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1 Introduction

This diploma thesis deals with the aspect of gluon scattering amplitudes in
the AdS/CFT correspondence. The AdS/CFT correspondence is a conjec-
ture that was established by Juan Maldacena [Mal98]. This conjecture relates
four dimensional N' = 4 super Yang-Mills theory with ten dimensional type
IIb string theory with AdSs x S® background. The space AdSs x S admits
a conformal boundary which is S' x % with S! being a timelike compo-
nent. But this means that there are closed timelike curves on this conformal
boundary which is physically counterintuitive. But the universal covering of
this conformal boundary is R x S% which is the so called “static Einstein
universe”. One half of the universal covering of the conformal boundary of
AdS5 x S® is conformal to a Minkowski space which is conjectured to be the
physical space for the N = 4 super Yang-Mills theory. The conformal sym-
metry of the field theory is related to the isometry group of AdSs. Isometry
transformations in AdSs act as conformal transformations on the confor-
mal boundary. So the subject of AdS/CFT correspondence is to develop a
dictionary between quantities from the string theory and field theoretically
quantities. The parameters A ('t Hooft coupling) and N (dimension of the
gauge group) from gauge theory are related with string tension o’ and the
Radius of S° and AdS5 through
VA= /g2 N = R—2 E x g
=\VI9m o s

where g, is the string coupling constant. One would also like to have a trans-
lation of gluon scattering amplitudes on the gauge theory side into some
quantities on the other side of this duality. Scattering amplitudes are very
important quantities in field theories. It is conjectured in [AMO7] that these
gluon amplitudes correspond to certain minimal surfaces in AdSs x S°. To
be more precise the minimal surfaces correspond to MHV amplitudes (maxi-
mally helicity violating amplitudes). One can perform a color decomposition
of gluon scattering amplitudes and factor off the color structure. These am-
plitudes, that do not carry color indices anymore, are called color ordered
amplitudes. Amplitudes corresponding to the case where all gluons have the
same helicity alignment or where just one gluon has the opposite helicity
alignment are zero. So the maximum helicity violating amplitudes are those
where two gluons have the opposite helicity alignment. It is conjectured in
[AMO7] that the counterparts for these MHV amplitudes are certain minimal
surfaces in AdSs that we will be dealing with in this diploma thesis.



1.1 The correspondence between gluon scattering am-
plitudes and spacelike minimal surfaces

We will start with the description of the problem. The MHV amplitudes
depend on the momenta of the n gluons. As we are interested in on shell
amplitudes these momenta are all lightlike. Because of momentum conser-
vation the momenta form a closed lightlike polygon in the Minkowski space
which is a part of the conformal boundary of AdSs x S°. Now we can look
for minimal surfaces in AdSs x S® that reproduce this closed lightlike poly-
gon on the conformal boundary. It is convenient to look for surfaces inside
AdSs (with a trivial factor in S®). Then the color ordered planar scattering
amplitude for n gluons at strong coupling is of the form

./4 ~ 6iScl — e—@Area

where S, is the value of the classical action, i.e. proportional to the area
of the solution. Of course this area is divergent so one has to regularize it.
So we are interested in the dependence of the regularized area on the kine-
matical variables of the scattering process. Without regularization the area
would be conformally invariant as the isometry group of AdS, acts as con-
formal group on the conformal boundary of AdS,,. Some of the dependence
on kinematical variables comes from the breaking of conformal symmetry by
introducing a regularization. But for configurations with a large number of
cusps the conformal group (isometries of AdSs) is just not big enough thus
there are some conformally invariant kinematical parameters.

The problem of finding the surface for a given contour on the conformal
boundary is very hard. In the Euclidean case this “Plateau problem” is well
understood. For every closed contour in R? there is exactly one minimal
surface that has the given boundary. Because this correspondence is one to
one, we do not explicitely need to calculate the surface in order to calcu-
late its area. There is the Douglas functional which is an integral over the
closed contour that allows to calculate the area without finding a suitable
minimal surface first. These methods do not work in our case. Additionally
there is not much mathematical literature on minimal surfaces in noncom-
pact, curved and Lorentzian spacetimes.

A first solution to the problem appeared in [AMO07] by Alday and Maldacena
for the tetragon. This solution we will review in chapter 2. In addition we
work out an alternative regularization of the tetragon. In chapter 3 we intro-
duce a Pohlmeyer reduction for AdS, in a similar way we did in [DJW09].
This procedure was first used in [PR79],[Poh76] for an O(NV) sigma model.
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We will show that there is up to isometries of AdSs only one spacelike flat
minimal surface and extend this proof for general AdS,, in a following sec-
tion. This is an interesting point, as the tetragon solution is flat - thus this
emphasizes the special role of this solution. We will also examine all lightlike
and spacelike minimal surfaces in AdSs, AdSy and AdSs. In addition to our
paper we show that the integrability condition in the Pohlmeyer reduction
simply is given by the set of Gauss-, Codazzi-Mainardi- and Ricci-equation for
minimal surfaces and thus that the formalism has a clear mathematical inter-
pretation. We also give a characterization for all constantly curved timelike
minimal surfaces in AdSs which has some similarities with the Weierstrass
representation of minimal surfaces in R3. In our section about invariants we
will proof a very interesting formula for all minimal surfaces in AdS,, that
relate invariant quantities from outer geometry to the curvature. Chapter
4 is dedicated to the generic n-gon case. We will also summarize some re-
cent results in the AdS3 case and the octagon that was studied by Alday
and Maldacena in [AMO09b]. Some explicit calculations can be found in the
appendix. In the next section we will start to review some geometric objects
and introduce notation. An introduction of geometric quantities and nota-
tions will be provided in the next section. The first chapter ends with the
introduction of AdS,, and the conformal boundary in more detail.

1.2 Some geometry

Whenever a manifold M is embedded in a manifold (NN, g) we can split the
tangent space of N in every point of M

T,N =T,M & N,M (1)
Thus we can introduce a metric on the tangent space of M

IM = gIT™M (2)

as the restriction to the tangent bundle of M. On N we have the Levi-
Civita connection V that is uniquely determined by the metric via the Koszul
formula. The Levi-Civita connection on R" is the ordinary derivative and we
will denote it by

VEY = X1dY =: X(Y) (3)

where d means the exterior derivative and J the inner product. Using this
covariant derivative on N, we can write for two vectorfields X,Y € I'(TM)

::va(/[Y =:H&,Y)

3



This formula can be seen as a definition for the (“induced”) covariant deriva-
tive which is the Levi-Civita connection on M and for the second fundamental
form. We use the terms “covariant derivative” and “connection” synony-
mously. Then the second fundamental form applied on two vectorfields is a
vectorfield in NM. If we fix a choice of a (orthonormal) local base B; € NM
we can project II(X,Y") onto the normal fields and we will find dim(NM)
real valued second fundamental forms II;. A surface is called a “minimal
surface” if and only if for all ¢ € {1,...,dim(NM)} : tr(Il;) = 0. The
second fundamental forms II; are symmetric bilinear forms. Using that V is
a metric connection, we have for two tangential vectorfields

IL(V, W) = (VyW, Bj) =V ((W, Bj)) — (W, Vy B;)

— (W, VyB) )

Here we used that the Levi-Civita connection is metric. If we consider a
manifold that is embedded in R", the last term becomes

<VV; VVBz‘> = <VV; V(Bi>> = (W, VJde‘) (6)

which we will use later to show that the embedding AdS,_ 1 C AdS, is
geodesic.

Minmal surfaces can be introduced as surfaces whose second fundamental
forms are traceless or equivalently as stationary points of the area functional
(which is more intuitive in string theory). The variation of the area functional
leads to

9" (Vu0,Y (0, 7) + 0,Y70,Y'TH (Y (0,7))) =0 (7)

Here the Christoffel symbol is associated with the covariant derivative in the
ambient space. V refers to the induced connection on the surface. g, is the
induced metric on the surface. It is always possible to choose a conformal
parameterization of a surface (sometimes called “isothermal” coordinates)
such that the induced metric reads g,, = f(o,7)0,, (or 7, in the timelike
case) where f(o, ) is strictly positive. In these coordinates the equation of

motion reads
AY*® — 2, /detgY"* =0 (8)

where A is the flat Laplace operator on R2. If we introduce the coordinates
z and Z such that 9 = 9, = 0, — i0, and J = 0; = 0, + i, in the spacelike
case (or 0 = 0, = 0, + 0, and 0 = 0; = 0, — O. in the timelike case) this
equation reads

90Y — (0Y,0Y)Y =0 (9)



In these coordinates (9Y,0Y) = 2,/g = 2f (o, 7). If we calculate the curva-
ture tensor for the metric g, ,, = f(0,7)d,,, we find that the only independent
entry of the curvature tensor reads

PO 7 F i 51 S (CIARLLES (10)

From here we find that the scalar curvature is given by

_ €(0:1)* + (0:f)? — f(€0-0,f + 0,0, f)
— 7

Here € is one for Euclidean surfaces and minus one for Lorentzian surfaces.
We are dealing with conformally parameterized surfaces. Next we show that
a holomorphic reparameterization does not disturb conformal gauge. If the
surface is given by Y (o, 7) and we assume (0,Y,0,Y) = (0,Y,0,.Y) = f(o,7)
and (0,Y,0,Y) = 0. Now we reparameterize the surface by o(s,t) and 7(s,t).
Calculating the metric we find that two equations have to be fulfilled for the
new induced metric to be conformal:

R = —2e¢“00c (11)

(050) + (0,7)% = (0,0)* + (O,7)?
0500;0 = O,TO,T

which is fulfilled if
050 = Oy7 O = —0sT

which are the Cauchy-Riemann differential equations. This means, that con-
formal gauge is preserved for holomorphic reparameterization.

For (nonflat) minimal surfaces in R? there is the Weierstrass representation
(see for example [AF01] for a proof). If we identify the parameter space (o, 7)
with the complex plane C via z = %(T +i0) we can parameterize all nonflat
minimal surfaces in R with two holomorphic functions f(z) and g(z). The
coordinate representation is given by

Fre( [T20-gene [T 2o [ 1) a2

The flat minimal surfaces in R"™ are planes, i.e. an geodesically embedded
R2.

If we have surface embedded in R™ (which is always possible due to the
embedding theorem of Whitney and Nash), we usually consider an induced



metric to be a tensorfield on the parameter space R? (for surfaces), because
we calculate the pull-back from the tangent space of the surface. Also a
second fundamental form is usually given as a tensorfield on R2. So there is
a mathematical question of “integrability”. Is it possible to find a map F :
R? — R" for given symmetric tensorfields II; and a given symmetric positive
definite tensorfield g such that the induced second fundamental forms and the
induced metric are equal to the given tensorfields, i.e. F*g = g and F*II; =
II; on R? (at least locally)? This is the case when the tensorfields obey the
Gauss-, Codazzi-Mainardi- and Ricci- equation. Then the map F' is defined
up to isometries of R”. We will see later that this mathematical integrability
condition has a counterpart in our Pohlmeyer reduction in chapter 3. In the
next section we review some facts about AdS,,.

1.3 AdS, and conformal boundary

There are several useful coordinate charts for AdS,, and its conformal bound-
ary, which shall be introduced in this section. Ad.S,, is given by the set of all
points in RV that satisfy

<XaX> =-1 (13)

where R"~1 is the (n + 1) dimensional real space equipped with the stan-
dard scalar product (.,.) of index 2. We will index the components of a vector
X € R@" Y with i € {—1,0,1...n—1}. It shall be mentioned that AdS,, is
also a homogeneous space. By definition it is obvious that O(2,n — 1) acts
transitively on AdS,, and that the stabilizer of a point under this action is a
conjugacy class of O(1,n — 1). The isometry group of AdS, is O(2,n —1).

