this
for the level-1 momentum generator

Péi;”nl = / dsldsz{ (m“”(sl) —d(s1) ™ ) pu(s2) — (51 82)} ) (6.5)

s1<s2

While the result of this calculation turns out to be remarkably simple, it is not a single
curve integral. We then consider a supersymmetric extension W(C') of the Maldacena-
Wilson loop employing a non-chiral superspace parametrized by the variables

2*(r) =" (1), 0a(T), Oaalr), ya”(7).

Enlarging the underlying symmetry from so(2,4) to su(2,2|4) extends the non-local
part of PW*# to include

]ng:lr)rrﬁnl = i/dsld&{qu(Sl)UZa qa(s2) — (51 ¢ 32)} 0(s2 —s1)- (6.6)

The supersymmetry densities ¢5(s) and g*“%(s) are introduced in chapter . We
show, that the action of the above generator on (W(C)) cancels the problematic terms
in Pééifﬁﬂ (W(C)), leaving the result to be a single curve integral. This determines the
level-1 momentum density p#(s).

We thus establish the invariance of the extended Maldacena-Wilson loop W(C)
under the level-1 generator P(M# to first order in perturbation theory and in the
first non-trivial order in an extension in the Gramann variables which describe our
superspace. It is in principle possible to conclude the invariance under all level-1
generators from the invariance under the level-1 momentum generator making use of
the commutation relation of the Yangian algebra. This is however obstructed

by the extension in the Graimann variables.

6.1 Maldacena-Wilson Loop

We begin our study of the Yangian invariance of the Maldacena-Wilson loop by de-
riving the non-local part of the level-1 momentum generator. In order to do this, we
read off the following dual structure constants from (A.10)):

pPrD _ DpPr 1 P P N Mre PA 1 VA Sp PA SV
~J pu — Jpn _55;“ _fﬁm — Jpn _5(77 5M_T7 5#)’ <6'7)

and all other structure constants f,,** vanish. Thus we have:

Fou@ 3 0(51) 30 (52) = = Fp. PP d(51)pp(52) = fp 7 Pppls1)d(52)
=3 (Fp ™ P mup(s0pa(s2) = fp T pa(s1 )M (s2))

v<p
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=3 (d(sl)Pu(Sz) — pu(s1)d(s2) + 3 (176) = n"8;,) 1, (51)pA(s2)
— 5 (o) — o)) PA(Sl)mup(82)>
= —H(d(s0)pu(s2) — d(s2)pulsr) + [d(s2) , pu(s)
—m, (1) (52) +m, (52)pu(s1) = [m,” (52) , pu(s1)] )
= ( (d(s1)pu(s2) — m," (51)pu(52)) — (514> 52) )
3 (51 - Sz)Pu( 51)-

Upon integration over s; and s, the commutator term will lead to a contribution
proportional to P{”, which annihilates (W (C)). Moreover, the Yangian algebra is
invariant under J — JM 4+ BJ " as one can easily deduce from and (3.38).
We therefore drop this contribution to the level-1 momentum generator. Furthermore,
we scale the level-1 generator by a factor of 8 to reach a more convenient form. This
merely corresponds to a different choice of a in the Yangian algebra and affects neither
the algebraic structure nor the question of invariance. We thus have the following

expression for the non-local part of the level-1 momentum generator P™ #:

Péig‘;l /d81d52{ (m“”(sl) —d(sy) " ) pu(s2) — (81 ¢ 52)} O(sy — 51) . (6.8)

Before we can start the calculation, we need to discuss a regularisation for the
level-1 generator . This is necessary as the evaluation of P! faon (W(Q)), will
give rise to several divergent terms such as §(0). These divergences appear when the
two functional derivative operators in P,gos ', act at the same point on the loop. Hence
we can regulate them by replacing the ordering condition s; < s, in by s; < sy—e,
thus introducing a regulator e in parameter space. However, we still need to make sure
that the regulated level-1 momentum generator will give reparametrization invariant

curve integrals when applied to such. Therefore, we regulate by the condition

51 < 8o —d(sg,€), where / ds||&(s)||=¢. (6.9)

s2—d(s2,€)

The implicit definition of d(s,,e) encodes that the distance along the curve between
the points z(s;) and z(s,) must always be greater than e, which is an explicitly repa-
rametrization invariant condition. The regulated level-1 momentum generator is then
given by

Péig‘;l .= / dsldsg{ (m”“(sl) —d(s1) " ) po(s2) — (51 ¢ 52)} ) (6.10)

s1<s2—d(s2,e)

Before turning to the calculation of P)* (W(C)) ), we rewrite the generator in a form

bos, nl

that is better suited for computational purposes. In order to simplify the calculation
it is very convenient to use the arc-length parametrizationl] where #2 = —1. Then the

In appendix we discuss for which curves this is possible. We will restrict ourselves to spacelike
curves, for which this can be achieved.
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Chapter 6. Yangian Symmetry of Maldacena-Wilson Loops

regulating function takes an especially simple form,
i*=-1 = d(sye)=¢ Vsy.

We point out the use of such a parametrization by writing explicit boundaries 0 and
L for the curve integral. As discussed before, one is not allowed to fix a certain
parametrization before having applied the functional derivatives and we will switch
to arc-length parametrization only after that, then setting d(s,,e) = . Keeping this
in mind, we may rewrite

Pk, = /d81d52{ (m’“’(sl) —d(s))n" ) pu(s2) — (51 ¢ 32)} O(ss — s1—¢)
_ /d51d82<m‘“’(31) —d(s) 1" ) pu(2) (052 — 51— ) + (s> — 1 +))
= [dsim )~ s ) [ dsapils).
where we have used 6(s) = 1 — 6(s). The second term factorizes to (M* — Dn*")P,

and we know already that it annihilates I, defined in (5.14)). Hence we only need to
study the action of the generator

Pééif‘nl’s = /dsld32<m””(31) —d(sy)n™" ) pu(82)0(sa —s1 —¢) + (e — —¢), (6.11)

which we further rewrite:

I
dxP(s1) 627 (sq)
NHveo . — nuunpa _ nupnua o nuanup .

(O(sg —s1—€)+0(s2—s1+¢€)),

bos, nl, e

pLnr —/d81d82 NH#P7x,(s1)

Using this form, we start by calculating the double functional derivative of I, multi-

plied with z,(s;). By virtue of (5.19)) and (5.20) we find:

£ (5) § 6 @(m)i(ra) —[a(n)|E(r)] _
T 0we(s1) 037 (s2) (x(71) = x(72))?

(T B

+@W %“MWW)@Ma—m&ﬂn—w

 [a(n)l[& (7))

N <i70(7-1)j3p(7—1)|i:(7_2)| (72|

) 871(5(7'1 — 81)87-1(5(7'1 — 82)

@ () "7 ()
e L BN ) WA
e (R i) 28— 00— )
- oA L (ayl) = 2y ()0 = 50) = 7 = 50) |70, 007 = 52)
Ty (T T — S —’j:(ﬁ”gb T Ty — 8 —‘i(TQMj: T T — S8
+ &5 (72) 07, 0(71 2) ()| o (72) 07,0 (T2 2) ()| o(71)07,0(11 2)]
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6.1. Maldacena-Wilson Loop

+ (25 (11) — 25 (72))(0(T1 — 82) — 0(72 — $2)) |£,(71)0r, 0 (T2 — S1)

{ -5 —‘j?(ﬁ)’j: T Ty — 8 —|j;<T2)‘:k T T — 8
(000 — 1) = ()08 = 50) = (HT (100,807 - 50)
+ (@182 — |1]|Z2])1p0 (6(T1 — 82) — 072 — 82))(0(T1 — 51) — (T2 — 31))}

+ M(@% — |#1]|B2]) (20 (T1) — 2o (T2))(2p(T1) — 2p(T2)):

- (6(m1 — S2) — (2 — $2))(0(T1 — 1) — (T2 — 51)) -

We order the above result by the structure of the delta functions and derivatives
that appear in it. To abbreviate, we use that the Wilson loop integral is symmetric
under (r; < 7). Additionally, we now fix the parametrization to be of unit-speed,
demanding that |#| = i. Then we get the following expression (where by = we mean
that the expression on the right-hand side gives the same result when integrated over
7, and 7, in parametrization by arc-length):

o (sy) =0 #M)i(n) — [E(n)lli(m)]
v 51‘13(81) 5{E‘7(52) (a’;(frl) _ :E(TQ))Q

(6(m1 — 81) — (12 — $1))0r,0(T1 — S2)
(0(11 — 82) — 0(T2 — 82))0r, 6(T1 — 1)
+ FD (1, m)(8(r1 = 52) = 6(72 = 52))(3(m1 — 1) = 6(72 = 1))} (6.12)

Here, we defined:

2 . 2 .
Fp(;)(ThT?) t=—— (E1pf10 + Npo) F,Sg)(ﬁvﬁ) = =5 (T1p820 +1po) »  (6.13)
Lo L2
4 . T12Z9 + 1 T12,T 120
Fp(g)(leTz) = T12p%120 Fg?(’flﬂ'z) =2 24 (4 12‘)2 27 _ npg> . (6.14)
) ) Lig

We denote the contribution to P)* (W(C))qy of the above terms by C¥,

bos, nl, e %

L

Clﬂ = /dTldTstlng{ (9(82 — 81 — E)Cf(Tl,Tg, S1, 82)) + (5 — —8) } y (615)

0

and we define:
(11,72, 51, 82) = N*P7,, (51) F\Y (11, 72) 07,6 (11 — $1)0;, (71 — 82) , (6.16)
C’;(Tl,TQ, S1, 32) = N“Vpg.%'y(sl)Fp(g) (7'1,7'2)8.,—16(7'1 — 81)8.,—26(7'2 — 82), (617)
¢ (71, T, 51, 80) := NP7, (51) Ff2 (11, 72) (8(71 — 1) = 8(72 = 51))07,0(1 — 52), (6.18)
CZ(TM T2, 81, 82) = N”Vpa.’lfl,(sl)Féi;) (7'1,7'2)(5(7'1 — 82) - (5(7’2 — 82))87-1(5( ) s (619)

Cg(Tl,TQ’ S1, 82) = N“Vpoxy(sl)Fp(g)(Tl,7’2)((5(7'1 — 82) — (5(7'2 — 82))

(6(11 — 81) = 6(72 — 51)) (6.20)
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With these definitions, we have:

A

5
Péiiliﬂ W) =— 1672 Z i
i=1

We first discuss these terms separately, integrating out the delta-functions.