AdS,, has constant negative scalar curvature R = —n(n — 1) and constant
sectional curvature —1. We can parameterize AdS,, by
cosh avcos (3 X4
cosh acsin (3 Xo
sinh « Ql X1
sinhaQy | = | Xo (14)
sinh o 2,,_1 Xn-1

where the ; are (n—1) functions of (n—2) parameters that parameterize the
(n — 2) dimensional unit sphere, o € [0,00) and 3 € [0,27). The universal
cover of AdS,, is obtained by allowing # € R. Thus the induced metric on
AdS,, is

G = do® — cosh? adf? + sinh? a Z dQ); (15)
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Performing a variable transformation yields

sinh o = tan @

1
2 2 _
cosh“a=1+tan“6 = p— (16)
1
do = do
@ cos 0
Then the induced metric reads
1 2 2 .9 2
G = 00829(0[9 — df* + sin“ 0 % dQ)y) (17)

The transformation sinha = tan@ implies that 6 € [0,5). In the limit
¢ — % the metric has a divergent conformal factor ﬁ. If we consider the
metric of AdS,, in the same conformal class without this divergent factor,

we can introduce the conformal boundary of AdS,, as the limit § — 7 and
the metric is now well defined on the conformal boundary. Furthermore we
observe that the conformal boundary simply is S* x S"~2 and its universal
covering is R x S"~2. The conformal group on the conformal boundary of
AdS,, is the isometry group of AdS, which is O(2,n — 1). If we consider
the universal covering of the conformal boundary, the conformal group is
O(2,n — 1), which is a Z -fibration over O(2,n — 1).

However, there is another interesting point of view on the conformal
boundary of AdS,. In Poincaré coordinates we explicitly see that a part
of the conformal boundary of AdS,, is conformal to a Minkowski space. The

Poincaré coordinate patch is given by

o
Xt=— pe{01...n—-2}
r

X1+ Xy = (18)

1
r
g+ at 4+l

r

X 1—-X,1=

These equations satisfy (13). However, » € R\{0} and therefore we have a
region with positive and negative r that cover both parts of AdS,, space that
is cut in two pieces by the X _; 4+ X,,_1 = 0 hypersurface. The induced metric
reads

1
G = ﬁ(—dxg +da? - da 4 dr?) (19)

In this coordinate patch we approach the conformal boundary if we take the
limit » — 0 and take the metric in the same conformal class without the



divergent T,% term. Thus we see that a part of the conformal boundary of
AdS,, is a (n — 1) dimensional Minkowski space.

The canonical embedding AdS,_1 C AdS, C R®" Y of AdS,_; in AdS,
is geodesic. This means that every minimal surface in AdS,,_; will also be
a minimal surface in AdS,. We will make use of this fact in the following
sections. An embedding is geodesic if and only if the second fundamental
forms that correspond to this embedding are zero. This implies that they
are also traceless which ensures that minimal surfaces in the lower dimen-
sional space are also minimal in the big space. We embed AdS,,_; in AdS,
via AdS,_, = AdS, ﬂ{)? € RV | X, _; = 0}. But obviously the vec-
tor N = (0,0,...,1) is orthonormal to the hypersurface and therefore also
orthonormal to the tangent space of AdS,_1. So we can express the second
fundamental form that corresponds to this embedding as

IV, W) = (VyW,N) = V({W,N)) = (W, VyN)
=0 (20)

_ (W, V(N)) = —(W, V)

But we see that
dN =4d(0,0,...,1) =0 (21)

This means that the second fundamental form of this embedding is zero and
that the embedding is geodesic. So all minimal surfaces in AdS,, are also
minimal in AdS,, for all m < n.



2 The four point amplitude

In this section we examine the surfaces that correspond to four point am-
plitudes. In the generic case we have an arbitrary closed lightlike polygon
with four cusps given on the conformal boundary of AdS5 and we are looking
for a minimal surface that reproduces the given contour on the conformal
boundary of AdSs. As we have seen in the previous chapter, the embedding
of AdS3; C AdSj is geodesic, so the minimal surfaces that we find in AdSs are
also minimal in AdS5 with respect to the canonical embedding X5 = X4 = 0.
So looking for minimal surfaces inside AdSs; will provide solutions in AdSs,
although this is not the generic configuration. We begin to construct a min-
imal surface corresponding to a lightlike cusp. These calculations have been
done in [AMO7].

2.1 The lightlike cusp

We are interested in finding a minimal surface inside AdS; that ends on
ro = £z on the conformal boundary of AdSs;. The following ansatz has the
right boost and scaling symmetry of the problem

zg =€ cosho xy =€ sinho r = e w(r) (22)

The equation for w(r) is derived from the variation of the Nambu-Goto

Figure 1: one cusp solution in Poincaré coordinates



action. The Nambu-Goto action simply reads

A:/dadT —det(g) (23)

Here g denotes the induced metric on the surface. Now we start to evaluate
this action for the ansatz (22) .

A— / dodr/— (07,000, 0) + (0,002

(0r,07) = 31+ (w(r) + (7))
<aa>aa> = 'LU(17')2
<807 8T> =0
_ V1= (w(r) +i(7))?
= A= /dadT PESE

If we vary w(7) for this action, we find the following differential equation

d w—+w w4 w4 2(1 — (w +w)?)
dr w?2y/1 — (w + )2 w3y/1 — (w4 w)?

This differential equation is solved by w(7) = v/2. This choice leads to a
purely imaginary action. But this is only due to (23), which is the action
for lightlike surfaces (string solutions). Our solution here is spacelike. So
the right action would be [ dodry/| detg |. From our calculation which can
be found in the appendix 6.1 can be gathered, that this solution really is a
solution of the equation of motion for the full Nambu-Goto action. Thus the
surface is given by the equation

r=2y/22 — a? (25)

Using embedding coordinates of R4 | the surface is given by

(24)

X2 X2 =X2— X2 Xo=X3=0 (26)

2.2 Four light-like segments solution

We now start to consider a surface with four cusps that is a subspace of
AdSy C AdSs by setting x3 = 0. So the set of coordinates for this AdS;, is

10



(r,xg, 1, x3). We assume, that we can use (x1,z3) as the parameterization
space of the surface. The metric of AdS, reads
—daf + dxt + dai + dr?

ds? = 5
r

(27)

The action is the same as (23) with the induced metric §. The components
of g are

(@1,01) = 5 (Our)? = (Buo)? +1)
(03,05 = 5 ((02r)? — (Oyo)? +1) (29)

1
<01, 82> (817“82’/“ — 011’0021’0)

This leads to the action
1A =
/dfc dx V1 (0ir)? + (0or)? — (O10)? — (Bawo)? — (D170210 — DorDr )2
1dT2

r2

(29)

We choose the cusps of the square to be at (x1,z5) = (£1,£1). Thus the
boundary conditions are

7“(:*:1,1’2) = 7’(1’1, :i:l) = 0, l’o(:f:l,l’g) = :f:ZL'Q, ZL’Q([L’l, ﬂ:l) = :f:l’l (30)

Again, we guess a solution that has the right behavior near the cusps.

To(21,T2) = 12, 1T(T1,72) = \/(1 - 95%)(1 - f%) (31)

In the appendix 6.2 we verify that this is also a solution to the equations of
motion. This solution (31) can also be expressed using embedding coordi-
nates.

X3 = X4 = 0, X()X_l = X1X2 (32)

Remarkably, (32) and (26) are up to a SO(2,4) transformation the same
solution. To get from (26) to (32) we can use the transformation X3 —
Xg, X2 — —X4, XO — %(Xo + X_l), X_1 — %(XO — X_l), X1 —
%(Xl + X5), Xy — %(Xl — X3). This surface lies in an AdS3 subspace.
However, just one cusp lies at a finite position in a Poincaré patch. So we
went one dimension higher and performed an isometry transformation such
that all four cusps are now contained in a single Poincaré patch of AdS,. So
far we only discussed the special case s = t. To get a solution for general s
and t, we perform SO(2,4) transformations on (32). This will be discussed
in the following section.

11



2.3 Boosting the surface and calculation of the area

We start to compute the induced metric on the surface. Starting with (28)
we find

1 1
(01,01) = ((01r)* = (rz0)* +1) = T
1 1
(O, 09) = 7,—2((327“)2 — (Oomp)® +1) = A=a37
<ala a2> =0
This means dp? g2
ds* = il T 5 = dui + duj (33)

(I—a7)*  (1—a3)

with z; = tanhwu;. Therefore the worldsheet metric is Euclidean and flat.
Using these coordinates we obtain

1

r; = tanhu;, r= ,  xo = tanh u; tanh uy (34)
cosh 1 cosh us

X_4 cosh uq cosh usy
X0 sinh uq sinh us
X1 | | sinhwy coshug
X5 | | coshuysinhus
X3 0
X4 0

Via (14) and the described change of coordinates, we can map the whole
surface onto a compact space. The plot below shows how the surface is
embedded in AdSs.

In AdS, there are isometry transformations such that the surface can be
written

a
"= cosh uy cosh us + bsinh uy sinh uy
B av/'1 + b2 sinh uy sinh us
Yo = cosh uy cosh ug + bsinh uy sinh uy (35)
B a sinh u; cosh us
= cosh uy cosh us + bsinh uy sinh uy
a cosh uy sinh wuy
Y2 =

cosh uy cosh ug + bsinh uy sinh uy

12



Figure 2: tetragon solution in $5% x R

The a and b are parameters that belong to SO(2,4) transformations and
will be translated into the kinematical variables s and ¢. In the appendix
6.3 we prove that this boosted surface can really be obtained using isometry
transformations of AdS,. The a and b can be translated into the kinematical
variables s and t via
) 8a? ) 8a? s (1+0b)?

e =G T sy T aoee B9
This will also be shown in the appendix in 6.4. The calculation of the area
will of course give some infinite result. So we have to regularize it. This
can be done via dimensional regularization or by introducing a cutoff in the
radial component. In [Ald08] and [AMO07] the authors use both dimensional
regularization and regularization via a cutoff at small r in Poincaré coordi-
nates. For the cutoff regularization at constant r. they give the following
result

A—1 lo re 2—1—1 lo re 2—110 2(f)—kconst (37)
1\ e 1\ 78\ 8w 1% '

The result is given up to finite pieces that do not depend upon the kine-
matical variables. This results matches the result they obtained from di-
mensional regularization. However, the surface is “boosted” with isometry
transformations. Thus the area would be independent of the actual isom-
etry transformation and thus independent from the kinematical variables if

13



the area was finite. But because of the area being divergent it has to be
regularized. Introducing a cutoff breaks this symmetry and makes the area
depending on kinematical variables. So it is a natural question to ask if there
is another natural way to do a cutoff. Therefore we will examine the cutoff in
the coordinate chart that is given by (14). This map is also a natural choice
because it gives a conformal map from the whole conformal boundary onto
the static Einstein universe.

2.4 An alternative approach to calculate the area

We start with the generic four cusp case in (35). Applying the relation
between the embedding coordinates X* and the Poincaré coordinate patch
we find that the surface is given in terms of the embedding coordinates

(a®+1) cosh u1 cosh ug—(a?—1)bsinh uj sinh us

5 cosh avcos 3 X4

V1 + b2 sinh u; sinh u, ' cosh assin (3 X5

cosh uy sinh 1, = sinh v cos 7y = | X5

cosh u; sinh s sinh a:sin ~y cos 0 X

_(a2—1) cosh u1 cosh u22_l|l_(a2 +1)bsinh uy sinhuo sinh o sin ~ €ind X5
(38)

Here {«, 3,7, 0} parameterize AdSy. After applying the coordinate transfor-

mation sinh o = tanf we have a conformal map of AdS,; to a half Einstein

universe. We approach the boundary for § — 7.

We want to introduce a cutoff in 6 by setting § = § — €. So we have to

extract a relation between 6 and the surface coordinates {uy, us}. Therefore

we find
VvV Xi+ X3
#) (39)

v = ArcTan( X,

and then for

2
tan2@ =sinh? o = ( Xs ) —

cos Y
cosh? ug sinh? uq + cosh? uy sinh? uy+ (40)
((a* — 1) coshuy cosh uy — (a? + 1)bsinh v sinh uy)?