plicitness, we spell out the calculation for C'. Consider the integral|

L L
/ dTldTQFp(;) (71,7'2)/ dsidsq,0(se — s1 — &), (81)0,,0(T1 — $1)0,, (7
- -
= —/ drdn F (7'1,7'2)/ dsy z,(s1)d(m1 — s1 —€) 0s,0(T1 — 81)
B P
= / dTldTQ (7'1, 7'2)/ d81 5(7’1 — 81) 881 (JIV(Sl)(;(Tl — 81 — E))
o 0
_ / drdryFO (ry, ), (71)5(—)
" L
+/ dTldTQFIS;)(Tl,TQ)/ dsy z,(s1)d(m1 — 81) 0.0(11 — 81 — €)
Jo
= / dTldTgFfE (11, 72)T, )+ 0 / dTldTQF (11, m2)x,(11)d(€) .
0
Using that d(e) = §(—¢) and 9.0(g) = —9_.0(—¢) we get:
L
cr =2 / drdryN#27 FD (ry 1) (71)5(c)
0
In a similar fashion we get the following results:
L
cw = / drdry NP0 O (ry 1), (1) (8(ma — 11 — €) + 6(ra — 11 +))
0
L
+o. / drdmaN"o F) (1 ), (1) (8(rs — 11— €) — 8(ms — 71+ 2))
0
L
cl = 2/ dTldTgNHU’OUFég)(Tl,7'2)93,,(7'1)(5(8),
0

L
— / dTldTQNMVPUFég)(Tl,TQ)x,/(Tl) (5(7’1 — Tg — E) + 5(7’1 — T9 + E)) s
0

For ex-

S9)

(6.21)

(6.22)

(6.23)

2To reach the third line, we perform an integration by parts without discussing the boundary

term, which is given by

L
B= _/0 dTldeF;Sclr)(TlaTz) (@, (L)6(n — L —¢€)d(n — L) = 2,(0) 6(m1 — €) 6(71))

L
S / dry (FD (L m2)a, (L) — FD(0.72)2,(0)) 8(~2)

0

This vanishes because of the periodicity of the parametrization, which carries over to Fé;) (11,72).

The boundary terms appearing in the calculation of the other C¥* can be discussed similarly.
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L L
Cf = /O dTldTQNqugFo(.i) (7'1, 7'2)(t,,(7’1) — 2/0 dTldTgNMVpUFo(_i) (7'1, TQ)$V(T1)5(E)
L
+ /0 dTldTQNMVpUFO(_i) (7'1, TQ)$V(71)<6(7'2 —T1 — 6) + (5(7’2 -7+ 5))
L
- /0 drdr N**7F2) (11, 73)d, (1) (0(12 — 71 —€) + 0(12 — 11 + €)) (6.24)
L
C§ = —2/0 dTldT2NHUPUF;§§)(T17T2) (@ (11) = 2(72)) 0(72 — 71 — €) . (6.25)
Taking into account that N***?A,,, = 0, we can simplify C% + C{ to get
L
Cy +Cy = / dridr N#P° FS) (11, 1), (11)
’ L
— / dTldTQN#VpUFO(.?)) (7'1, Tg)i'y(Tl) (0(7’2 — T1 — 5) + 0(7'2 -7+ E))
0
L
_ / drdraN#07 (1, 13) (i (1) — iy (12)) (B(ra — 11 —€)) . (6.26)
0

Inserting the contractions

" it 4
N#oT FO (14 my)ig, = —6 L NWF® (1) )iy, = 2 2T (6.27)
T L12
2
N””""Fp(g) (11, T2)21, = —5 (224 + 24 (@132) — 2 (2122) — 5 (2141)) (6.28)
T12
e
NHVPUF;?)) (7'1, 7'2)3‘312,/ = 8% ﬂféjé s (629)
L12
e
N#PT FO (14 7)1y, = —12 T2 L (6.30)

12

into (6.21)) - (6.26]) and using the (7, <> 72)-symmetry of the integral we arrive at:

bos, nl, & 1672 - ! 1672 0 (x1 — :L'2>2
L j}“
—|—6/ dTldTgm((S(Tg—T1 —e)+d0(—1 +e))+
0 1 — T2
L 9t Bl o N an N n .
+20, [ anan, 2SI RO SRR 7,1, o) b(r, -1, +2)
0 ($1 - $2)
L .. 1
+ 16/ d7'1d7'2(:1;31:1;2—x’_)4 (l’l — 1'2)“9(7'2 — T1 — 6)} . (631)
0 1— X2

We now expand the two middle terms. At this point the arc-length parametrization
turns out to be very useful, not only because of the absence of expressions like | ||#],
but also because it provides the following identities, which we will use frequently:

iP=-1=ii=0=3>+i2® =0= 3:2® +iz2® =0.
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First, we expand the common denominator of the two terms up to order £°, which
will turn out to suffice for our purposes. Noting that

(z(m+e) — () =& (14 1 %(r)* + s 2a(r) - 2¥(7) + O(e?))
=—&* (1+ 5 %(r)* + O(eY)) |
we find:

(x(r4e)—a(r) 2= -2+ Li(r)2+ 0). (6.32)

12

Thus we immediately find:

L 7
6/ dTlde(xil(é(Tg—T1 —e)+d(—1+e)) =
0

L1 — 552)2
12 ” C (2
=-= drit(T) —|—/O dra*(r)Z(1)* + Ofe). (6.33)

The expansion of the second term is more involved. Although the form it takes in
(6.31)) seems to be convenient for an expansion, it is actually easier to expand the
antisymmetrized version

Q:= 85 /L d7'1d7'22($1 _ .1‘2)'“ ™ ($1 _ $2)H(¢1i’2) _ ngxl — xQ)'Z'UQ — .Tg(.l‘l - .%'2)1.'1
0 (z1 — 22)
((5(7’2 —T1 — E) — 5(7’2 — T + E)) .

We expand the numerator up to order €. To abbreviate, we use the short-hand
notation z = z; = x(7), 2 = (7 + €). We find the following expansion:

2(.’1}1 — .1'2)“ + (l’l — .ZUQ)M(.’i,'li'Q) — x‘f(xl — .%'Q)L'UQ — I'g(l'l — .’I,'Q)l.'l =

= _9 (gl‘au + %525&“ + %53m(3) u) _ (5m”" + %z_:qu + é€3x(3) /t) dd + 0(54)

+ i (ed + %% + 2e%2®) iy + (" + ed* + 222®H) & (ed + Lei + 182®)
= -2 (ed" + 32" + %533:(3)“) — (38" + %63.%'(3)“) i (& +ei) + O(e*)

+ i (3% + 1°2®)) (& + ed) — (&% + it + 3°2O*) (e + £°5)

=-3eit — 2%t — 280 4 LBari® + O(e). (6.34)
Combining (6.32]) with (6.34]), we find that
6 . S 5 [ s
Q=- = dra*(r) + 3 drz'* (1) — 5 drat(1)z°(1) + O(e) . (6.35)
0 0

Inserting (6.33)) and (6.35]) into (6.31)) and using that

/ dri*(r) =0= / drz® (7,

which certainly holds for smooth periodic curves, we get:

W) N B L T+ &b
Pbos,n1,5<W(C)>(1) == 1672 6 dr @ (T)‘T (7—) -6 dTldTQ (xl — 172)2 5(8)
0 0

T129 + 1

+16 /O " dndn, T o= a0 = =)+ 0(5)} . (6.36)
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The second term is a double curve integral over a delta function which has a strictly
positive argument for any finite value of the regulator e and we therefore drop this
term.

Moreover in the above result, the parametrization of the curve is still fixed to
arc-length, which makes explicit evaluations for example curves difficult. Hence we
are interested in a reparametrization invariant form of the above result. This is also
necessary to consider functional variations of the result. For the last term in (|6.36))
this is obvious, but for the first term it is more difficult to find. Fortunately, we can
employ an analogy to the theory of spatial curves to rewrite

/O Cdr (i)

as a proper curve integral. For a spatial curve in R® which is parametrized by arc-
length, the function x(7) = ||#(7)|| describes the planar curvature. From elementary
differential geometry, there is another formula available for x(7) which holds for any
parametrization,

_ ) x o))
SN FTOTE:

Here, x denotes the vector-product in R3. To generalize to arbitrary dimensions we
rewrite:

This leads us to the following claim:

L . 2 . 2 . LA 2
| arir@i = [arim EHr) &) (@) ED)
0 (7)S
Having guessed the right expression, it is easy to prove the above result. As % = —1

implies z-# = 0, the statement clearly holds true if the right-hand-side is also given in
parametrization by arc-length. Thus, one only has to show that the right-hand-side
is really a reparametrization invariant curve integral. We do this in appendix [C.2]

We can hence lift the constraint of arc-length parametrization, finding the following
reparametrization invariant result:

P WO = o 5 [ar ) (5 - T8 ) + 000

1672\ 6 6
By@g — | @ || 2o

16 [ drd
+ /7'1 T2 (@1 — 73)

($1 — xg)HH(TQ —T1 — d(TQ, 5))} . (637)
From the discussion of the complete level-1 momentum generator at the beginning
of this chapter, we recall that we still have the freedom to choose the level-1 density
pWMH(s). However, this will not compensate for the second term of the above result.
We therefore conclude that the Maldacena-Wilson loop is not invariant under the
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Chapter 6. Yangian Symmetry of Maldacena-Wilson Loops

Yangian symmetry Y (so(2,4)) we have discussed. At this point, the reader may ask,
how one can be sure that it is impossible to rewrite the second term of as a
single curve integral. After all, also the double integral assigns a four-vector to a given
curve. Before turning to this question, let us discuss the structure of our result in
some detail.

6.1.1 Discussion of the Result

As the second term in is the one that prohibits the Yangian symmetry of
the Maldacena-Wilson loop, we start with it. At first, we notice that it is actually
divergent in the limit ¢ — 0 for a large class of curves. This can be seen by taking the
derivative with respect to . Reverting again to arc-length parametrization, we find:

L Bdy + 1 1 [t
85/ dTldTg(i (x1 —2)MO(1y — 11 —€) = —25/ dri* (1)@ (7)? + O(°) .
0 0

S .’172)2

This shows that the result (6.37)) is logarithmically divergent,

16/d7’1d72$1‘(r;_|j;1|)’4x2| (1 — 22)"0(19 — 71 — d(T2,€)) =
1— T

o o
_ —81n€/d7' @ (7) (; - (“”"jsf) ) +a(C) + O(e),

The constant term a#(C) lies beyond the scope of our above discussion. Using this
form of our result, we are now in a position to answer the legitimate question, whether
we could just have regulated in parameter space which would have simplified our
formulas. While this clearly would not have given reparametrization invariant curve
integrals for finite e one could have hoped that the limit ¢ — 0 would be unaffected.
To answer this question, consider a scaling reparametrization

7 [Aa, \b] = [a,b],  T(s) =

> ®

As the integrand in
T1To — |T1]||T
/dﬁdT2 1(;1 —‘m;’)|4 : (z1 — 22)"0(72 — 71 — d(72,€))

is invariant, the scaling only affects the boundaries of the integral, which results in
e — Xe. Expanding then as before, we get:

0(C) —>a“(0)—81n)\/d7'j3“(7') (iz (””x(j““)?) .