4a?

The regularized area is hard to compute exactly. We will approximate the
area. In the symmetric case we will be able to show that the error from the
approximation tends to a finite value as ¢ — 0. Then we can approximate
the generic case and assume that the error does not diverge for ¢ — 0.
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2.4.1 exact solution in the symmetric case
The symmetric case will appear for a = 1 and b = 0. Then we have
tan? 0 = cosh? uy sinh? uq + cosh? u; sinh? u, (41)

To calculate the area we have to calculate the area of the “round” rectangle
below (because the metric determinant in this special parameterization is

Vdetg=1)

1 2

Figure 3: cutoff for € = 0.1 and external rectangle in the uyus plane

The area of the external rectangle can be computed

1 1 2

However, there is an error near the cusps of the rectangle. And this error

does not tend to 0 as € — 0. Numerical computations suggest that the error
2 . .

approaches f5. So if we want to have an exact solution we have to compute

15



A, and subtract it from the area. The parameterization of the cutoff in the
upper right quadrant is

2
g~ cosh” u;

1
ug(uq) = ArcSinh \/COSQ(E_

cosh? u; 4 sinh? u,

With z(e) = ArcCosh (\/é + 34 /ﬁ — 1) the error can be calculated
2

2
A 2(e) =g — cosh’uy
() :/ duy | —ul 4 2x(e) — ArcSinh \/ D)
0

8 cosh? u; + sinh? uy

(43)

(44)

—u
@(e) (\/0052 (5—¢) — 1+ \/cosz(1 — )6 '
= duy log - (45)
0 ziﬂ—cosh u1 277r—|-smh2 u1l
cos® (5 —€) —I— cos (5 —e)
cosh? uj+sinh? uq cosh? uj+sinh? uq

To obtain the latter term, we used the definition of ArcSinh via logarithms
and applied logarithm laws. The integral is hard to compute exactly, but
we are interested in lim. .o A..(€). The term A...(¢) depends on € in two
ways. € appears in the upper integration boundary and in the integrand itself.
Assuming that the integrand I (uq, €) is uniformly convergent in e (which we
show in the appendix in 6.5) we can take

x(e) z(e1)

lim duil(uj,e) = lim lim duil(uy, €)
e—0 0 €1—0e3—0 0 (46)
z(e1)
= lim duy hm I(uq,€)
e1—0 0 ea—0
We get
(\/(:052(7r — 1+ \/0052 B 2) e 1
lim log = —log (1 +e ")

1 2 B 2 o
e—0 m —COSh ul + mﬁ-smh Ul 2
cosh? uj+sinh? uq cosh? uq+sinh? uq

16
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So it remains to calculate the integral and we find

% 1 2
11_{% Aerr(e) = 8/0 5 log (]. + 6_4u1) dul = %

So we can calculate the expansion in € of the area via (42).
™ 9 5 )
Ale) ~ 513 log(2)” — 6log(2) log(€) + 2log(e)” + o(1)

By o(1) we mean terms that converge to 0 as € — 0.

2.4.2 An approximation for the generic case
We go back to (40).
tan? @ = cosh? uy sinh? uq + cosh? u; sinh? us+

((a® — 1) cosh uy coshuy — (a? + 1)bsinh u; sinh uy)?
4a?

(49)

(50)

In this section we assume that the error near the cusps always converges to a
fixed number. Then we introduce new variables u; =: x +y and us, =: v — y.
By setting £ = 0 and y = 0 we can calculate the sections with the axes and
then calculate area of the rectangle (which is generally not a square) that

approximates the cutoff.

15+

—151

Figure 4: cutoff for e = 107°, @ = 1000 and b = 2 in u us-plane
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15+

10+

5
T
-15 -10 -%

-5
-10

-15

Figure 5: cutoff for e = 107°, @ = 1000 and b = 2 in zy-plane

By setting © = 0 we find for y

A1 B
bo = AreCosh <\/(b— 12 1 ai(1 1 b)? +2a2(3+b2)> (51

where
A=—b+0b*+a'b(1+b)+2a*2+b*)

B = 2\/a2(4a? — 20+ 2% + (=1 + 1) + a*(1 4 b)? + 242(3 + 1)) Cot?(€))
(52)

Similarly, we find

C+D
7o = ArcCosh (\/(b TP a0 122G 52)> (53)

with
C=b+b"+a'bb—1)+2d*2+ b

D = 2y/a?(4a® + 2 — 2a%b + (14 b)? + a*(b — 1)? + 2%(3 + 7)) Cot*(e))
(54)

The regularized surface is then given by the expansion in € of

A(e) = 2 x dzoyo (55)

18



The extra factor 2 appears because we have calculated the area in the xy
Plane. The series expansion in € yields

Ae) =~ 2log (\/a4(b — 12+ (0 ;-al)z +2a%(3 + 52)€>
2 4 2 2 D) (56)

First we observe that if we take the symmetric case b = 0 and a = 1 this
reproduces (49), of course without the constant error term at the cusps.
Resubstituting s and ¢ leads to

P VO ] XS RV
Ve — T
821

__6a 4y 16m(stt4EVE)
V- i — s + PO ol
3 73r +0(1)

Ale) = 2log

x log

In the regularization we approximate the cutoff with a rectangle. If we con-
sider large u; and us we can approximate the hyperbolic functions with ex-
ponential functions. In this approximation we directly see that the sides of
the cutoff really become straight lines. The approximation with exponential
functions yields

1 + 60,2 + CL4 + (1 + a2)2b2 — 2(&4 — l)ng(ul)Sg(UQ)62(‘ul‘+|u2‘)

2 __
tan® g = 12

(58)
Due to the Sg(u;)Sg(us) term this solution is asymmetric and not smooth
when we go from one quadrant to another. The plot below shows this ap-
proximation But result of this approximation is (up to finite parts) equal to
(57). For the discussion we will compare it with a result obtained by Alday
in [Ald08]. In order to compare the results we introduce a substitution.

o <\/a4(b— )7+ (b;;1)2+2a2(3+b2)>_1 5

(60)

W= <\/(b —U “4(’9;1)2 273+ b2>>
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Figure 6: cutoff for e = 1075, a = 1000 and b = 2 in uus-plane and approx-
imation with exponential functions

Then our result can be transformed into

with
™M = —/— 9 = — (62)

In [AldO8] Alday introduces a radial cutoff in a Poincaré patch. It cannot
be assumed that our e cutoff leads to a cutoff in Poincaré coordinates with
constant cutoff parameter r.. So r. is a function of the coordinates of the
conformal boundary. But the edges and cusps are located on the conformal
boundary and the cutoff r. is evaluated along the contour of the polygon.
So r. in this sense has a dependence on s and t because they define the
contour. In his paper [Ald08] Alday also gives a formula he obtains for cutoff
regularization with a cutoff parameter r. that depends on the coordinates
of the conformal boundary and thus also on s and ¢. Our terms (log %)2 +

(log %)2 have the same structure. We cannot make a statement about finite
terms, as we surely discard some of the s and ¢ dependence of the finite
terms.
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3 Minimal surfaces in AdS,

In this chapter we will examine minimal surfaces of AdS,, more closely. The
aim is to construct further solutions to the problem. The tetragon solution is
however very special. Throughout this section we will prove that this surface
is the only flat spacelike minimal surface that exists in AdS,,. It seems that
there is a similar picture that is familiar in euclidian geometry. The only
flat minimal surface in R” is the geodesically embedded R%. Another very
interesting fact is that this is not true for timelike minimal surfaces. There is a
big variety of other flat timelike minimal surfaces in AdS,. Many (timelike)
string solutions in AdSs are explicitly known. See [FT03] for example for
the rigid spinning string, rotating in two different planes. The tetragon
solution corresponds via Wick rotation (setting 7 — 47 and interpreting
the imaginary components as lightlike directions) to a folded rigid spinning
string of infinite length with a lightlike trace on the conformal boundary of
AdS,,. However, this correspondence cannot be established in the case of
other timelike minimal surfaces with lightlike boundary. The folded spinning
string can be seen as the 2-spiky string. In [DLO08] the authors give a timelike
solution for the infinite spiky string with & cusps. In [AMO09b] the authors
speculate that there might be a correspondence between those infinite spiky
spinning strings with &£ cusps and spacelike minimal surfaces with a lightlike
boundary with 2k cusps. However, all these infinite spiky string solutions are
flat. And we show that there are no further spacelike flat minimal surfaces.
So this correspondence would have to be nontrivial. A direct inspection also
shows, that there is no simple Wick rotation that gives the correspondence.

The method that we will use in the next section translates the problem of
finding a minimal surface that is formulated in embedding coordinates, into
a differential equation for an orthogonal frame that moves along the surface.
This may seem more difficult but there will be some gauge transformations
that simplify the problem. We will treat both timelike and spacelike minimal
surfaces simultaneously and specify later. The algorithm that we use was
inspired by [dVS93] where the authors examine timelike minimal surfaces
in the four dimensional de Sitter space. But the algorithm works in every
dimension and on any manifold that can be written as {X € R" | (X, X) =
+1} where (.,.) indicates a scalar product of arbitrary index. In [JJKV0S],
[SS09], [AM09a] and [AMO09b] the authors use a similar formalism for minimal
surfaces in AdSs.
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3.1 A Pohlmeyer reduction in AdS,

In this section we will present the formalism that we used in [DJWO09]. For
simplicity we will treat spacelike minimal surfaces here. Nevertheless the
formulas translate one to one into the timelike case. We will give the cor-
respondence at the end of this section. Let Y(s,t) be the parameterization
of our minimal surface. We choose our coordinate functions such that the

induced metric of the surface is conformal to the standard metric of R?, i.e.

gs = f(s,t) (1) (1] . This is sometimes called isothermal coordinates. The

differential equation for minimal surfaces in conformal gauge reads

AY — 2y/detgY =0 (63)

Then we introduce a change of variables

1 o1 ,
Z:§(S+Zt) f—g(s—zt) (64)
a:as—'l.at 82(%4—@@

In these coordinates the induced metric on the surface reads
6. = £(z.2) (8 3) (65)
Then the equation of motion for the minimal surface is
20Y — (9Y,0Y)Y =0 (66)
On the surface we choose a basis of TR~
e={Y,0Y,0Y,By,..., By} (67)

such that (B;, B;) = n;; (with By being timelike) and (B;,Y) = (B;,0Y) =
(B;,0Y) = 0. Note that here Y is timelike, as it lies in AdS,, and the tangent
space of the surface is Euclidean. So the B; really can be chosen to be an
orthonormal set. Then we can define

%) .= (JY, 0Y) (68)
Differentiating equation (13) leads to
(Y,8Y) = (Y,0Y) = 0 (69)
Differentiating the (1,1) and the (2,2) component of (65) leads to
(0Y,00Y) = (9Y,00Y) =0 (70)
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Now we express the second derivatives of Y in terms of the basis (67). With
the equation of motion (66) it follows

QIY = =AYy (71)
For 09Y and 99Y we obtain

n+1
00Y = AY + BOY + COY + > _eu;B; = AY + BJY + COY +u'B; (72)
i=4
n+1
00Y = DY + EJY + FOY + ) _u;B; = DY + EJY + FOY + u'B; (73)
i=4
Here ¢; = n;;. In this formula the coefficients A, B, D, I vanish and C' =
Oa and F = Oa. (This can easily be verified by rewriting the equations
in terms of 0,Y and 0,Y, as this gives an orthonormal base and so it is
possible to use the projections.) The {u;} and {u;} are the scalar products
u; = (00Y, B;) and w; = (00Y, B;), as the basis {B;} is orthonormal. So the
second derivatives read
n+1
00Y = 0adY + ) eu;B; = 0adY + u'B; (74)
i=4
00Y = 0adY + ) €;B; = 0adY + u'B; (75)
i=4
We need to find the evolution of the basis (67). Thus we express the derivative
of the basis in terms of the basis itself which leads to

de=Ae Je=Ae (76)

The upper 3 x n + 1 block of A is completely determined by the differential
equations we found for {Y,0Y,0Y }. As the B; are an orthonormal base, we
can express their evolution with the scalar products

n+1
8BZ = —e_o‘uiéY + Z €j<Bj7 8B2>BJ = —e_o‘uiéY + Aiij (77)
J=4, j#i
n+1 '
532 = —e_aﬂiaY + Z €j<Bja 5BZ>B] = —e_o‘ﬂiaY + A-]Bj (78)
Jj=4, j#i
For i,7 € {4,5,...,n+ 1} We will also use the notation
Al = ¢(0B;, B))

23



Whenever a quantity has vector- indices these indices belong to the normal
space of the surface and indices are raised and lowered with the metric on
the normal space. We will use two different conventions. The formulas are
shorter if we use Einstein’s sum convention and calculate with tensor entries.
Then we calculate with upper and lower indices. But we also deal with
mathematical coordinate independent tensor calculus. To relate these cases
we have to insert a base. Then we end up with sums and coefficients of basis
representations that will then be interpreted as tensor entries with upper and
lower indices. This means for example u’ = wu;e; . Whenever the matrix A
or A carries indices we mean the lower (n —2) x (n — 2) block of A with the
above convention.