Hence, the reparametrization invariance would have been violated at order £°.
To understand the coefficient of the divergence better, consider the following ex-
ample curve:

z(1) = (0, cosT + cos 27, sinT, 0) .
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6.1. Maldacena-Wilson Loop

(z'(7), 22(7)) = (cos T 4 cos 27, sinT)

Figure 6.1: Sketch of the example curve z(7) = (0, cos T + cos 27, sinT, 0).
We have indicated the tangent vector # and & in arc-length parametrization
at two points related to each other by the mirror symmetry.

Numerically, one finds the following result:

/dT i (7) (9”2 - (iZW) = (0, -8-107", —148.3, 0) .

T4 6

The (numerical) zero in the second entry reflects that our example curve has a mirror
symmetry about the z!-axis, see figure[6.1] For any curve that has a mirror symmetry
about some axis, the component of the curve integral parallel to this axis will vanish:
Consider the curve in parametrization by arc-length and match the points related to
each other by the mirror symmetry. The expression #* at the related points must
be the same, while the components of the velocity vectors parallel to the symmetry
axis have opposite signs. Hence this component of the local term vanishes. As a
consequence, we find that for all curves which are contained in a two-dimensional
spatial subspace of R® and have two symmetry axes - e.g. an ellipsis - the local
term vanishes and thence that our result is not divergent as ¢ — 0.

The constant term o*(C) is difficult to evaluate for a general curve. This becomes
easier for curves for which the coefficient of the divergence vanishes. The easiest
example is a circle in a spacelike subspace of Minkowski space. It will be instructive
to work out the bosonic result for this curve. Consider the parametrization

x(1) = (0, cosT, sinT, 0) .

As the result is non-divergent, we can safely take the limit ¢ — 0. Abbreviating
¢ = cos Ty, 8; := sinT;, we have:

X[ ¢ —c
. (11 _ B 1 2 _
213% Pyot AW(C))1 = = /0 drdm 0(15 — 11) 10 = crcs — 5159)
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C1 — Co C1 — Co

T 27
= drdr0(m — 7 +/ drdmb(m — 1
/0 b= 1) gt [ dndnf(n =)

™ 27
C1 — Co
—I-/ dr / dr
0 ' ™ ’ 4(1 — C1Cy — 8182)

4 €1 — Cy "
— d d 0 _ d ld /0 / o /
/0 mdn2 0(72 = 7) 4(1 — c1e0 — 5152) + /0 mdn 8(7, = 1) 4(1 — ¢ chy — s\ sh)

T ¢+
+ drd7, .
/0 12 4(1 4 c1cy + s15h)

In the last step, we substituted 7/ = 7, — w. The first two terms cancel and we are left
with

4(]. — C1Cy — 8182)

c1+ ¢y
1 + ci1co + 8182)

lim PO, (W () = / drdrs
0

By performing the substitution 7/ = 7 — 7, we see that

hm pU

bOb nl e

<W(C’)>(1)——hmP1)1 (W(C)) :han(1

bos,nl, e bos, nl, e

(W(C)a =0.

Based on symmetry arguments one might now expect, that also P! 2€<W(C))1 van-
ishes. But this is not the case. We find:

S1— 82

lim P2, (W _—/ drd
g% < ( (1) n T2 ) (1—0102—8182)

:2/ dTldT2—81+82 .
42 1+ ciea + 8182

To reach the last line, we performed the same substitutions as for the other component.
The above result must be different from zero as

sin T, + sin 7 sinTy; + sin 7,

>0 Vr,me(0,m).

1+ cosTicosmy +sinTysintg 14 cos(m — 7o)

A numerical evaluation shows that
(1)2 A
lim Pog', W) = -
The reason for this peculiar behaviour of the result is that in choosing a certain para-
metrization for the curve, we have picked a starting point. Due to the path-ordering
in the double curve integral, this breaks the symmetry of the problem. Indeed, if we
choose a parametrization with a different starting point, the result will be different.
Thus it is clear that it is impossible to express o (C') as a single curve integral, because
they have the property to give the same result when evaluated using parametrizations
with different starting points. Note that this property is more general than the repara-
metrization invariance introduced in appendix [C] It is thus clear that it is impossible
to reach invariance by choosing a level-1 density pM#(s).
Not having found Yangian invariance, one could raise the question, whether there
exist curves, for which a#(C') = 0. This is a rather difficult task and as it has already
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6.2. The Fermionic Extension of the Maldacena-Wilson Loop

failed for the very simple example of a circle, we do not pursue it further. It should
also be pointed out that such curves would only correspond to extremal points under
the transformation generated by the level-1 momentum generator.

In the following section we pursue a different ansatz. The disturbing term in
Péig’;(W(C»l is structurally similar to the gluino propagator . Hence there is
hope that the Maldacena-Wilson loop operator can be extended to include also the
fermionic fields in such a way that the action of the non-local part of the level-1
momentum generator gives a single curve integral. This extension is the topic of the

next section.

6.2 The Fermionic Extension of the Maldacena-
Wilson Loop

The above result points at a possible Yangian invariance of an extended Maldacena-
Wilson loop that includes also the gluino fields. It is natural to use supersymmetry
as a guiding principle in the construction of such an extension. By the inclusion of
supersymmetry generators, the conformal algebra so(2,4) is extended to the super-
conformal algebra su(2,2[4) discussed in chapter [3.2] The new underlying symmetry
algebra implies an extension of the non-local part of the level-1 momentum generator
PWr - Let us fix the form of this generator before turning to the extension of the
Maldacena-Wilson loop.

The non-local part of the generator is fixed by the dual structure constants of the
superconformal algebra, which have been computed in [3]. Although they were using
different conventions, the structural form of the level-1 momentum generator can be
inferred from their result (4.51). This leads to the following ansatz:

Prfll)” = / dsldsg{ (m’“’(sl) —d(s1)n" ) pu(82)

s1<s2

g (1) T 43 (52) — (1 ¢ 52) | (6.38)

Here, ¢%(s) and g*“(s) denote the densities of the supersymmetry generators in some
superspace. Their exact form will be discussed later. The constant ¢ can be fixed
from the commutation relations (3.38]) of the Yangian algebra, which imply that

@3, P =0. (6.39)

From the commutation relations given in chapter we read off:

[g5(7), m™ (51)] = =% 0™ P §(sy — T) qap(s1) (6.40)
[g5(7), d(s1)] = 5 0(s1 =) d(51), (6.41)
{qj(T) , 635(51)} =2 55 0(s1 — 1) Gy pu(s1) - (6.42)
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Making use of these commutators, we get:

@i 2] = [ dsas{(= 50 aaston) - el 1l

s1<s2

205" py(51) 7, 4 (52) — (51 € 52) |

= / dsldsg{( — %U“”QB €y8 — %77‘“’ 52‘

s1<s2

—2ica” ol )qi(s1) pu(s2) — (51 ¢ 82)} :

Making use of (2.4]) and (2.15)), we find:

*VQB 2 _*[Vaﬁ ] f(uaﬁ n) s _praf nr sa
0" Woy =0V, +7" oy =io €vp + 0" 05 (6.43)

Thus we have:

[Qj, Péll)“} = / dsldsg{( (2(: — %) (0”” ab €45 — in””éﬁ) )q}(sl)py(sg) — (51 ¢ 32)} )

51<82

Demanding that (6.39) holds then enforces that ¢ = . Hence we have the following
level-1 momentum generator in Y (su(2,2|4):

1) 1 1
Prsl7 EM - Pb(oi,unl,e + P)fgar)rr?7 nl, e (644)

PO, =t / dsads {7 (52) 74 5 (52) — (1 4 52) } 052 — 51— d(52,2)). (6.45)

To include the gluino fields in the Maldacena-Wilson loop operator, we extend the
loop to a full non-chiral superspace, which we describe by the variables

2*(r) =" (1), 0a(T), Oaalr), ya"(7).

The use of a non-chiral superspace parametrized by both @ and 6 variables is necessary,
if one hopes to find corrections to 1} from the action of Pf(;in“,s on the expectation
value (W(C)) of the extended loop. Being a commuting variable, (W (C)) will only
contain terms which are of even order in the Grafimann variables. Corrections to
the bosonic result can then only occur, if the supersymmetry densities ¢ and g both
contain Graimann derivatives. The closure of the supersymmetry algebra enforces

the introduction of the bosonic variable y,”. However, the supersymmetry generators

Qs = /ds ¢S (s) = /ds <_<%?§(s) +yAB(s)69]§(S) +i§Ad(s)L), (6.46)

5 0T 06(8)
@ = faraee = [ (it O, o - 00 ). 040

do not contain y-derivatives such that the extension in the y-variables will not give
corrections to the bosonic result. We will therefore set y = 0 in the remainder of this

58



6.2. The Fermionic Extension of the Maldacena-Wilson Loop

thesis, working with the supersymmetry generators

Q4 = /ds 5 (s) = /ds (—595(5) + +i0a4(5) 5:]52(5)) , (6.48)
@Ad _ /ds quz(S) _ /ds (50,4(1(5) + —3 02(3) 533&(1(8) ) . (6.49)

While the corrections to the bosonic result for the action of the level-1 momentum
generator are unaffected by this, restricting to the subspace y = 0 will not allow
us to check the invariance under the generators K, S, S, R and C, which contain y-
derivatives.

We make the following ansatz for the extended Maldacena-Wilson loop:

W(C) = %Trpexp (z’I [A,w,1ﬁ7¢;x,9,0]) , (6.50)

I [A7 Q;Z)7 1/35 ¢a x, 9’ é] = f dT (IO,O + Il,O + IO,l + Il,l + IQ,O + IO,Q + .. ) ) (651)
c

L, = ?{ drZ; ;. (6.52)
c

Here, the terms Z, ; are of order ¢°67. As we are constructing an extension of the
Maldacena-Wilson loop, we demand that

Too = Au(x)it 4+ 1(2)|d|n" = L das A — L || Rape™”. (6.53)

It is natural to require that the expectation value of the extended Maldacena-Wilson
loop is invariant under supersymmetry transformations in superspace. To implement
this requirement, we demand that

Aca A

an)=eil) 9 (=@ (). (6.54)

Here, Q and Q are the supersymmetry transformations of the fields which we discussed
in chapter 4.1, This requirement leads to an expectation value which is invariant under
supersymmetry transformations, since

Q3 W(O)) = 1 (TrP (Q3 (1) exp (i) =

v (TrP(Qa(I) exp (i) = (QAW(C)) = 0.