We can find the expression for A and A

0 1 0 0 . 0
0 OJa 0 €4Uy e €nt1lnil
e* 0 0 0 . 0
A=10 0 —eouy 0 . €ns1{0B4, Bui1)
0 0 —e‘“unH €4 <8Bn+1, B4> ce 0
(80)
0 0 1 0 . 0
R (R 0 - 0
_ 0 0 oo €4Uy ce Enj—lﬂn—l—l
A=10 —eea o0 0 o €ns1{0By, Boi1)
0 —e‘o‘ﬂnH 0 €4<aBn+1, B4> C 0
(81)
(82)

Note that the lower (n—2)x (n—2) blocks in these matrices are antisymmetric
(except the fourth line and column) and conjugate to each other. For the
system (76) we have to demand

which leads to the commutation relation
DA —0A+ [A, A] =0 (84)

If we considered timelike minimal surfaces, some adoptions would have to be
made.

24



e The tangent space of the surface is now lorentzian. So we choose a

0 -1
order to introduce our light cone coordinates z and zZ we define

D - 1
parameterization such that the metric is conformal to( 0 ) In

1 1
z:§(s—t) z:i(s—l—t)

a:as‘l’at g:as_at

(85)

These variables are now two independent real variables.
e The normal space of the surface in AdS,, is now Euclidean, such that

<Bi, B]> = 52',]' € = ]_\V/Z (86)

e The u; and u; are again no longer conjugate to each other but are two
independent real quantities.

Taking the right metric on the normal space and the proper definition for
0 and 0, we can evaluate the equation (84) for both timelike and spacelike
minimal surfaces.

0 = d0a — e *uly, — e
0= 9du, — Aabﬂb = 5ua — /_leub (87)
e (Ugu’ — uau’) = QAL — 0AL + ALAL — ASAY

The matrices A are the lower (n —2) x (n —2) block of A, i.e. with indices
from the normal space. The bar means complex conjugation in the spacelike
case. In the timelike case these two are real independent quantities. The
metric on the normal space is J; ; in the spacelike case and 7; ; in the timelike
case.

3.2 Spacelike minimal surfaces

Next, we examine these equations in the spacelike case. We will start with
AdSs5. The known tetragon solution is a flat spacelike minimal surface. So
it is a natural question to ask if there are further flat spacelike minimal sur-
faces that belong to other scattering amplitudes. In this section we will proof
that the symmetric tetragon solution is the only (up to isometries of AdSs)
spacelike flat minimal surface in AdS5. Later we will use similar arguments
to show that his result can be extended to AdS,,.

The curvature depends on « (which was shown in the introduction). As-
suming that our surface is flat, we will be able to integrate the system of

25



differential equations (76) and prove that the solution is unique up to isome-
tries of AdS5.

3.2.1 The AdSs case

In the AdSj; case, the e; = {Y,dY, Y, By, Bs, Bg} are a basis of TR, Here
the vectors B; are chosen to obey (B, Bj) = n;; with B, being timelike. So
the matrices A and A read

0 1 0 0 0 0
0 Oa 0 —Uy4 Us Ug
e* 0 0 0 0 0
A= 0 0 —e‘o‘u4 0 <0B4, B5> <8B4, Bﬁ) (88)
0 0 —e “%us <8B4, B5> 0 <8B5, Bﬁ)
0 0 —e‘o‘u6 <8B4, BG> —<8B5, BG> 0
0 0 1 0 0 0
0 0 0 0 0
T 0 0 1oJe" —Uy Us Ug
A=10 —eom 0 0 (0By, Bs)  (0B4, By) (89)
0 —e_aﬂ5 0 <QB4, B5> B 0 <aB5, Bﬁ)
0 —e®ug O <8B4, Bﬁ) —(035, Bﬁ) 0

The evaluation of the commutation relation (84) yields some differential equa-
tions that have to be fulfilled.

850& + e_o‘(u4ﬂ4 - U5’EL5 - UGTT[/ﬁ) —e*=0 (90)
8U4 — U5<5B4, B5> — u6<5B4, Bﬁ) =0
5U5 — U4<5B4, B5> — u6<5B5, Bﬁ) =0 (91)
5u6 — U4<5B4, BG) + U5<5B5, BG) = 0
8u4 — u5<8B4, B5> — ﬂ6<8B4, Bﬁ) =0
8U5 - U4<8B4, B5> - ?_L6<8B5, BG> =0 (92)
8u6 — u4<8B4, Bﬁ) + ﬂ5<8B5, Bﬁ) =0

(

we see that O(ul — u2 — ug) = 0 and (ud — uZ — uZ) = 0. So they lie
on a hyperboloid whose radius just depends on z (or z). Whenever u? —
u? — u? is not constantly zero can locally (near a point where uf — u2 — u? is
nonzero) choose a conformal transformation (that preserves conformal gauge)
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to choose this radius to be identically 1.

z —h(z)
oY (0h\*  0*hohoY
u; = (00Y, B;) = <W (&) + w&gaBﬁ (93)
92Y (0h\> T
= <W (&) . Bi) = u;(0h)
In order to achieve u? — u? — u2 = 1 we have to integrate
5=y &0

This can be done locally whenever the denominator is nonzero. Then h(z)
is a holomorphic function. Holomorphic functions on the parameter space
respect conformal gauge. However, u? — u2 — u2 may have zeros. In this
case the transformation is valid at least locally in an open neighborhood of
a point where uf — u? — u # 0. If u} — u? — u2 = 0 on an open set then
we have an “exceptional” case that we will discuss later in the section about
invariants.

The last 3 lines of the integrability condition (84) yield

A576A4’6 - A5,6A4,6 + e_a(u5ﬂ4 - U41_L5) + 5144,5 - 8A4,5 =0 (95)
A475A576 — A475A576 + e_a(u6ﬂ4 — U4TL6) + 0A476 — 0A476 =0 (96)
A475A4’6 — A475A476 + €_a<u6ﬂ5 — u5126) -+ 8A5,6 — 8A5,6 =0 (97)

Now we have to make an explicit choice for the basis B; to calculate the
matrices and differential equations. From now on we will regard the u; as
components of the vector . u;B; = u'B; in the three dimensional complex
space that is spanned by {By, Bs, Bs}. As u' is a complex vector, we can
decompose it into two real vectors.

u' =a'+ b’ (98)

By our choice 1 = u‘u; = a'a; — b'b; + 2ia’b;. So these two equations must
hold

0= a'b; (100)
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Now we consider three cases where b° is spacelike, timelike and lightlike.
There is a relation between scalar curvature and « (which was shown in the

introduction)
R = -2 A« (101)

We will be looking for flat minimal surfaces. This is by (101) equivalent
to solutions with harmonic «. The following analysis will be done locally.
Nonetheless the solutions of (76) will be defined globally. So the result, that
there are no spacelike flat minimal surfaces in AdSs will be valid globally.

spacelike case

If b'b; > 0 we can choose a basis, such that v* = (0, 4,0). But then bia; =
pas = 0. So a' = (a4,0,ag). But now we can apply a boost in the 4-
6 Plane such that we do not change b but make a’ = (0,0,a6). This is
always possible if a’ is not timelike or zero. If @' is timelike (or zero) we
get a'a; — p* = 1, which is never true. So let us assume a' = (0,0, ag).
But a'a; — b'b; = a2 — u* = 1. As ag and p are real functions, we can
parameterize them with a real parameter 3(z,2). So a' = (0,0, % cosh 3)
and b = (0, £sinh 3,0). We start to examine the +-case.

+ case

We have

u' = (0, +i sinh 3, cosh 3) (102)
u' = (0, —isinh 3, cosh 3) (103)

The evaluation of the differential equations (91) and (92) with this ansatz
yields

(0Bs, Bs) = 103 (104)
(0By, Bg) = —ipsinh 3 (105)
(OBy, Bs) = pcosh 3 (106)
(0Bs, Bg) = —i0p (107)
(834, Bﬁ) = zﬁsmhﬁ (108)
(OB4, Bs) = pcosh 8 (109)
Here p is a complex-valued function. With this ansatz the equation (90)

becomes B
0o — e *cosh28 —e* =0 (110)
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The equations (95) take the form

0 = 2(0Bp — OBp) sinh 3 + (0p — dp) cosh 3 (111)
0 = 2(0Bp + 9Bp) cosh B+ (9p + Op) sinh 3 (112)
0= (pp+ e ) sinh 283 + 2003 (113)

From (110) it is obvious that there is no solution for beta if we impose the
condition d9a = Aa = 0.

- case

We need to consider the minus in the cosh-term only, as sinh is antisymmetric.

u' = (0, +isinh 3, — cosh 3) (114)
u' = (0, —isinh 3, — cosh 3) (115)

But here we already see that this does not change the equation (110). So
again there is no solution if « is harmonic.

lightlike case

If b'b; = 0 we can perform a transformation such that b = (1,1,0). From
a'b; = 0 we know that ay = as. The a4y = a5 = 0-case will be described
below. And again from a‘a; — b'b; = 1 we know that ag = £1. We start to
examine the +-case.

+ case

We have b = (1,1,0) and a = (3, 3,1). So we can parameterize u and u with

u'=(B+1i,8+1,1) (116)
' = (B —1i,8—1,1) (117)
The evaluation of the equations (91) and (92) yields
(0B, Bs) = (0Bs, Bs) = p (118)
_ 1
(081, B5) = (05— p (119)
(0B, Bs) = (0Bs, Bg) = p (120)
(OB, Bs) = (05~ 7) (121)
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The equation (90) for a becomes

D0a —e @ —e* =0 (122)
The equations (95) only give 2 independent equations.
_ 1 1 _
0=0(=——(08—p)) —O(=——(00 — 123
(=09 = p) = o785 = ) (123)

0= (8+1)08p — (6 —0)Bp — 2ipp + (Ip — Op — 2ie™*)(1 + 5%)  (124)

Again, we look for solutions with harmonic . From (122) we see that if «
is harmonic we have a contradiction.