The last equation follows from the invariance of the vacuum state under supersymme-
try transformations. Equation allows us to construct the terms in order
by order. For the moment, we are only interested in the corrections to the expectation
value which are of order #9. Yet, to be consistent to second order in the GraSmann
variables, we will also derive the form of Z,, and Z,,. Furthermore, we will restrict
ourselves to terms which are linear in the fields, since we are only interested in the
one-loop expectation value W(C)) ) of the extended Maldacena-Wilson loop. This is

59



Chapter 6. Yangian Symmetry of Maldacena-Wilson Loops

Qo) 2 Q(I1,0) QI1.0) = Q(I20)
I > T > Izo
(I, 0) QIo,1) Q(I10) — QLo,0) 1£062(1'1,1)
N Qo) — Qo) o QL) WV V%
IO 1 > Il 1 >

Figure 6.2: Depiction of the structure of I. Spinor and R-symmetry indices

are suppressed, 2 denotes equality at order 6°67.

taken care of by using the linearized supersymmetry field variations Q% and @fnd,
which are given by:

—Aa

QS (A7) = 2i 2% ) Qg (A%%) = —21¢% 47 (6.55)
%in(PBC) = \@Z €apcp PP° th (¢pc) = —V2i (P4 68 — P& d5)  (6.56)
Qinanﬁ) = L Fo) 0% Qi (BP7) = —v/20% P (6.57)
Q% (V) = —V20% Gap On () = —1 il o (6.58)

The organization of this calculation is depicted in Figure We will start by deter-
mining I, o and I, ; from the equations

0 —Ad 0 — Ad
Q% 1 (To) = Q4 (L) Q1 (Too) = Q" (Lon)-

,J

In these and the further equations of this type Z denotes equality at order 667,

Making use of (6.55]) - (6.58)) we find:
Qi (Too) = 8% 0y — V2il#[Mapv™” (6.59)
Qi (Too) =i, 74 — V2ili| n?P 5 (6.60)

From this we read off 7, and Z ;:

Tio = —i02 8%, 0 + V2002 & Tapv°® (6.61)
Loy = i0agip Pt — V20044 8| 0P 5 (6.62)

The knowledge of Z; , and Z,; suffices to determine all terms in quadratic order. In
order to do so, we need to know the action of the supersymmetry field transformations
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6.2. The Fermionic Extension of the Maldacena-Wilson Loop

on 7,y and Z, ;. With the knowledge of (6.55]) - (6.58)), these are easily determined:

Giin(Z10) = —\/§i03$5~3ﬁa$w =5 05 || mas B (6.63)
Oy (Tuo) = L0246, Fi — 2@90\1:\%303@&3, (6.64)
Sin(Ton) = 30, 58 P 4200, 18| nC 978, (6.65)
Qi (To1) = V2ilp;5,° 076" — L0, |i| n P F (6.66)

Here, F?? and F% denote the parts of F*# and F** which are linear in the gauge

lin lin

fields 4,

FeP = (0,4, — 0,A,) 0™ % F = (9,A, —9,A,)5" "

lin lin

We can now apply (6.63]) to determine Z, , by imposing

Qi (o) = Q5(I20) (6.67)
This gives the following result:
Lo = 24505053, 0 bep + + 525 05 05 &\ mep FIY + V21705 05 6o (6.68)

As the calculation, which shows that is indeed satisfied, is a little more involved,
we will go through the details explicitly. We have to calculate the action of Q% on
I,,. Since we are only interested in the linear order in 6 this reduces to calculating
the (functional) #-derivative of I,,. We find:

Q%([zo) = /dT{ (9 (35 ¢AB> _HC “s <8ﬂ7¢’c,4>)
b5t (08 ilman FEY 0 il mea FIS) + V3108 645 )

- —/dT{\@i@ﬁ i, 05 1+ 5 08 il Tan Bl + V20676

Employing the spinor identity A*# = A% 4 1e*’A7_ and using integration by parts in
the last term, we arrive at (note the form (2.13)) of the chain rule):

1,0

Q5(I20) = — / df{x/i 105 7,076 up + 2507 43507 Gap + 508 & Fan Fl
507,075, ) = [dr Q%)
A similar calculation shows that
Too = 25 0na0p50," 0%00"7 — 510 O || P F — V206905 0,55 047 (6.69)

gives a solution of

Qﬁja&l) = QAd(Io,z) : (6.70)
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We will now turn to the calculation that determines Z; ;. As can be seen in figure[6.2]
we need to satisfy two equations:

— Aa

O (Io) - Q™ (Io) 2 Q™ (1) (6.71)
Qhiino1) — QA(Loo) = Q4(111) - (6.72)

o
—_

We start by calculating the left-hand side of these equations to inspire an educated
guess for 7, ;. The supersymmetry field transformations of I,; and I, , are given in

(6.64) and (6.65)). Hence we only have to calculate how Q% acts on I :

Q5 (L) = / ds drif4a(s)0°(5) (A7 (0(7)) d05(7) = Hao(7)| pc 67 (a(7)) )
7: ~ . — . s : = 1‘;‘1‘5‘*
= 5 /dT{20AdA“°‘ + HAd .’L'BB 0 ABB — 0,4@ WnBC ¢BC
— Oaa i 076" }
v s b fBE 3 gad n o e
-2 /df{ Oaaiigs (0°0A7 = 974 ) = 44 Siimape 67
— Gas |2 Tine aa%BC} .
In the last step, we used integration by parts to simplify. Making use of (2.17)),
Fadﬂﬁ — %GdﬁFQﬁ 4 %EaﬁFd’B,

for the linear part of F,,, we arrive at

@ _ i in . a3 . & pof = FoG
QA(I070)—2/\C17'{20A@<$ ﬂEin _‘T,B Ein>_9AdeBc¢BC
—0aa |20 aad¢BC} : (6.73)

Combinig this with (6.65)), we have the following condition for I, ;:

5 (e} «
—/ds(m‘(s) (111) = Qhyin{o1) — Q4 ({oo) =
= [ar{30ua (5 Bl + a0 B2) + 4 Baalil o 067
+20004]& 0P 0°9 45+ L0455 Mpe ¢BC} . (6.74)

In the same fashion we find the second condition for I ;:

5 aa s
/ ds gy (1) = Qi (o) = Q" (hoo) =

= [ar{sor (a0 4,0 BY) - fodlimno 077

— 2605 |i| Ape 074¢AP — 124 1 qig, ¢BC} . (6.75)

||
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With regard to ((6.74]), we construct the following ansatz:

Tia = =500 0 (j:aﬂ Fi + " FQB) — 505 0as|d|Tipe 029"

lin lin
= 2007 0c ol P 07y — £ 62 04 T pe 9°C + £ 02 040 L7 e 67 . (6.76)

This obviously satisfies (6.74]) and we now show that it also satisfies (6.75]). Taking a
closer look, one realizes that only the two middle terms do not immediately give the
respective expressions in (6.75)). For these, we have:

d i DA lal—  qap DA s b
/dséeA-(s) (—5 02 0y, 51| mpc 0°7 9P — 2008 0 41i|n” 0 5¢DB) =
= £ 02| e 0°°¢"C + 200015 nP 0%y
— %9f\x’ﬁ30 8ad¢BC 4 %05|$’ 6BAKL kL aad¢]\/[N6DBMN
= —1 0 |i|npc 0** 9" — 2002 |i|npp 0 "7 .

Hence (6.75) is also satisfied. This concludes the construction of the exponent of

the supersymmetrically extended Maldacena-Wilson loop. For purposes of clarity, we
recall our results:

Loo = § e A = § &|Tiap 07, (6.77)
Tyo = —i02 %, 0 + V2002 |i| a7, (6.78)
To1 =044 i"gd PPA — \/iiéAa@WAB 1;%’» (6.79)
Too= 250505 " 0" 0cp + 55 05 0F |2 Tics FL + V2i 705 0F o, (6.80)
Tos = 5 0aa 055" 07™7 — 21 0as O 8| Tap Bt — V2000 0,50%,  (6.81)

9:3 _Ad (i’aﬁ» Faﬁ —|—i,‘[3d Faﬁ> - %93 G_Ad|j:|ﬁBc OO‘%SBC

lin lin

& &

2002 0 ala| NP 07 4y — £ 02 B Bt Tipe 67 + 202 Oas FTipe 67O (6.82)

Using the above results, we can now calculate the vacuum expectation value (W(C))
of the extended loop to first order in perturbation theory. We have:

1
<W(O)> = <N TrPexp (Z f dr (1070 +Il,0 + 1:071 + 1171 +.. )>>

2N
+ (Zo,1(11) Tr0(72)) + (Zoo(m1) Zia(72)) + @1,1(71)10,0(72»)} +0(6?)
+O(0%) + O(\?)

1 1
=1- ﬁ /dTldTQ TI'<Z()70(7'1)I070(7'2)> — N dTldTg TI'<IL()<7'1)IO71(T2)>

_ % / dridr, Tr (Too(r1) Tua (72)) + O(67) + OF2) + O(N?) . (6.83)

b | / drdrs ((Zoo(r) Too(72)) + (Tro(m) To (7))

In the last step, we performed a change of variables (7, <+ 75), used the cyclicity of
the trace and the fact that the Z; ; are commuting variables. From the discussion in
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chapter [5], we already know that

2N2 . . o . .
Te(Zoo(m1) Too(ma)) = S Frfa = [Fullda] (6.54)

82 (1 —x2)?

For the next term, we calculate:
TI'<ILO(7'1)IQ,1(T2)> = TI'(TaTb)<(—Z 0121"1&[% T/;A(l(xl) + \/52912 ’ftl’ﬁAB waBa(aH))
(i 9_20a :kwd l/JBCb(IBz) — \@iézca |Zo| nP &%b(w))>
= T‘I'(TaTb){—Hlé xlaﬁ 526'0'4 i25d<¢~)ia($1) wﬂCb($2)>
=261 004 |21||22|Tap nP (PP (a1) %Z)%b@z»}
ngNQL

_ Apn .af . Ba . . . ad
A ol fro b2 <x1 &y g+ [ [[E2] 21 > :

In the last step, we inserted the gluino propagator (4.25) and made use of the identity
(2.32)). We now use the Fierz identity (2.20]) to rewrite

01£§2Ad = —% (9_20'#91) O'H

(o7

Using the identity ([2.22]) for the trace of four sigma-matrices, we find:

. 2 2 . . . .
ig°N* . L1T12 . L2l12 . T2pX12pT1
— M H VpK P K
Tr(Zio(m) Loa(72)) = = (020,61) {LEQ e e
™ Tia Lio T1o
T1Tg — ‘l‘lez‘ L }
- 4 12 ( -
T12
We rewrite
T1T12 —_19 1 ToT12 —1y i
4 - 27T _ 2 4 T 27T 2
T1o T12 Tio Tio

to perform an integration by parts and arrive at the final result:

ig>?N? I A y
/dTldT2 TI'<:Z,—170(7'1)IO71(T2)> = 987'('2 /dTldTQ{ (920”91 xTz — 920M91 le}
12 12

. 2N2 _ . . _ . . . .
g /&ﬁﬁwwwﬂ{%@WM@Q%+kwm%ﬂmwm}_ (6.85)

2 1 1
47 1o Tis

To calculate the expectation value

Tr(Zoo (1) Z1,1(72))

it is convenient to first replace the spinor indices in Z, ; by spacetime indices. Making
use of (|2.15|) and d2.18|) we rewrite 2 and F2? in the following way:

lin lin

EP = (9,4, —8,A,) 0" % =i(d,A, —d,A,) (5““5(7”%) €5 =200 AP =
=2 aa,y Aﬂ’Y - iﬁaﬁ aw A’Y;Y s

Ff = —2i0% AP — i AT

lin
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6.2. The Fermionic Extension of the Maldacena-Wilson Loop

Combining the above, we have:

1G4 0% ( i F“ﬁ) i (f0,0) o, (a'cﬁdaamm - g’caﬁ'aémm) -

lin lin
=1 (éalﬂ) (Tr (O’”O’UO')\UP) — TI‘(E#UPO'AO'U)) %,0,A\ = (éauﬂ) M 3,0, Ay .
This allows us, to write Z; ; in the following form:
oy = (00,0) ™ &, 8, Ay + & (00,0) |#]Tinc 065 + 2 (000,0") || n"CO G 1y

N N
+4 (0,0 — 00,6) 5 e 87
Xz

Hence we have:

Tr(Zoo(m1) 1h,1(12)) = Tr(TaTb)<<jc'fAi(:c1) — iy Tigr ¢EFa(x1))

((@0”92) EHV/\p Itgy 82p Al))\(.fg) (QQO-HQQ) ‘.’172‘ npc (9 (ZSBCb(.TQ)
. A\ [+ . BC u b i (p iy _ BCb
+ 2 (9200u91 ) 2| n"C 05 ap(22) + 5 (920;192 92%92) npc ¢ (372)>> =

[da]
= Tr(TaTb) { (§20#02) euu)\pi,ff Z9, 32p<Ai($1)A§(l‘2)>
— 2 (050,,02) |ir||da| Mpr Tipe 05 (077 *(21) 79" (22))

—1 (éZCU;AH;‘) ‘lexQ‘ n"F nhe 05 (pr(T1) ¢?413($2)>

= (Fone =0 (e (70 )}

Inserting the propagators derived in chapter and making use of ([2.32)) we see that
the two middle terms cancel each other. Hence we arrive at the following result:

2N2 _ ,
Tr(Zoo(1) Tra(m2)) = 947T2 {(92%92) it %
12
L || T
+ 5 (92(7#02 920'”92) | 2| :1:12} . (686)

Inserting ((6.84)), (6.85]) and (6.86]) into ((6.83)), we find the 68 correction to the vacuum
expectation value of the Maldacena-Wilson loop to first order in perturbation theory:

W) = —&/dﬁde + 41;\ /dTldTQ (620,.61) Wmﬁ
- % drydry (020,60, — 050,02) € %
82/\2 dridr, (0_20#9.1 ;?; — 9;20#91 ;2;)
8M2 dridr, (92%92 ezaﬂez) }zj 5122 L O0?) + O®6?). (6.87)

This result should by construction be invariant under supersymmetry transformations.
Hence it is a non-trivial check of our calculation to show that (6.87) is annihilated by
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Chapter 6. Yangian Symmetry of Maldacena-Wilson Loops

the supersymmetry generators Q% and @Aa. We will now go through the proof for
@Ad, Which can easily be transferred to show the invariance under Q%. Note that our
result (6.87)) only provides the necessary input to check the invariance under @ (Q) at
order 9( ) We show that

5 o ) 5 o
/dsM<W(C)>(1) —io) /dsaa (s) 5.5) W(C)) ), = 0. (6.88)

Taking a close look at (W(C)),, and noting that

5 -
/dsweBB(T) =0,

we read off:

) 1,0 A A $1%9 — |T1][Z2] 4
J 45 V0 ¥ 5 2/ ndr i e
_9 ) aaewp,ﬁﬁfluwszlm
20 Y

- — dTldTQ (m - )
1 — 42

/d7'1d7'2 ( .23 ’x1|> T2
’332| 3312
A T1To — |$1||$2| A A |$1|
== [ dndnl oA =2 el - 0 .
472 n T{ (x1 — z2)% x12 2 \[le e | 2| 5512

We used the antisymmetry under (r; <+ 7») of the integrand of the second term to
reach the last line. Combining the above result with

) 1,0 1A ; 1 ; 4,
da A = ds 6 aa/d d 5 1= dh
1o, /ds Qa (S) (51‘M(S) <W(C)>(1) 1672 / S A(S)Uu T1dTy 33%2 Ty |x‘2‘l’2

8T25(7’2 )+i ( S—?mf) 8—,—15(’7'1—8)

12
Bydy — |21]] 2o

2 6 - 9) - d( - 9) }

A ftl.’tg — \lexQ\ . 1 . \xl\
~ 2 [ dndry g, A D22 T ITT2] pas 2 (g4 goalTil) Ty L
A2 / T1 TZ{ la (1'1 — $2)4 Tyg 9 laa = Y2q |$2‘ 5512

we indeed find that (6.88) holds.

-2

6.3 Yangian Symmetry of the Extended Loop

We now return to the question of Yangian invariance. We have computed the necessary
input to calculate the action of the non-local part of the level-1 momentum generator

MWp _ pMp (1) p
Pnla Pbose Pferma’

POt = /dsldsz{ (m’w(sl) - d(Sl)TIW)Pu(S2) — (81 ¢ 32)} 0(sa — 51 —d(ss,€)),

/) .
P = 1 /dsldSQ{qAa(Sl)Ugd qa(s2) — (s1 ¢ 32)} 0(s2 — 51— d(s2,¢€)),
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6.3. Yangian Symmetry of the Extended Loop

on the expectation value (W(C)),, at zero order in the GraBmann variables. The
bosonic result |D receives corrections from the action of P* = on the terms in

ferm, nl,e

(6.87) which are of order . We rewrite the level-1 momentum generator to slightly
simplify the following calculations,

7 .
Pfe = 7 [ dsidss (7 (50)0%0 a3 (52) = (51 60 52)) (52 — 51 2)

= jl/dsldsz qu(Sl)EZd qX(SQ) (6(82 — 81 — 5) _ 0(81 — Sy — €)) )

In the above expression the densities of the supersymmetry generators are given by

ar J J
7)== Fgagsy + 104
. ) J
—Ad - _ -eA )
q ( ) (SHAQ(S) t [e] (S) 5xad(8)
In the computation of the zero order of Pf(clrzfs (W(C)) 1y, we only need to consider the

Grafimann derivatives in the above densities. Hence we consider the generator

" { o _ )
Pffjr)ni ae = 7y /dsldSQ 50ma(51) ah. 567(s) (O(sg —s1—€) —0(s1 — 52 — €)) (6.89)

and note that
P WV(O)) oy Z P L V(O -

ferm, nl,e

The bosonic result |D receives corrections from the action of P)*_ on the terms in

ferm,e

(16.87]) which are of order 4. In order to compute these corrections, we first consider
the action of P{)*_ on the relevant 6 structures appearing in W(C)) - We have:

ferm €
pf(elr)rrl:nl,s (520”01) = —iggd/dsldSQ (9(82 — 81 — 5) — 0(81 — S9 — 5))
1) ) - :
. vBB nB
tor) 59315) oo 7 7 95(00)
1

=-1 O'Zd/dSldSQ (O(sy — 8, — &) —O(s) — 85 —€)) 0 (52‘ 0(s1 — 72)

o0 (—65 55 5(m1 — 5))
oo (9(71 —Tp—¢€)—0(ra — 11 — 5))

- 2i77””(9(7‘1 ) —O(r — T —5)). (6.90)

=140

We made use of the identity (2.9)) to reach the last line. In the same way we find:

Pt (020765) = 20 (0(—2) = 0(¢) ) = 0, (6.91)
Bt e (B2070) = =2 (8 — =) +8(n -7 =), (6.92)
P (020701) =2 ( n-T—e)+d(n-T—e)), (6.93)
pf(clrirﬁnl,e (920 0 — 920”92) = —8in"é(e (6.94)



Chapter 6. Yangian Symmetry of Maldacena-Wilson Loops

Using the above identities we find:
A PN Bydy + 1
Pf(elrixﬁnl,a <W(C)>(1) = Py /o drdm, (:;1—27332)2 xly (9(7'2 —T1—&)—0(r -T2 — 5))
i\ L1, To,T12x
+ ﬁ dT1d7'2 eHvpr Alxliip;p;; (0(7‘2 — Ty — E) — 9(7’1 — To — 8))

>\
+ — dTldTg xl + xg

5512
A
— / dTldT2 — (5 )

((5(7'2 —m—e)+6(m — 1o — 6))

A $1$2+1 A L x’;
=2 drdrn, 2T m g o -2 dndn 2
5 i ot [andn )
At i
+72 B dTldTg?%z 5(72—7_1_5)‘1‘(5—)—5) .