- case

Again, we have the same result. Taking

u'=(B+1i,8+14,—1) (125)

u'=(B—ip—i-1) (126)
will not change equation (122).
case with a; = a5 =0

If ay = a5 = 0 it follows that ag = 1. But then we evaluate (90) with
harmonic a and find
e +e*=0 (127)

which is a contradiction.

timelike case

If b'b; < 0 then we can choose a boost such that b = (u,0,0). Because
0 = a'b; = —agp we have ay = 0. So we can perform a rotation in the
5 — 6-plane such that a = (0, as, 0). The case a’ = 0 will be discussed below.
Then we know that 1 = a'a; — b'b; = a? + p?. Thus, we can parameterize u
and u with

u' = (4icos 3,sin 3, 0) (128)
u' = (—icos f3,sin 3,0) (129)

Again, we evaluate the Equations (91) and (92) with this ansatz and we
obtain

(OB, Bg) = psin 3 (131)
(0Bs, Bg) = ipcos 3 (132)
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(0B, Bs) = i0p3 (133)
<6B4, BG> = ﬁsin /6 (134)
(0Bs, Bg) = —ipcos 3 (135)

Thus the equation (90) becomes
d0a + e “cos23 —e* =0 (136)

The equations (95) read

0= (pp+e ¥)sin28 — 2003 (137)
0 = 2cos B(0Bp — OBp) + sin B(dp — dp) (138)
0 = 2sin 3(0Bp + 9Bp) — cos B(p + p) (139)

Here we see that (138) and (139) are not independent. The sum and the
difference of (138) and (139) are conjugate to each other. Therefore we only

consider the sum.

cos 3(208p — 203p — Op — Op) + sin B(0p — Op — 208p + 208p) = 0 (140)

From (136) we conclude that if « is harmonic
1 2c0
B = §ArcCos(e )

a= %bg(cos(Qﬁ))

Now we assume « to be nonzero and calculate

200
2003 = 00ArcCos(e*™) = 0(—267&!
(1 — eto)
262(1 B 46201

VDl ST
sin(20) = V1 — et

and insert into (137)

00q, ———Dada = —

(141)

(142)

(143)

462(1

~O0ado

(1—ew)i

(144)
(145)

(146)

Here we used the fact that o # 0 is real, so da = da.. But in (146) all terms
are real and strictly positive. So again, we conclude that there is no solution
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if & # 0 is harmonic. If & = 0 we know from (136) that 5 € {0, 7}. Equation
(137) is fulfilled. For equation (140) to be true

Op+0dp=0 (147)

So the only case where there exist minimal surfaces, is when a = 0 and

B e {0,7}.

case where o' =0

If a’ is zero for all 4, we find that u = (iu,0,0). Inserting into (90) leads to
pre™ e =0 (148)

which cannot be fulfilled.

3.2.2 Integration of the flat case

In general, it is a hard task to integrate this system of differential equations.
But in the case a = 0 it can be performed quite simply. If &« = 0 we consider
the timelike case from the last section. In this case the matrices A and A are

010 0 0 0
00 0 Fi 0 0
100 0 0 O

A=loo i 0 o0 o0 (149)
00 0 0 0 =ip
00 0 0 %ip 0
0010 0 0
1000 0 0

o 0 0 0 0

A=lo %0 0 0 o0 (150)
00 0 0 0 <=ip
00 0 0 Fip O

Here + corresponds to 3 being 3 =0 or 3 = 7. A and A are not constant as
they depend on z and z via p. But as the matrices have a lower 2 x 2 block,
the system of differential equations decouples. We are only interested in the
first line of the solution (as it describes the development of Y, which is the
surface itself). So we just need to calculate

&; = exp(A¥2) exp(A¥z) (151)
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where A means the upper 4 x 4 block of A. This leads to
A C B D

N B A —D —iC
“~lc iD A B (152)
D B —iC A
with
S t
A = cosh — cosh —
V2 V2
1 1 7 s—1 s+t
Bz—(——l——) sinh —— — ¢sinh )
2 2
V2 V2 V2 (153)

o5+

The first line is the coordinate representation of the solution (with the co-
ordinates to Bs; and Bg being zero) in the basis {Y,dY,0Y, B,}. We have
to express the solution in an orthogonal frame. So we calculate back into
{Y,0,Y,0,Y, B;}, keeping in mind that (0,Y, 0,Y) = (0,Y,0,Y) = % if = 0.
But now we have the solution given in an orthogonal frame. So we can iden-
tify the timelike vectors with the timelike standard vectors of R(*? and the
others with the spacelike. Here we see that our minimal surface lies entirely
in AdSs. It has the coordinate representation

V2 V2

(—i sinh >+ sinh 8—”)
)

S t
cosh % cosh 7
sinh % sinh %

(154)

| sinh 5 cosh %
cosh 5 sinh %
This is the tetragon solution. Here the case 3 = 0 was considered. For the
case § = m there appears a minus sign in the first line of (152) in the last
place. This sign however does not change the surface. So the conclusion of
this calculations is: The Maldacena surface is up to isometries of AdSs the
only spacelike flat minimal surface. When integrating (76) we can choose
a matrix M € SO(2,4) as a starting frame in which the solution is given.
Here we explicitely see that the solution is given uniquely up to the isometry
group of AdS;. The crucial point why there is a bigger variety of flat minimal
surfaces in the timelike case is that the corresponding pp terms in (137) and
(241) can have both signs in the timelike case (because p and p are two real
independent parameters) while its positive semidefinite for the spacelike case,
where p and p are complex conjugate.
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3.2.3 Spacelike flat minimal surfaces in AdS,,

In this section we will proof for general n that the symmetric tetragon solution
is up to isometries the only flat spacelike minimal surface in AdS,. We do
the proof for the nonexceptional case (the exceptional case will be excluded
in the section about invariants 3.6). Again we split v’ = a’ + ib* and have

1 =d'a; — b'b; (155)
0 =a'b; (156)

Similarly to previous sections we assume b° to be spacelike, lightlike and
timelike. Contrary to the AdSs section we will not give the whole set of
differential equations because we are not so much interested in all the details
for generic spacelike minimal surfaces for n > 5. We only compute those
equations which lead to the conclusion that a has to be zero if « is harmonic.
Then we show that the system of differential equations (76) decouples and
we have the same upper 4 x 4 block as in the AdS; case. This completes the
proof.

spacelike case

Assuming that b’ is spacelike we can perform an transformation such that
b= (0,0,0,...,0). So we have 1 = a’a; — b*>. This means that a’ has to be
spacelike. Because of orthogonality we know that a5 = 0. So we perform an-
other transformation that leaves By invariant to achieve a = (0,0, a,0,...,0).
So we have 1 = a? — b®. We parameterize a and b with a = cosh 3 and
b = sinh 5. So we have

u = (0,4sinh 3, cosh 3,0, ...,0) (157)

Now we calculate u'ti; = sinh?® 5+ cosh? § > 0. Assuming that a is harmonic
this is a contradiction to the first line in (87).

lightlike case

If b is lightlike we know by 1 = a‘a; — b'b; that a is spacelike. So there is a
base such that a = (0,0,41,0,...,0) and b= (1,1,0,...,0). That means

w=(i,i,+1,0,...,0) (158)

This means u't; = 1 > 0. Assuming that « is harmonic this is a contradiction
to the first line in (87).

timelike case
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When ' is timelike we chose a transformation such that b = (b,0,...,0).
From the orthogonality we know that ay = 0. So a’ is spacelike. So we chose
a’ to be a = (0,a,0,...,0). We have 1 = a® + b%. So we parameterize a and
b with @ = sin 3 and b = cos 3. So we find for u’

u= (icosf3,sin3,0,...,0) (159)

So u'il; = —cos? 3+ sin? 3 = — cos2(3. Now we use the second line in (87)
to parameterize the A, ;.

The second line of (87) : a=4 and a =5

51,64 - 12145U5 =0 (160)
Ous — Adug =0 (161)

From these two equations we see that
A=Al = —iop (162)
The second line of (87): a > 5

For this case we find

0= Ou, = Alug + Alus (163)
which leads to
Al = —p,sin B (164)
AP =ip,cos 3 (165)
(166)

The other A/ and A/ are not affected by the choice of u? and can be regarded
as independent complex functions of z. The reason why these “unparame-
terized” Aij appear in dimensions n > 5 is simple. We use SO(1,n — 3)
transformations on the normal bundle to obtain a specific choice of the vec-
tor u’. In higher dimensions we have several zeros in the vector u! on which
we still can act with orthonormal transformations without changing any-
thing. In higher dimensions we do not fix the gauge anymore. We are left
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with the following expressions for our matrices A’ and A/

0 —i0f  —pgsin3  —prsin 3
—i03 0 —ipgcos 3 —iprcosf ...
Aj = | —pssin3 ipgcos 0 Ad e (167)
—prsin 3 ipycos 3 Af 0 .
0 100 —pgsin 3 —prsin 3
1003 0 ipgcos B iprcosB ...
AJ = | —pssin B —ipe cos 3 0 Ad . (168)
—prsin 3 —ipycos 8 A8 0

Now we need to compute the first line and the first column of the commutator
for these two matrices. We find

[A7 A} z‘j -

0
v
W (169)

Sk K <
Lok ok =

with
V = —isin 2f3 Z PaPa
W = cos B(pe0B — p60B) +sin B Y (paAL — paAy)
Next we evaluate the third line of (87) for a =4 and b = 5. This leads to

0=(e"+ ) papa)sin2f — 20083 (170)

Note that this is the same equation (137) we found in the AdSs case with
the substitution pp «— >__ pap,. Like in this case we conclude that if « is
harmonic (and nonzero) we have

g = %ArcCos(ezO‘) (171)
200
2008 = —— 2" Gada (172)
(1 —ele)z
sin2f3 = V1 — et (173)
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Inserting this into (170) leads to

4 2a
0= pafate™+ (eiﬁa (174)

1 —ete)?

Again this equation has no solution and is a contradiction to the assumption
that « is nonzero. This means if « is harmonic it is automatically zero.
If alpha is zero it follows by the first line in (87) that § € {0,7}. But if
p € {0, 7} the first line and the first column in (167) vanish. So again the
system (76) decouples and we can integrate the upper part. That means that
we have a proof that the symmetric tetragon solution is the only spacelike
flat minimal surface AdS,,.

3.2.4 The AdS, and AdS; case
The AdS, case

In the AdS, case we proceed similarly to the AdS; case. We just have one
independent Ay 5 left.

8124 — A475ﬂ5 =0

175
8225 - A475TL4 - 0 ( )

Again, we treat the non-exceptional case (u'u; only has discrete zeros) here
and perform a holomorphic transformation such that w'u; = @'u; = 1. We
start with splitting u; into

wu; = d'u; =1 b =at + it
a'b; =0 (176)
aiai — bzbz =1

From these equations it is easy to see that b necessarily has to be timelike.
So we can choose a transformation on the normal space such that

b= (b,0) a=(0,a) (177)

and we are left with
1=a*+b (178)

So we introduce a parameter (3(z,Zz) such that a = cosg and b = sing.

Because a’ and b were real vectors, 3 should also be real-valued. From (175)
we find that A, 5 is given by
.0p

A475 = —Z7 (179)
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We no longer have the commutator term in the third line of (87). So the
third line yields B
sin fe”* = =00 (180)

The first line in (87) yields
0= 00a — e *cos 3 —e* (181)
The AdS; case

In the AdS3 case we just have one normal direction, so we just have uy. If uy
is not identically zero we can locally choose conformal transformations such
that uy = 1. Thus the first line in (87) leads to the sinh Gordon equation
(the other lines vanish)

d0a — 2sinh o = 0 (182)
Together with the equation for the curvature we find
R = —4e “sinh « (183)
Thus we see that
inf,cr(—4e “sinha) = —2 (184)

This means that there is no minimal surface in AdSs that has a smaller scalar
curvature than R = —2.

3.3 Geometric interpretation

In this section we demonstrate that the vector u' encodes the second fun-
damental forms of the surface in AdS,,. For any codimension the second
fundamental form is a (2, 0) - tensorfield with values in the normal bundle of
the immersion. It is defined by

(VW) = (Vy W)+ (185)

where V' and W are tangential vectorfields and ()* means the projection on
the normal space. When we choose a basis of the normal space (in our case
{Y, By, Bs, Bs}) we can write down several second fundamental forms with
values in R by calculating the projections on every basis vector. We are
considering a surface that lies in R?%. Because for R?% the covariant and
ordinary derivative are equivalent, we can write

I(V,W), =(V(W), B;) (186)

Here V(W) means the derivative of the vectorfield W in the direction of V.
To get the matrix S that represents II(V, W) = (V, S(W)) we will evaluate
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II(V, W) on an orthogonal base. The natural choice for an orthogonal base
of TM? is 0,Y and 9,Y. So the second fundamental forms read

s-(ava o) =G0 o

But now we have because of (71)

0 = (90Y, B;) = (0,0,Y + 0,0,Y, B;) (188)
This means v = —a. But we also know that

b;

So f=—

and o = % . Finally, we find

1 a; —bi
Si=15 (—bi _ai) (190)

Note that this is the formula for the second fundamental forms of the surface
inside AdS5. The second fundamental form for the normal direction of AdSs
inside R®% (so the 7 indicates Y) is given by

e“ (1 0
Sy = —5 (0 1) (191)

Note here that the trace of S in (190) is zero. This is equivalent to the
fact that our surface is minimal inside AdSs. In equation (191) the trace is
nonzero. So this indicates that the surface will not be minimal if regarded as a
surface inside R(%. These equations ((190) and (191)) match with those we
gave in [DJWO09]. However, it is easier for the following calculations to express
the second fundamental form in the orthonormal frame {v/2e=20;, v/2e=9,}.
This leads to the following expressions

—a a; —bi
Si=e (—bi _ai) (192)

Sy = — ((1) (1)) (193)

As a fundamental theorem of the theory of surfaces states, a (parameterized)
surface is uniquely defined (up to isometries of the ambient space) by it is
first fundamental form and the second fundamental forms if they obey the
Gauss-, the Codazzi-Mainardi- and the Ricci-equation. The first fundamen-
tal form is the induced metric on the surface (it is called first fundamental

NS
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form for historical reasons). So we can evaluate these three equations. These
equations can for example be found in [Lan99].

A very great feature of the formalism that we use here is its incapabil-
ity to distinguish between timelike and spacelike minimal surfaces (the pp
terms are an exception). So if we continue to calculate in terms of z and
Z all calculations are valid in both cases. However, our second fundamental
forms are given in an unadopted base. So we have to explicitly calculate
the second fundamental forms for timelike minimal surfaces. In the base

{V2e=205, V/2e=20,} this leads to
S; = e @ (Z 2) (194)

so=- (5 %) (195)

The evaluation on the vectors 0 and 9 is however unaffected if we remember
the Lorentzian metric on the tangent space in the timelike case. So the
calculation for Ricci and Codazzi-Mainardi equation are automatically valid
in both cases.

3.3.1 The Gauss equation

The Gauss equation relates the curvature tensor of the ambient manifold
with the curvature tensor of the submanifold.

(RIX,Y)Z, W) —(R(X,Y)Z,W)

=(II(Y, 2),1II(X, W)) — (II(X, Z),1L(Y, W)) (196)

Here R(X,Y)Z is the curvature tensor of R®% (hence it is vanishing) and
R(X,Y)Z the curvature tensor of the surface. R(X,Y)Z is defined

R(X,Y)Z :=VxVyZ —VyVxZ —Vixy|Z (197)

We compute the components of the curvature tensor. For a conformally
parameterized surface (g;; = f(0,7)d;; or f(o,7) = <) there is only one
independent component. We find

(a'r.f)2 + (aaf)z B f(ararf + aaaa.f)
212
_ %5@@ (199)

=
R2,2,1 =

(198)
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Hence we find

Rigoy = i@@aeo‘ (200)
The right hand side of (196) becomes
R1,2,2,1 = na,b(SilQSg,l - 53,25%,1) (201)
= i(—bi+b§+b§+...—ai+a§+a§+...+e2a) (202)
— i(—u4u4 + usls + uglig + ... + €2%) (203)

Here we used 7,, as the induced metric on the space that is spanned by
{Y, B4, Bs, Bg, ... } s0 1 = diag(—1,—1,1,1,...). In this calculation we
used the base {0,Y,0,Y} and the second fundamental forms from (190).
This is possible because there are no covariant derivatives of the second
fundamental forms in the Gauss equation. We find that the Gauss equation is
in fact one of the differential equations that we derived from the integrability
equation

0 = dda — e~ *(u't;) — e (204)

Here the index @ just labels the normal directions inside AdS,,. There are
no further independent entries in the curvature tensor of a surface. So the
Gauss equation is equivalent to the first line in (87). The calculation is also
valid for timelike surfaces.n,;, would be 7,;, = diag(—1,1,1,1,...) then but
with the positive definite metric on the normal space and the right second
fundamental forms we still arrive at

0 = dda — e~ *(u't;) — e
3.3.2 The Codazzi- Mainardi equation
The Codazzi-Mainardi equation for a submanifold of any dimension reads
(R(X,Y)2)" = (VxI)(Y. 2) - (VyID)(X, Z) (205)

Here (R(X,Y)Z)* is the normal projection of the curvature transformation
of the ambient space. We now consider the ambient space to be R4 So
the curvature tensor vanishes. The vectorfields X, Y, Z are arbitrary tangent
vectorfields of the surface. The connection V is defined

(VxI)(Y, Z) = Vx(I(Y, Z)) = I(VxY, Z) = 1LY, Vx Z) (206)

Here V+ is the covariant derivative of the ambient space applied to two vec-
torfields (one tangent vectorfield and one normal vectorfield) and projected
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onto the normal bundle. V is the covariant derivative on the surface. On
the surface we choose the basis @ and 0. We want to evaluate the Co-
dazzi Mainardi equation on this base. We calculate (205) for X = 0 and
Y = Z = 0 (complex conjugation will lead to a conjugate set of equations -
for every other choice of basis vectorfields this equation is trivially satisfied).
Therefore we need the covariant derivatives, which can be read off from (75),
(74) and (71).

V50 = (00Y)l = dad
Va0 = (00Y)l = 0ad (207)
V50 = Vyd = (00Y) =0

Here () denotes the projection onto the tangent space of the surface. Further,
we have to calculate SO and SO.

S,0 = Si(8, — i0,) = %Si(el —iey) = j;?@l +iey) = wed

S;0 = ;e 0 (208)
Syd = —d

Sy 0= —0

We are dealing the spacelike and timelike case simultaneously here. All
formulas are valid in both cases. In the timelike case the middle of the first
line of (208) is different but the left hand side and right hand side are equal
in both cases.

Whenever we have a sum over all normal directions (including Y) we use N;
to label the normal fields. If this sum is only over the normal directions of
the surface inside AdS,, we use B;.

The Codazzi Mainardi equation for the ambient space R*% reads
Ty T T3
le N 7 -\ N -~ N
0=Vx(ILY,2))-1(VxY,Z)-11(Y,VxZ) (209)
~Vy(II(X, Z2)) +1(Vy X, Z) +11(X, Vy Z)
T T T
For our special choice some covariant derivatives vanish. So we have
Ty=Ty=Ts =0 (210)
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Calculation of T;:

Z(Sé d)e;N; = Zuzez i

Vé_II = Z UZEZ z Z <5Uz€sz + U6 Z €; (0Bz, BJ>B])

i j (211)

11(9, 0)

Calculation of Tj:

11(9,0) = > _(S:0,0)e:N; = —eY o1
p 212
V511(0,0) = —0(e*Y)*" = —0ae®Y

Calculation of Tj:

11(0, V50) = 0all(, 0) = 0a(Sy0, )
e (213)
= —0aeY

So we have

0 = T1 — T4 + TG = Z aﬂZEZBZ + TTLZ‘EZ' Z Ej <8B2, Bj>Bj

- Z (214)
= 0u'B; + W' A/ B;

Now we consider each of the (n —2) normal components of the surface inside

AdS,. Then we see that this result (and the complex conjugate of this

equation) is equivalent to the equations in the second line of (87). Taking
only the B, component yields

0 =0u" + u" Ay

= 0u, + 1’ Ay,

e (215)
= Ol — U Aap
= Oty — AT

which is precisely the second line in (87).
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3.3.3 The Ricci equation

If we have a submanifold M that is embedded in an ambient space N, we
can always define a “normal” curvature tensor. Let X,Y be two tangential
vectorfields and A, B two normal fields. Then a covariant derivative on the
normal space can be defined by

VXA = @XA — (@XA)” (216)

Here V is the covariant derivative of the ambient space. Then we can build
two curvature tensors out of V and V and compare them. The curvature
tensor corresponding to V is the ordinary curvature tensor of the ambient
space and we define

RY(X,Y, A B) = (VxVyA—VyVxA—VixyA,B) (217)
Then the Ricci equation is
R(X,Y,A, B) = R*(X,Y, A, B) — ([Sa,S5]X,Y) (218)

S is the matrix that corresponds to the second fundamental form with
respect to A. Now we evaluate this equation on some basis vectorfields. Let
us assume X = 0, Y = 0, A = B; and B = By (again, this is the only

independent possibility). Using S; = % (g %Z), we compute
, 20 [ Wity — UkU; 0
[Si, Sk =e ( 0 s — uzuk) (219)

So we have to verify
R*+(0,0, B;, By) = {[S;, S0, 0) (220)
R*(0,0, B, Br) = (VoVgB; — V§VaDBi, By)
=(Vo(D _ ¢jAi;B;) = V(> €;Ai;B)), Br)

T Y . _ (221)
:<Z (Engi,ij —+ Ein,jAlel — EjaAi,ij — EinJ’Alel) 7Bk>
J
Iazzll’k — 5A2,k + AijAj,k - Az’jAj,k
The right hand side reads

<[SZ, Sk]& 5> =e ¢ (ﬂ,uk — ﬂkui) (222)
Putting it together we find
€_a (ﬂluk — ﬂkui) = 8A2’k — 514“6 + AijAng — Aijzzlj’k (223)

which is precisely the last line of (87). Again the calculation is valid in the
timelike and spacelike case.

44



3.4 Gauge fixing for timelike minimal surfaces in AdS,

As we are dealing with timelike minimal surfaces, all quantities in (87) are
real. At first, we assume that neither uu;, nor @'u; are constantly zero (again
a “non-exceptional” case). Away from their zeros we can locally perform two
conformal transformations to achieve

u'u; = 1 = 'y (224)

So we can still choose SO(n —2) transformations €2 on the normal space that
depend on z and zZ. We get the following transformations

u; — Qu;

a; — Q1
Al — (QAQ L+ 00 7/
A — (QAQ7T + 00 Q7Y

(225)

First, we note that it is possible to choose flij = (0. To achieve this we have
0N =-NA (226)

This differential equation can be solved. So we can still choose a z depending
SO(n — 2) transformation. With this transformation we transform u’ to be

u' = (0,...,0,1) (227)

Because @'t; = 1 we have for @'

/ai = X47X57"'7Xn7:|: (228)
Now the last line in (87) reads
0 0 X4
B : 5 X5
0A=—e| : : (229)
0o ... 0 xn
—X4 -+ —Xn O

We still have the gauge freedom to do z-dependent SO(n—2) transformations
that leave B,,.; invariant. Using this degree of freedom, we can achieve that
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all elements of A vanish, except those in the last line and in the last column.
Then using the second line in (87) we find

OXa -
e Xo . = —eva (230)
1— Za:4 X¢21
So for A, we have

0 ... 0 M\

f X
A=| L (231)

0O ... 0 X\,

2 . |
Now we completely fixed the gauge. We finally have a non-linear system of
second order differential equations for the (n — 2) parameters «, x4, . - ., Xn-

0=00aFe @

n_ n5 n
Za_4 X X2 aXb

1- ZZ:AL Xn

0= 00y, £ e Y

The AdS; case

In the AdS5 case no x appears in these equations. We find the sinh-Gordon
and a “cosh”-Gordon equation