We used a change of varlables (11 <> 72) to reach the last line. All the terms we
encounter are already familiar from the discussion of the bosonic result in section
6.1l Dropping the d(¢)-term as before and expanding the last term, we arrive at the
following result:

() A [F g, +1 R
Provm nl.e <W(C’)>(1) = — / drdr, ———— 2/, 0( — 1, — &) + 192 / dr " (r)Z*(7) .
0 0

Lifting the constraint of arc-length parametrization and combining the above result
with the bosonic part (6.37]), we reach the final result:

o T , i (@ 7)?
PI V@) = gog [ d7d(7) <x4 ! jjﬁ) ) +0(e). (6.95)
From this we read of the level-1 density
TN () (ls) - i(s)?
L) p — B _
P =~ 80 () — S ) (6.96)
The full level-1 momentum generator is thus given by
A 72 T - 7)?
Pg(l)u _ Prgi)eu 5o —= /ds u( )<:z4 _ ( j56) > . (6.97)

We have shown that this generator annihilates (W(C)) to first order in perturbation
theory and zero order in the Grafimann variables,

lim POEOW(C)) =0+ O\ + 0O(0) + O(0) . (6.98)

Having established the invariance under the level-1 momentum generator, one would
now like to conclude the invariance under all level-1 generators. This could easily be
done by using the commutation relation (3.38]),

105 3] = fut I,

c

of the Yangian, if the invariance under P *# and the level zero generators were estab-
lished to all orders in the superspace expansion. However, as this is not the case, we
are not yet in a position to do this.
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Chapter 7

Conclusion and Outlook

Following an idea of Jan Plefka, we have studied a possible Yangian invariance of
the Maldacena-Wilson loop in N/ = 4 supersymmetric Yang-Mills theory. For com-
putational simplicity, we restricted our attention to the first-order correction of the
expectation value in perturbation theory. Employing a similarity to two-dimensional
integrable field theories, the Yangian symmetry generators are given by curve integrals
over functional derivatives acting in the loop space. Whilst the non-local structure of
the level-1 generators is fixed by the underlying symmetry algebra, they also contain
a local path-dependent piece, which can be adjusted in order to reach invariance. By
performing an explicit calculation for the non-local part of the level-1 momentum
generator Péiif‘nl we found that the Maldacena-Wilson loop is not Yangian invariant
in this way.

However, we were lead to consider a supersymmetric extension W(C) of the Malda-
cena-Wilson loop which also includes the fermionic fields of ' = 4 SYM. In this regard,
we also extended the level-1 momentum generator as the inclusion of supersymmetry
extends the underlying symmetry algebra from so(2,4) to su(2,2[4). In the extension,
we employed a full non-chiral superspace parametrized by the variables {z, 0, 0, y}.
The exact form of the extension followed naturally from the requirement that the
vacuum expectation value be invariant under the supersymmetry transformations in
the given superspace. We have computed the coefficients of the extension up to second
order in the anticommuting Gramann variables 6 and 6, setting y = 0. The reason
for this restriction was that we only computed those terms of the expansion, which
affect the result for the unextended loop, i.e. at § = 8 = y = 0. We were then able
to show that the extended loop is indeed invariant under the full level-1 momentum
generator PMW# to first order in perturbation theory and at the lowest order in an
extension in the superspace variables. We have thus provided first evidence for a full
Yangian symmetry of a supersymmetric extension of the Maldacena-Wilson loop in
N = 4 supersymmetric Yang-Mills theory.

Another step toward this would be to show the invariance under all level-1 gener-
ators at first order in perturbation theory. It would be easy to conclude this from the
commutation relations of the Yangian algebra, if we had established the invari-
ance under all level-0 generators and P(M*# to all orders in the superspace variables.
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Chapter 7. Conclusion and Outlook

Consider for example the following commutator:

(KO, PM] =2M) +27,, DV
Unfortunately, we are unable to conclude the invariance of (W(C)) under M} and D™
at the leading order as we have not established the conformal invariance of (W(C))
at order #9. In order to show the invariance under all level-1 generators, one would
have to derive the y-dependence of the extended Maldacena-Wilson loop and check
the invariance under the superconformal generators at higher orders in the superspace
extension. While this certainly involves several tedious calculations, it seems to be
within reach. Of course it would be favorable to derive the full supersymmetric
completion of the Maldacena-Wilson loop to all orders in the superspace variables.
However, doing this order by order in the way we have constructed the first few orders,
seems not to be feasible.

Strikingly, a Yangian invariance has also been found for the dual string description
of the Maldacena-Wilson loop in [13]. The non-local parts of the Yangian generators
found there are exactly the same as for the weak coupling side and also the functional
form of the local part agrees. The difference between the two sides lies in the prefactor
f(\) of the local term, for which the following limits are known[}

A

A

FA<1) = =

A possible explanation for this difference is the existence of a non-trivial interpolating
function f(\) which has the asymptotic behaviour given above for small or large .
Checking the Yangian invariance also at second order on the weak coupling side should
provide further insight into this question.

It was not necessary to consider fermions on the strong coupling side in order to
establish the Yangian symmetry. The inclusion of the fermionic degrees of freedom
might also change the asymptotic behaviour of f(\) for large A\. This would require
repeating the strong coupling analysis for the Green-Schwarz superstring, which is of
course interesting in its own right. It might also yield insights on the form of the
supersymmetric extension of the Maldacena-Wilson loop at weak coupling.

Apart from further establishing the Yangian symmetry of the Maldacena-Wilson
loop, an interesting question is how the Yangian symmetry might be applied in order
to compute new results. To this end, it would be important to understand in which
way the Yangian invariance constrains the vacuum expectation value and to classify
the Yangian invariants. If not for exact results, one might try to apply the Yangian
invariance to so-called wavy Wilson lines [51] to compute further corrections in an
expansion in terms of the “waviness” of the loop.

!The conventions in this thesis differ from [13] by a conventional factor of (—1) in front of all
level-1 generators.
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Appendix A

Killing Metric and Dual Structure
Constants for so0(2,4)

In this appendix we introduce the Killing metric and dual generators for a semi-simple
Lie algebra g and derive them for the conformal algebra so(2,4).

Consider a semi-simple Lie algebra g = span{7,} over K = R or K = C with
commutation relations

[T, To) = fup" T (A1)
For every element z € g, we define the adjoint map ad, : g — g by
ady(y) := [z, y] .
This gives rise to a symmetric bilinear form G : g x g — K, which is defined by
G(z,y) :=Tr(ad, o ad,) . (A.2)

This bilinear form is called the Killing metric on g. It can be shown that the Killing
metric is non-degenerate, i.e. that the matrix

Ga,b = G(Ta, Tb)

is invertible. The inverse of G,; is as usual denoted by G®. We then define the dual
generators

T := GT, . (A.3)
By definition, these satisfy the relation
G(T*,T,) = &7 .

As the metric is non-degenerate this may also be considered as the defining relation
of the dual generators. The dual generators satisfy commutation relations with dual
structure constants:

[T Tb} = f e where f® =GUGYf, °G,. . (A.4)
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We compute the Killing metric for the conformal algebra so(2,4). In the notation
of chapter [3.1], the commutation relations read:

(Mys Mpo] = 0o Moy + 00 Mo — MpMoo — e M,
[P,,P,]=0 [M,,, P\ = 77,,,\P — NP,
[D, PM] =—F, [D, ] (A5)
(D, M,,] =0 (M, K,| = 771/9 = Nl
[Py, K| = 2M,,, — 2n,,, D (K, K] =

These commutation relations can be greatly simplified by the following change of
basis:

M,s:=D, My =3 (P, +K,), M,y :=3(P,—K,) .
The commutation relations are then given by
[MIJ, MKL] =nieMyx +nsx M — Mk — ik Myr (A-G)
Here, I,J, K, L take values in {0,1,2,3,4,5} and the metric of Minkowski space is
extended by the diagonal components 7y = —1 and 755 = 1 to give the metric of R?4,
nry = diag (+,—, —, —, —, +) . (A.7)

In order to compute the Killing metric on so(2,4), we derive the matrix representation
of ady,, from the commutation relation (A.6). Note that a basis of s0(2,4) is given
by {M;;|I < J}. Hence the matrix matrix representation of ad,;,, must satisfy

(M, Mycr] = ady,,(Mir) = Y (ada,,)"" ) Mux (A.8)

M<N

From ([A.G), we infer that[]
[Mry, Mgr) = (065 6% +nxd) 6Y — 0565 6) — nixd} 0%) Marn
= Z 2 (771L5[JM5Q] + i oy — o ey — 771K5£M5g]> Muyn

M<N
Thus, we have:
(adMIJ)MNKL =2 (RIJ)[MN]KL )
(Ri))"™ iep, = mun 0y 6% + w61 6} —nyndy oy —nix6 oy .
This allows us to compute the components of the Killing metric in this basis:

G(Mpy, Mkr) = Tr(ady,, o ady,, ) =4 Z Z (RIJ)[XY]ZW (RKL)[ZW]XY

X<Y Z<W
XY zZwW XY zw
= (RIJ)[ ]ZW (RKL)[ ]XY = (RIJ) VA4 (RKL) XY
=8 (NrLNsx — ML) -

!Throughout this thesis, the symmetrization or antisymmetrization of a pair of indices is defined
by F[[J] = %(F]J — FJI) or F([J) = %(F]J + FJ]).
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The knowledge of the Killing metric allows us to determine the dual basis of generators
{T*}. We find:

M = — 20" My, Pt = —= K, , Kr = —=n"P,, D= iD. (A.9)
Although the computation of G®Tj, in the given basis can be somewhat tedious, it is

easy to check that the given set of dual generators indeed satisfies G(T, T;,) = 6¢. The
commutation relations of the dual generators are given by:

(e, 812 = 3 (3o N o e — o e — o6
[Pr 7] =0 [, Y] = & (P — 2 P
D, Pr| =1 P D, R*] =~ Lk (A.10)
[f)’Mw' _0 [M#V7Kp_ ~1 (n#pf{u _ nupf(#)
P K| = L D = 5 N [k k] =0
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Appendix B

Algebraic Preliminaries

In this appendix, we provide the necessary algebraic preliminaries to follow our dis-
cussion of the Yangian algebra in chapter [3.3] The main goals are to explain the
universal enveloping algebra of a Lie algebra and to introduce the notion of a Hopf
algebra. This appendix is based on [52] as well as [53].

With a view to the definition of Hopf algebras, we define an algebra in a way which
may be unfamiliar to the reader.

Definition B.1. An algebra (A, m, u) over a field'| K consists of a vector space A over
K as well as two linear maps, a multiplication m: A® A —+ A and a unit v : K — A,
which satisfy the following properties:

ma@md®c)=m(m(a®b) ®c) Va,bce A, (B.1)
m(uk)®@a) =k-a=m(a®uk)) VkeK,ae A. (B.2)

The first property encodes associativity, while the second demands the existence
of a unit element 1 = u(1). Both properties can be rephrased by demanding that the
following diagrams commute:

Ao A A2 494 KoA2 40482 4ok
id®ml lm \lm/
A9A—™ 4 A

Having introduced the structure of an algebra, it is natural to define maps which
preserve this structure. Such maps are called algebra morphisms.

Definition B.2. Let (A, m4, ua) and (B, mp, ug) be algebras over K. A linear map
f:A— Bis called an algebra morphism if it satisfies

f(ma(a®b)) =mp(f(a)® f(b)) Va,beA, fua(k)) =up(k) Vke K. (B.3)

"We are not interested in discussing general fields here, so the field K is meant to be either R or
C.
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We express also these properties in the form of commutative diagrams:

A—1 B — B

5 To i P

For the sake of completeness, we give the definition of a Lie algebra in an analogous
way to the definition of algebras.

Definition B.3. A Lie algebra (g, m,) over a field K consists of a vector space g over
K as well as a (linear) multiplication map m, : g® g — g, which satisfies the following
properties:

0=my(z®@Yy) +me(y ®z) Vz,ye L, (B.4)
0=mq(z@mg(y®2)) +mg(y ®my(2 @) +mg (2 @my(r®y)) Ya,y,2€L. (B5)

The first property encodes the antisymmetry of the Lie bracket [x,y] = my(z @ y)
while the second is the familiar Jacobi identity. Lie algebra morphisms are defined in
the same way as algebra morphisms. Note that a general Lie algebra is not associative
and does not contain a unit element. From any algebra A one can construct a Lie
algebra L(A) by defining the Lie algebra product

mra)(z®y) :=ma(z@y) —maly@x).

This is by construction antisymmetric, and using the associativity of m, it is easy to
show that it satisfies the Jacobi identity.

In order to construct the universal enveloping algebra, we need to understand the
construction of a factor algebra. The key to this is the definition of an ideal.

Definition B.4. A left-sided ideal I of an algebra (A, m, u) is a subspace of A which
satisfies the following condition:

mala®j) el Vjel,aeA. (B.6)
I is called a right-sided ideal if it instead satisfies
ma(j ®a) el Viel,acA. (B.7)

If T satisfies both and (B.7) it is called two-sided.

Given a two-sided ideal I of an algebra A, we can define an equivalence relation
on A by

a~b ifa—-bel. (B.8)

This defines an equivalence relation as I is a subspace of A. The space of equivalence
classes [a] is denoted by A/I.
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Proposition B.1. Let A be an algebra and I a two-sided ideal. The set of equivalence
classes A/I becomes an algebra by the following definitions:

[a] +[b] : =[a+b] VabeA, kla] :==|ka] VkeK,a€A, (B.9)
wasr(k):=[ua(k)] VkeK, masr ([a) @ [b]) :== [ma(a®@b)] Va,beA. (B.10)

Proof. 1t is easy to see that are well-defined and transfer the vector-space struc-
ture of A to A/I. It is also simple to check that the product my,; is well-defined.
Take a’ ~ a and v/ ~ b. Then there are 7,5 € I such that ' =a+i and ¥ = b+ j and
we have:

ma(a @) =ms((a+i)@(b+7) =ma(a®@b) +ma(i ®b) + ma(a®j) +mali® 7).
By the definition of a two-sided ideal, we have
ma(i®@b), ma(a®j), ma(i®@j) €l

and hence myu(a’ ® ') ~ ma(a ®b). The properties (B.1) and (B.2)) are trivial to
check. O

B.1 The Universal Enveloping Algebra

We are now in a position to define the universal enveloping algebra of a Lie algebra
g. We start by defining enveloping algebras:

Definition B.5. Let g be a Lie algebra over K. An algebra (E(g), m, u) is called an
enveloping algebra of g, if there exists a map i, : g — E(g) which fulfills

ig ([z,y]) = m (ig(z) ®ig(y) —ig(y) @ ig(x)) Vz,y€g. (B.11)
Clearly, the map ¢, gives rise to a Lie algebra homomorphism g — L(E(g)).

Definition B.6. Let g be a Lie algebra over K and (U(g), m, u) an enveloping algebra
together with the map iy, : g — U(g). (U(g), m, u) is called a universal enveloping
algebra, if it satisfies the following universal property:

For any algebra A and any Lie algebra morphism f : g — L(A) there exists a unique
(up to isomorphism) algebra morphism ¢ : U(g) — A such that ¢ oi; = f, i.e. the
following diagram commutes:
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It can be shown that for any Lie algebra g a universal enveloping algebra exists
and is unique, see for example [54]. We will now give an explicit construction of the
universal enveloping algebra. In order to do this, we consider the tensor algebra T'(g)
over the Lie algebra g. The underlying vector space is given by

T(g) = Po®". (B.12)

n>0

Here, we used the notation g®° := K and

g =gRge...0g.
-

n times

The multiplication and unit are given by m(z ® y) = z ® y and a(k) = k, where k
should be viewed as an element of the subspace K C T'(g). Furthermore, we define
k@x:=k-xfor ke K C T(g) and x € T(g). Note also that we have a natural inclusion
map i, : g — T(g), given by iy(z) = =.

We now consider the two-sided ideal, which is generated by all elements of the
form

r@y—y®z—[z,y], x,yEg. (B.13)

This is the minimal ideal which contains all these elements, i.e. it is the intersection of
all two-sided ideals which contain these elements. By the properties and (B.7)
it is clear that this ideal must contain all linear combinations of elements of the form

r®(x®y—y®x—[x,y])®s, r,seT(g),x,yeg.

On the other hand, it is also easy to see that the set

I= {Zri(@(xi@yi_yi@xi_ (@i, yi]) @ s | 13,8 € T(9), T4y Ui EgVi}

%

forms a two-sided ideal containing all elements of the form (B.13). The universal
enveloping algebra U(g) is then the factor algebra T'(g)/I, with the multiplication and
unit transferred from the tensor algebra. Furthermore iy = 7 o4, satisfies (B.11)).
Here, 7 : z — [z] denotes the projection onto equivalence classes. Note that elements
of K € T(g) and g C T(g) are never identified with one another by the equivalence
relation, such that i, is one-to-one. To simplify the notation, we simply write z instead
of i4(z) for an element z of the Lie algebra g. Furthermore, we introduce the following
definitions:

mz®y) =12y, 1=u(l). (B.14)

Considering the structure of the tensor algebra, it is clear that any element of the
universal enveloping algebra U(g) can be written as a linear combination of products
of (the image under i, of) elements of the Lie algebra.
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B.2 Hopf algebras

The first step towards the introduction of Hopf algebras is the definition of coalgebras.
This definition can be obtained by reversing the arrows in the commutative diagrams
defining an algebra.

Definition B.7. A coalgebra (C', A, e) over a field K consists of a vector space C
over K as well as two linear maps, a coproduct A : C — C®C and a counit ¢ : C — K,
for which the following diagrams commute:

A®id e®id id®e

CRORC——CC KQC+——(CxC —CRK
id®AT TA \AT/
1®. .®1

Here, 1®. and . ® 1 denote the maps z — 1 ® x and x — x ® 1 respectively.

Also the definition of coalgebra morphisms follows from reversing the arrows in
the respective definition for algebras.

Definition B.8. Let (C', Ac,ec) and (D, Ap, ep) be coalgebras. A linear map
f:C — D is called a coalgebra morphism, if the following diagrams commute:

c—71 b c—15p

We will now introduce bialgebras, which have both the structure of an algebra
and a coalgebra. In order to define a notion of compatibility between these two struc-
tures, we need to introduce the algebra and coalgebra structures on tensor products.
Consider two algebras (A, ma, ua) and (B, mp, ug). The definitions

Mags ((@@b) @ (c®d)) :=ma(a®c) @mp(c®d), (B.15)
Uagp(k) : =ua(k) @ ug(k), (B.16)

make A ® B into an algebra. The definition of the multiplication can be rewritten as
Magp : = (Mma®@mp)o (id®7T®id) , (B.17)

where 7: A® B — B® A is the flip, 7(a ® b) = b® a.
For coalgebras we can proceed similarly. Consider two coalgebras (C', A¢, e¢) and
(D, Ap, ep). We can define a coalgebra structure on C ® D by defining

Acgp (c®d):=(1d®7®1id) o (Ac ® Ap) (c®d) (B.18)
ecep (c®d):=¢ec(c) -ep(d). (B.19)

These definitions apply in particular in the cases when A = B or C' = D.
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Definition B.9. Let A be a vector space over K, (A, m, u) an algebra and (4, A, ¢)
a coalgebra. The set (A, m, u, A, ¢) is called a bialgebra if one of the following two
equivalent conditions holds:

1. The linear maps A and e are algebra morphisms.
2. The linear maps m and u are coalgebra morphisms.

The equivalence of the two conditions follows easily from drawing the respective
diagrams.

Definition B.10. Let (A, m,u, A, ) be a bialgebra. A linear map S : A — A is
called an antipode, if the following diagram commutes:

AA "3 A+ AR A
id®ST uoaT TS@id
AR A X A X >y AR A

A bialgebra with an antipode is called Hopf algebra.

80



Appendix C

Curves

C.1 Definitions

In this appendix, we will discuss the basic definitions of the theory of curves in Min-
kowski space. The aim is to give a characterization of the curves we consider in
this thesis and to show that these curves can always be parametrized by arc-length.
The discussion is based on [55] but written in physics notation and transferred to
Minkowski space.

Intuitively, a curve is a bended line between two points. It may be described by a
parametrization, which describes how to run through the curve. Clearly, the choice of
a parametrization is not unique for a given curve. However, we use parametrizations
to describe what we mean by a curve.

Definition C.1. Let I C R be an interval. A parametrized curve is a smooth map
x: I — RO Tt is called reqular, if the velocity vanishes nowhere along the curve,

#(r)£0 Vrel.

The condition of regularity ensures that the smoothness of the parametrization
carries over to the curve. Consider the parametrized curve

z(1) = (0,7%,72,0).

Figure C.1: A parametrized curve which is not regular.
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This is clearly a smooth map, however the parametrization is not regular as (0) = 0.
Figure shows that the respective curve is not smooth although the parametrization
is.

As mentioned above the same curve can be described by different parametrizations.
The change of parametrization is described by the following definition.

Definition C.2. Let z : I — R(®3 be a parametrized curve. A parameter transfor-
mation of x is a bijective map ¢ : J — I, ¢ # 0, where J C R is also an interval.
The parametrized curve & = zo ¢ : J — R’ is called a reparametrization of .
The parameter transformation is called orientation-preserving if ¢(¢) > 0Vt € J or
orientation-reversing if ¢(t) < 0Vt € J.

Note that, since ¢ # 0, all parameter transformations are either orientation-pre-
serving or orientation-reversing and a reparametrization of a regular, parametrized
curve is also regular.

Definition C.3. An oriented curve is an equivalence class of parametrized curves,
where two parametrized curves are considered equivalent, if they emerge from each
other by an orientation-preserving parameter transformation.

Among all equivalent ways of describing a curve, there is one parametrization that
is especially helpful in doing computations:

Definition C.4. A parametrization of a curve is called parametrization by arc-length
if ||2(¢)]| = 1.