00a — 2sinh o = 0 (233)
00a — 2cosha =0

depending on whether or not the signs of u4 and u4 are equal.
The AdS, case

In the AdSy case there is only x4. If we set x4 = sin 3 and cos § = £4/1 — X3
we find

00a —e “cosB—e®* =0

_ 234
008 +e “sin3 =0 (234)

Note that these equations match those we found in the spacelike case.
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3.5 Timelike minimal surfaces in AdSs

From the second equation in (87) we see that u'u; is not a function of z
and @', is not a function of z. Assuming that none of them is zero, we can
perform a coordinate change locally such that u‘u; = w'u; = 1. Similarly to
the spacelike case we set
u'=a" +b u=a -0 (235)
with a and b being two real vectors. Then it follows that
aibi =0

| | (236)
CI,ZCLZ' + blbz =1

Now we act with SO(3) transformations on the normal space. If a* # 0 and
b' # 0 we can choose a transformation such that

a' = (a,0,0
. ( ) (237)
b* = (0,b,0)
which leads to a? + b*> = 1. Thus we parameterize a and b with (3
1_L = (cos 3, sinp, 0) (238)
u = (cos 3, —sin 3,0)
With these u* and ' we find
Ay =—0p
Ay =psinfd (239)
As e = pcos 3
Ays = 0P
A4,6 = ﬁSiIl /6 (240)
Asg = —pcos 3
Inserting this into the third equation of (87) yields
0= (pp+e ) sin28 + 2003 (241)
0 = 2cos 3(pdB — pdB3) + sin 3(dp — Ip) (242)
0 = 2sin B(pdB + pdB3) — cos 3(dp + Ip) (243)
Inserting this into the Gauss equation yields
da — e~ *cos(23) — e* =0 (244)
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3.5.1 A Weierstrass like representation of time like minimal sur-
faces in AdS; with constant curvature

As remarked in previous sections, the curvature of the surface is given by
(245)

R = —2¢"“00a

So if a is a function that fulfills the Liouville equation, the corresponding
minimal surfaces will have constant curvature. The generic solution of this

(246)

differential equation is given by
2 )

a=log | —
g( (1— Ef(2)g(2)

with two arbitrary free functions f(z) and g(Z) (such that log is defined)
that only depend on z and z. From the Gauss equation for timelike minimal

surfaces in AdSs (244) we find

cos23 = —e*® <§ + 1) (247)

Thus we can express [ and every function of  in terms of f(z) and g(2).
By (241) we can express pp as a function of of f(z) and g(2).

o 00(28)
=— —e ‘= 24
e x(f,9) (248)
Now we multiply (242) with sin 8 and (243) with cos 5. Then we calculate
(242)4(243) and (242)-(243) and find
dp = sin280(28)p — cos 269p =: C1p — Ca0p (249)
(250)

dp = sin 280(28)p — cos 260p =: Cyp — Ca0p

Here C1(f, g), Co(f,g) and Cs(f,g) are via § functions of f and g. From

(248) we know further that
p=% p=2 (251)
p p
This leads to
C1Cy aX) Cs 3
Ip = ( +—=)p——F——5p
= ClX 1 0302




Similarly one finds for p

5 O30 0><) _ Cy _3

Ip = ( +— )PP
Oy 1 GGy

dp =

1-c25 1-02f

All coefficients are fully determined by the free functions f(z) and g(z). Then
the partial differential equations (which can be solved separately for p and
p) have to be solved. After that the differential equation for the orthogonal
frame (76) has to be integrated with all entries solely depending on f(z)
and ¢(Z) (and of course on the constant R). Thus the two functions f(z)
and ¢(z) parameterize all constantly curved timelike minimal surfaces in
AdSs. Here is some analogy to the minimal surfaces in R3. In Weierstrass
representation they are parameterized by two functions, too. To get the
coordinate representation a integration has also to be performed.

3.6 Invariants of minimal surfaces in AdS,, n > 3

In this section we will introduce a torsion quantity 7" and a further quantity
C. T encodes the curvatrue of the normal bundle of the surface. Both quan-
tities will prove to be invariant under both transformations on the normal
space and isothermal reparameterization of the surface. With these quan-
tities we will retrieve (together with the Gauss equation) an equation that
relates scalar curvature to the torsion 7" and C.

3.6.1 The torsion quantity

Examining the last equation of (87) we see that the right hand side has the
structure of a field strength corresponding to the gauge field A7. Thus we
define

T=———e"Petr(Fy 5, 254
8|detg|€ € I'( 8 Mv) ( )
in conformal coordinates we find with (87)
1
T = 56—2%1«(1?2) = e ((agu”)® — (@,u") (upu®)) (255)

This quantity is invariant (for a brief proof see appendix 6.6). Together with
gauss equation (first line in (87)) and the equation for the scalar curvature
(101) we find

0 =R+ 2=+ 2e 2/ (a%,) (ubuy) + Tete (256)
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C = e ('Uq) (uPup) (257)

For timelike surfaces T' < 0, while T" can have both signs for spacelike sur-
faces. All cases that we excluded in the last chapters (when at least @;i’ = 0
or w;u' = 0) are described by C' = 0. However, C'is also an invariant quantity
and positive semidefinite for spacelike minimal surfaces.

It is very interesting to ask, how many gauge invariant scalar parameters are
encoded within F; ;. The trace of F? leads to one. Despite its interpretation
as a field strength, F' is also just a function on the two vectors u’ and 4. So all
invariants that come from F; ; have to be functions of these two vectors. The
three possible scalar products are the only invariants under transformations
on the normal space, that can be constructed. Two of them are conjugate in
the spacelike case. But the overall computation leads to three real parame-
ters. Now we have to multiply certain powers of e™® in order to obtain an
invariant expression. But only the product (u'u;)(@/i,) can lead to an in-
variant. So the only two invariants are e 2*(u'y;) and C' = (u'u;) (@ u;)e .
Equivalently 7" and C are the only invariant scalars of outer geometry. Over-
all we have three independent quantities that characterize a minimal surface
in AdS,,. The gaussian curvature R(z) describes the whole inner geometry
of the surface at a given point. The outer geometry has two scalar quantities
- C(z) and T'(z). These three quantities are related with

(R+2)°

C="

-T (258)
This equation is very remarkable. Normally quantities of inner and outer
geometry are not related in this manner. The relation comes from the fact
that we are dealing with minimal surfaces here which gives a relation to the
outer geometry, as minimality is an obstruction for the second fundamental
forms which is an inherent feature of this formalism.

We also get a necessary condition for two minimal surfaces inside Ad.S,, being
equal. Given two functions of z R(z, Z) and T'(z, Z) we can via (258) compute
C(z,z). Then we have a complete set of invariants.

We also remark that these invariants are quite comfortable to calculate if
we have an explicitely given minimal surface. To calculate quantities in
our formalism you would normally start to calculate the normal vectors
{By,...,B,_1} in every point of the surface which can be quite difficult.
This is not necessary if we are only interested in the invariant quantities.
At first we need the conformal factor of the metric to calculate R. Then we
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start to calculate two vectors u and @ by setting

u

00Y — propy (00Y) — pry (00Y) (259)

00Y — prpy (00Y) — pry (00Y) (260)

U

Here pry,, denotes the projection. Now we construct the scalar products
and multiply with e®. The scalar products are computed with the metric
in RG»=Y_ This is possible because the metric on our normal space is the
induced metric from R®"~1 . However, these vectors u and @ cannot be used
in any other sense in this formalism as they are not given in an orthonormal
base of the normal space.

3.6.2 Exceptional case C'=0

For this case we have
0=R+2+2VT (261)

Let us first consider timelike surfaces. Here we know that 7' < 0 and so we
have T'= 0. Thus R = —2. From the definition of C' we also see that there
are two possibilities. If @;u’ = u;u’ = 0 the surface is a geodesically embed-
ded AdS,; C AdS,. There is however the possibility that either u; or wu; is
not zero. In this case the surface is an AdS,; C AdS,, but not geodesically
embedded.

For spacelike surfaces and if T' = 0, the surface is a hyperbolic plane embed-
ded in AdS,, with R = —2. If T' # 0 it follows by (258) that 7" > 0. In this
case we can formulate an even stronger equation and have

0=R+2+2VT (262)

which will be done in the appendix 6.7. Here we see that in the exceptional
case there are no flat minimal spacelike surfaces in AdS, because setting
R = 0 and taking T" > 0 is a contradiction. We can even conclude that for

all spacelike exceptional (which both are invariant attributes) the curvature
has to be R < —2.
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4 The generic problem

In [AMO09b] the authors calculate a regularized area of the eight cusp solution
without reconstructing the surface explicitely. However they restrict them-
selves to a surface that is embedded in an AdS3 C AdSs subspace. In the
four cusp case it was possible to reconstruct the generic four cusp case via
certain SO(2,4) transformations. But if we increase the number of cusps we
also increase the number of conformally invariant parameters of the configu-
ration on the conformal boundary. Therefore it is not possible to reconstruct
the generic eight cusp case in AdS5 from one given solution. In this section
we will first count the number of invariant parameters. Then we will outline
the results given in [AMO0O9b].

4.1 Conformal invariants

We want to characterize a scattering process in R4® with SO(1, 3) invariant
quantities. To give a m-cusp configuration on the conformal boundary, we
have n vectors with 4 components each. Because the whole configuration has
to be closed, we are left with 4(n — 1) parameters. Every vector is lightlike so
the number is reduced to 4(n — 1) —n. We are looking for SO(1, 3) invariant
parameters. So we end up with

#M =4(n—1)—n—6=3n— 10 (263)

lorentz invariant quantities to characterize a generic n cusp configuration on
the conformal boundary of AdSs. For the four cusp case we see that we need
2 quantities to characterize the configuration - s and ¢.

The conformal group O(2,d) on the conformal boundary has er)zw =15
generators. 6 generators belong to a SO(1,3) subgroup, so they do not
change the invariant quantities. The four translations also do not change the
configuration. So there remain five generators in the conformal group that
change the invariant parameters. So for n > 5 we surely cannot reconstruct
the generic case from a single solution via conformal transformations. In the
N = 5 case we have 15 — 10 = 5 independent scattering parameters. So
it might be possible to reconstruct the generic case from a single solution.
In [Mey09] the author shows that in the 5 cusp case it is at least locally
possible to reconstruct the generic case out of a single solution via conformal
transformations, i.e. that the functional determinant of the transformation
is nonezero.
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4.2 The octagon

Throughout this thesis we dealed with minimal surfaces inside AdS,, using
a Pohlmeyer reduction. In [AM09b] and [AM09a] Alday and Maldacena use
an analogous formalism for the AdS3 case. They are able to calculate the
area in the octagon case in AdSs3. This is remarkable as they are able to give
this result without explicitely solving the problem. As this is a significant
progress we will summarize their results in this chapter. They use almost
the same variables and vectorfields. For a better comparison we will adopt
their notation in this chapter. They introduce z = o +it, 0 = %(00 —i0;)
and the following basis frame in R(2?)

=Y =Y =Y q=N

264
G=-1 (@p)=2 G=¢G=0 ¢=1 (264)
Their definition of o, N and p is
a= 110 (1<8Y oY)
BT
e (265)

No=— Capeay "OY OY?
p=—2(N,00Y), p=2(N,00Y)

Basically, their vectorfield N corresponds to our B, in the AdSs; case and
their p corresponds to our uy which is a holomorphic function. The area of
the surface is then given by

A= 4/e2ad2z (266)

In the AdS; case the problem of integration of (76) is in general much more
simple because we can use the decomposition of SO(2,2) into SO(2,2) =
SL(2) x SL(2). Furthermore they use this fact to prove the behavior of their
solution for large z. They also find the analogon of our Sinh-Gordon equation
(182).