The following lemma explains when such a parametrization exists:

Lemma C.1. To any reqular parametrization = : I — RM3) of a curve which satisfies
lz(t)|| # 0Vt € I there exists a parameter transformation ¢ : J — I such that the
reparametrization x o ¢ is a parametrization by arc-length.

Proof. Let x : I — R®3 be as above. Take ¢, € I and consider the function
wle)i= [ (o ar.
to

Then, ¥ (s) = ||@(s)|| > 0, and ) : I — J := ¢(I) is an orientation-preserving parameter
transformation. Therefore its inverse, ¢ := (Y : J — I, is also an orientation-
preserving parameter transformation and it satisfies

2 = # *d X O =
O

One reason why it is helpful to use a parametrization by arc-length in concrete
calculations is, that it provides identities for higher parameter derivatives of the pa-
rametrization:

iP=-1=ii=0=i*+iz® = 0= 3i2® + 22 = 0. (C.1)
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The condition that ||(t)|| # 0Vt € I arises because of the Minkowski signature. In
Euclidean space, this condition is always satisfied for a regular parametrization. In
Minkowski space, a curve can only be parametrized by arc-length if it is both regular
and if its tangent vector is either everywhere time-like or everywhere space-like. In
this work, we consider closed curves in Minkowski space. This restricts us to the
case of everywhere space-like tangent vectors as the following argument shows: Any
light-like tangent vector has a specific time direction. For a closed curve, there must
be tangent vectors with positive and tangent vectors with negative time-direction.
Hence at some point along the loop the tangent vector must cross from the forward
light-cone to the backward light-cone. This is not possible in a continuous way if we
demand that ||z(¢)|| #0Vt e I.

In this thesis, we consider closed curves, for which the starting point and the
end-point of the parametrization are equal. However, we also need the curves to be
smooth in the point where they close. This is essential in the discussion of boundary
terms and it seems natural to require it as otherwise the condition of smoothness
would depend on the choice of the starting point. The details are captured by the
following definition.

Definition C.5. A parametrized curve z : R — RM%) is called periodic with period I,
if z(t+1)==xz(t)Vt e I. A curve is called closed if it admits a regular, periodic para-
metrization. It is called simply closed if it admits a regular periodic parametrization
z: R — R such that x|, is injective.

The condition that a curve is simply closed encodes that the curve is not self-
intersecting. This is important for us in discussing the finiteness of the vacuum
expectation value of the Maldacena-Wilson loop operator. There, we also need that
any two points x; and z, of the curve are space-like. For a curve with space-like
tangent vectors this is automatically satisfied locally, but it need not be satisfied
globally as the following example shows: The curve parametrized by

x(1) = (cos o (2 + sin g) COS T, (2 + sin g) sinT, O)

has everywhere space-like tangent vectors but the points z(0) and z(27) are time-like
separated.
In this thesis, we consider curves described by the following definition:

Definition C.6. We call a parametrized curve space-like if it is regular with ev-
erywhere space-like tangent vectors and if the Minkowski distance between any two
distinct points is space-like.

Note that any space-like closed curve is also simply closed. For these curves, lemma
shows that there exists a parametrization by arc-length.
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C.2 Proof of Reparametrization Invariance

We show that

/dT i (1) Qt(T)Zjé(T)Z _ (x(T) x(T))Z

is a reparametrization invariant curve integral. Consider a reparametrization

7 [a,b] — [a,b]

and denote by x : [a,b] — R the old parametrization and by Z := z o7 : [a,b] — R the
new parametrization of C. We have

0,2t (7(s)) = 2" (7(s))7'(s) = 2a"(7(s)) = &"(7(s))7 (5)* + i"(7(s))7"(s) . (C.2)

By substitution we have:

b

[ aran(ry EOE G 50

B2(7(5)) 7 (5)° + 287 (7(5))2(7(s)) - £(7())7'(5)'7" (s) + 2" (7(s))7'(5)°7"(s)?

proving reparametrization invariance.
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Proof that the Maldacena-Wilson
Loop is Locally 1/2 BPS

In this appendix, we will prove that it is always possible to find 8 linearly independent
left-handed Weyl-spinors ¢, such that the action of the supersymmetry variation 4. on
W (C) vanishes locally. We have already argued in chapter [5.2] that for this to hold
true we need to find 8 linearly independent left-handed Weyl spinors which satisfy the
condition

A(t)e =0, A(1) :==T,3" (1) + Trysla(r)|n’ . (D.1)

Whether or not we can also enforce the Majorana condition, depends on the sign of
#?. There exist non-trivial solutions to the condition (D.1)) as A(r) squares to zero.
From this we infer that

rank (T,é" (1) 4+ rasli(7)|n") < 16.

To see this, consider a basis {v;} of C3? in which the first n basis vectors form a basis
of the kernel of A(7). As A squares to zero, we know that

Awv; € ker (A(T)) Vi >n.

Furthermore, the set of {Awv;, i > n} is linearly independent, otherwise there would be
a linear combination of the {v;, i > n}, which would be mapped to zero, thus leading
to a contradiction to our assumption on the form of the basis {v;} . Hence we conclude
that the kernel of A must at least have dimension 16. Thus there are at least sixteen
linearly independent vectors in C32, which are mapped to zero by A. To discuss the
compatibility of with the Majorana-Weyl condition, it is much nicer to consider
the matrix

As Ty is invertible, the condition B(7)e(r) = 0 is clearly equivalent to ({5.10). The
matrix B(7) is hermitian and commutes with T'*', such that {B(7), Py, Pr} forms a set
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of hermitian operators, which commute with each other. These operators can hence
be diagonalized simultaneously. Furthermore, although B(7) does not square to zero,
we still have rank(B(7)) < 16. The projection operators P, and P have the special
property that their eigenspaces to the eigenvalue 1 are disjoint and span the whole
space,

C** = Eig(Py, 1) ® Eig(Pg, 1) .
As B(7) commutes with P, and Pg, we may consider the subspaces
Vi:={ve P, (C?)|B(r)v=0}, Vo := {v e Pg (C*?)|B(r)v =0} .

It is not clear on general grounds how the (at least) sixteen dimensions of Eig(B(r), 0)
are distributed among these two. However, considering the matrix B(r) explicitly in
the notation of chapter [2.33]

. A —0 S . I AB =0
&y, 053 T oy 7P 0 0 =& E T,
0 &, 0p UOME:- || ST AB g0 ap 0
B = <l AB .
|4 0 r §BF0 . grB ’
IOAB @iy o, 2,040,440 0
li|n X~ o4 0 0 &, 0% UOME:B

we find that the restrictions of B(r) to the spaces Eig(Py,1) and Eig(Pg, 1) are similar.
Let us be more precise. Consider the restriction of B(7) to the space Eig(Pg,1) and

the transformation
54 ¢ 0
S= (""" .
< 0 —d3 6a6>

We then have, using 7" = —eo*e and €2 = —1,
S Blg; §-1 — o€ 0 iy 050" | |%f A8 —dge 0
Eig(Pp,1) "o —5pe) \ i i, 0B on 0 dhe
_ (e RIE L
~ g g, 0B ) TR

The last equality is of course only meant to hold upon a proper identification of the
two subspaces on which the respective matrices act. Note also that the spinor indices
are handled somewhat sloppily in the above calculation. Recall that the different
indices label, in which representation of SL(2,C) and SU(4) the respective vector
transforms. This is however not our concern here, as we are merely discussing an
eigenvalue problem in a fixed frame. We conclude that the dimensions of the kernels
of the restrictions of B(7) to the respective subspaces are equal and thence V; has
complex dimension > 8.

We will now show, that V; contains an 8-dimensional real subspace of left-handed
Majorana-Weyl spinors, if & is time-like or light-like. To show this, it will be crucial,
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that B(r) is compatible with the Majorana condition in the following sensdT}
CB* = CT; (T,#"(7) + Tyysla(r)|n!)" = To (T,d" (7) + Tyysli(r)[n') C = BC. (D.2)

Here, we used that |z| is real which only holds if & is time-like or light-like. We thus
have the following implications:

o [f U € C*? satisfies the Majorana condition, then so does B(7)¥:

C(BY)* = CB*¥* = BCY* = BU.

e If ¥ € C*? is mapped to zero by B(7), then so is ¥(©:

B = BOU* = CB*¥* = C (BY)" =0.

In the following, we will use the inner product (¥,®) := ¥i®. While this does not
give rise to a Lorentz-scalar, it still gives a decent inner product on C32.

We now assume that the maximal number of linearly independent left-handed
Majorana-Weyl spinors which are mapped to zero by B(r) was n < 7. Without
loss of generality, we choose one of these maximal sets, {¥,,..., ¥,}, which satisfies
(¥;,¥;) = 0;;. As the space of left-handed Weyl-spinors satisfying B¥ = 0 has complex
dimension eight, we conclude that there must be Weyl-spinors in V;, which cannot
be written as a complex linear combination of the ¥;. Hence there exists a ¥, which
satisfies

VeV, (T,0,)=0 VYi=1,...,n.
It follows that also ¥(©) satisfies these conditions:
0=(T,9,) =(T,C¥;) = (C'L,T;) =0 = (CT0,¥;) = (CTU",¥,) = (T, 0,) .

Here, we used that the charge conjugation matrix is hermitian and has only real
entries, which can easily be checked from the explicit form given in (2.34). We can
then conclude that ¥ + ¥ satisfies the following properties:

(@ +0) =04 0@,  Br)(W4+09) =0  (T+¥,0)=0.

As the {¥,} were maximal, ¥ + ¥(© must be a linear combination of them. However,
as it is orthogonal to all of them, we must have ¥ + ¥(9 = 0. Then, consider ¢ := V.
By construction, this has to satisfy

5(6)257 B(T)g:(]’ 5#0, (5,\111):0

This is a contradiction to the assumption that {¥;} is maximal. Thus we conclude
that there are at least eight linearly independent left-handed Majorana-Weyl spinors
which are annihilated by B(7).

!To shorten our notation, we denote the charge conjugation matrix Cj ¢ introduced in chapter
@ simply by C.
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Note that in proving the compatibility with the Majorana condition, it was crucial
to assume that & is not space-like. Indeed, the study of an example vector shows that
it is impossible to find a Majorana spinor satisfying B(7)e = 0, if & is space-like. By
performing Lorentz transformations in the ten-dimensional Minkowski space, we are
able to transfer the solution for the example vector to any vector of this type. The
spinors which solve are then rotated accordingly in the spinor space. As the
Majorana condition is Lorentz invariant, we conclude that it is also impossible to
choose a Majorana spinor among the solutions of for other space-like vectors 7.
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