D0 — e**+ | p(2) P e =0 (267)

The main difference between their analysis and our calculations is that they
do not a priori introduce a conformal transformation on the surface in order
to achieve p? = p*> = 1. They consider p(z) to be an holomorphic function.
According to them p(z) is the only function or parameter in the calculation
that can carry information about the conformal boundary of the surface in-
side AdS3. As we mentioned before, the conformal transformation to achieve
p? = 1 is locally possible away from the zeros of p(z). So they assume that
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the information about the conformal boundary of the surface is encoded in
the zeros of the holomorphic function p(z). Of course it is possible to locally
introduce a w-plane by setting

dw = /p(z)dz (268)

This transformation leads to the real Sinh-Gordon equation.

DwOptt — e** + 729 G = — %logpﬁ (269)
However, the information about the zeros of p is not lost because the variable
w has branch cuts at the zeros of p. In their paper [AMO09b] Alday and
Maldacena use this w plane to study the behavior of the surface at large
| z |. In the case of the tetragon solution the planes w and z are identified
with each other. This solution is given by &« = & = 0 and p(z) = 1.

They argue that a polynomial of degree n — 2 should lead to a solution with
2n cusps. In the octagon case they take the polynomial p(z) to be

p(z) =22 —m (270)
They introduce 2% = 2° & 2! on the conformal boundary in Poincaré coor-
dinates and observe that only one coordinate changes when we go from one
cusp to the next. So there are four z; and four z; that define the cusps.
Out of these 7 they construct two conformally independent cross ratios x*.
Then they work out a relation between m € C and these two cross ratios y*
where x* only depends on the z7". The computation of the area is done via
an asymptotically approximation of the solutions of the Painleve III equation
for their &. The result is an expression of the regularized area of the octagon
solution with dependence on m.
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5 Conclusions and discussion

In this diploma thesis we examined minimal surfaces in AdS,, inspired by
the conjectured correspondence between certain gluon scattering amplitudes
and spacelike minimal surfaces with a lightlike polygonal boundary on the
conformal boundary of AdSs (see [AMO7]). We started to review the generic
tetragon solution and used an alternative regularization to calculate the area.
Our term for the expansion can be interpreted to be similar to an expression
that was given in [AldO8] for a cutoff in the radial direction of AdSs with
a cutoff parameter that is a function of the coordinates on the conformal
boundary.

Then we developed a Pohlmeyer reduction for minimal surfaces in AdS,
in a similar way we did in [DJWO09] and extended the results. We were
able to treat both timelike and spacelike minimal surfaces simultaneously.
Using this formalism we showed that the Gauss-, Codazzi-Mainardi- and
Ricci- equation for minimal surfaces appear as integrability conditions in the
formalism. Further we proved that there is a bigger variety of flat timelike
minimal surfaces in AdS,, than in the spacelike case. This is due to the fact
that the corresponding pp term can have both signs in the timelike case.
Further we showed that every spacelike flat minimal surface in AdS,, is (a
part of) a surface that is obtained from the tetragon solution with isometry
transformations of AdS,. So necessarily all further minimal surfaces that
correspond to other scattering amplitudes are nonflat. We also derived the
differential equations for spacelike and timelike minimal surfaces in AdSs,
AdS, and AdSs;. We also noticed that there are no spacelike minimal surfaces
inside AdSs that have a scalar curvature R > —2. Further we were able
to describe all constantly curved timelike minimal surfaces with two free
functions. In the timelike case it was also possible to do a complete gauge
fixing for timelike minimal surfaces for every dimension.

For every dimension n > 3 we found two invariant scalar quantities C' and
T that describe the outer geometry of minimal surfaces. They are connected
to the scalar curvature with a simple algebraic equation.

(R+2)?

C="

T (271)

This is remarkable because normally invariants of inner and outer geometry
are not related in this way. The relation derives from the minimality condi-
tion which on one hand is a critical point of the area functional but on the
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other hand also an obstruction for the second fundamental forms.

We introduced the term “exceptional” surface for the case where C' = 0 and
further showed that every spacelike exceptional minimal surface in AdS,, has
a scalar curvature R < —2. The invariants are also comfortable to use as
they can be calculated easily for a given minimal surface.

In the last chapter we added some notes on the conformal invariants of an ar-
bitrary lightlike n-gon in the four dimensional Minkowski space and sketched
the new results in [AM09b] where the authors use a similar formalism for
AdSs.
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6 Appendix

6.1 Proof that the one cusp solution is a minimal sur-
face

We now explicitely verify that this solution satisfies the equation of motion
for the Nambu-Goto action (23).

d oc d oc oc

droir o0z dar
A dot refers to the derivative with respect to 7 and a prime refers to the
derivative with respect to o. The Lagrangian Density L is simply the inte-
grand from the action

1
L= —\/—(—:'cg + a3 4+ 72)(—af + 2P +172) + (—whio + 2y dy + 1772

r2

(273)
We will evaluate the equation of motion for every u € {0, 1,2} and we start
with p = 0.

(272)

oL o 1‘1/21“0 - l‘o/l'l/lii'l + 7’/21'0 — ’r’/l‘ol’f’
Oto  r2y/—(—43 + 22 + 72)(—a@ + 22 + 12) + (—x)F0 + 2} 31 + 1'7)?
cosho .
2e”
oL o —l‘lllii'ol"l — ’f’/l"()’l‘“ + l'()/l"% + 1'0/7;2
;7 B B B B B B
Oxg 2/~ (=i + 2 + 72)(—a@ + 2 +12) + (—x)d0 + 2} 31 + 1'7)?
sinh o .
= — )
2e”

Now it follows that
d oL d 9L cosho. cosho.

— = 4 — = i — 1=20
dr 0tqg  do dxy’ 2eT 2eT
For p = 1 we obtain
oL o —Z'Q/Il/i'o + 1’0/21'1 — T/2Zi3'1 + xllr’f’
Ot r2y/—(=43 + 22 + 72)(—a@ + 22 + 12) + (—x)d0 + 2} 31 + 1'7)?
sinho |
= )
2eT
oL o —l‘oli'oi‘l + T/Zii'lf’ + l‘l/lil'g - 1’1/7;2
Ox1' 2/ —(=ik + 22 + 72)(—a@ + 2 +12) + (—x)d0 + 2} 31 + 1'7)?
cosho
= )
2eT
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And again, it turns out that
d oL d 9L  sinho. sinho.

a9~ ° - _ -0
dr 01, +da oxy’ 2eT rr 2eT !

The last remaining case p = 2 is the only case where the Lagrangian density
explicitly depends on .

oL _ _2\/_(_553 + @2+ 72) (—xf + 22 4+ 1r?) + (—xpdo + 2hd + r'7)?

or r3

— l
V2er
oL —.I'O/T/j}o + $0/27; + I‘ll’f’,j?l - l’llz’f’)

OF 2/ —(—i3 + @2 + 72)(—a@ + a2+ r2) + (—xhdo + @)dy + )2

= ?
V2er
oc r'id —r'i? — xyior + my 217
Or' 2/ =(=ig + i + ) (—af +af +17) + (—apdo + 2ydn +177)?
=0

Finally, we have

doL doL oL 1, ., 1,
dr or  door’  Or /2T V2er

So we see that (22) actually is a solution of the equations of motion.

6.2 Proof that the tetragon solution is a minimal sur-
face

We verify that (31) solves the equations of motion.

d ocC d ocC oL

e, 0(0van) | das 0(Oper) O\ (274)
The action we are using here is
iA =
/d:cldxg V14 (0ir)* + (0ar)* — (81930)27; (0210)2 — (17O — Doy )2
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For € {1,2} this is automatically true. So let us consider p = 0.

8(2?:60) = r2\1/y((017°82x0 — Oar010) O — 017
P
(1—a3)?
O(gfxo) = T2\1/Y(—(817“82z0 — Oar010) 017 — Do)
(1—af)?

Here
X=1 —+ (817“)2 + (027’)2 — (81113'0)2 — (021’0)2 — (817’021’0 — 027’011'0)2

So both total derivatives vanish and the equation of motion holds. The last
remaining case is p =3, at =r.

oL VX 2

o A - )

oL 1
8(817’) = Tz\/y(_(alraﬂ:o - a2"6811'0)021’0 + 017’)
T

(1 -a3)/T - - 3)
((817’821’0 — 827”81560)81370 + 82T>

T2

(1= 2)V/(1 —23)(1 - 23)

3

o 1
0(0r) 12X
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So we have

d oL N d oL oL
dzy 0(01r)  dzy 0(0er)  Or

—1 3
1-)VA-D1-1) JI-DH-D)
1 x3
-V -8) JI-D-2)
-+ 2 3
N

=0

So this is really a minimal surface as stated above.

6.3 Boosted tetragon solution

We proof that (35) is connected with (34) via a SO(2,3) transformation.
The (35) solutions depends on a and b. Setting a = 1 and b = 0 retrieves the

surface (34). First we apply the relation (18) on (34) and find

cosh u; cosh us
sinh w4 sinh us
X (uy,uz) = | sinhuy cosh ugy
cosh uy sinh us
0

Further we can show that

(l+a2) cosh w1 cosh ug —(a2 —1)bsinh uq sinhuo

2a
V1 + b2 sinh 1 sinh uy

A B X (uy,ug) = sinh u; cosh us
cosh u; sinh us
—(az—l) cosh w1 cosh ug+(a2+1)b sinh w1 sinh us
2a
with
k0 0 0 5= 1 0 00 0
0O 100 O 0 1+062 0 0 b
A= 0O 010 O B=10 0 1 0 0
0O 001 O 0 0 01 0
L& 00 0 &2 0 b 00 VIite?
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But applying the relation (18) we see that (276) is exactly (35). But A, B €
SO(2,3). So (35) is the image under a SO(2,3) transformation from (34),
as stated above.

6.4 Dependence of s and ¢t on a and b

We are considering the boosted tetragon solution

a
"= cosh uq cosh us + bsinh uq sinh us
B av/'1 + b2 sinh u; sinh us
Ho = cosh u; cosh us + bsinh uq sinh us (278)
B a sinh uq cosh us
= cosh uy cosh ug 4 bsinh u; sinh uy
a cosh uq sinh us
Y2 =

cosh uq cosh us + bsinh uq sinh uo

In Poincaré coordinates we approach the conformal boundary for r — 0. So
if either u; or us goes towards +oo we approach the conformal boundary.
Thus the four cusps of the tetragon are given via

1. u; — oo and uy — ©

In this case we find

av14b? a a

= = = 279
PETIT M rre P (279)
2. u; — oo and uy — —00
This yields
av'1+ b2 a a
_ - = 2
Yo b—1 1 1—b Y2 b—1 (280)
3. u; — —oo and uy — 0
We find
a1+ b2 a a
_ - — 281
Yo b—1 1 b—_1 Y2 1-b (281)
4. u3 — —oo and uy — —o0
Finally, we have
av'1+ b2 a a
e L = — = — 282
PETTTE MT T T 1o (282)



So these four points are the corners on the conformal boundary of AdS;.
Here it is easy to see that the vectors (the four momenta) that join two
consecutive corners are lightlike. The four momenta are

_ 2aV1+b2 _ 2aV1+b2
Sub ! "5
_ a _ _ _2a
P12 - 2—_1 P13 2—1

2a 2ab
b2—1 b2—1
(283)

_ 2aV1+4b2 _ 2aV1+4b2
b;—bl g2—1
Py=1 —-g% Py = e
2a _ 2ab
b2—1 b2—1

Here P;; means the coordinates from corner ¢ minus the coordinates from
corner j. So the mandelstam variables are

- 2 8a?

s(2m)" = (Pra + Puy)” = o1y

t(27r)2 c= (P + P14)2 = (bé_%fl)z (284)
s (b+1)
t (b—1)

which is the result (36).

6.5 Proof of the uniformly convergence

Here we show how to calculate the integral

2 2 —u
Aerr z(e) (\/0052(%—5) -1+ \/COS2(%_E) N 2) e

= lim duy log

8 e—0 S S 2 1 k2
0 cosQ(g——s) cosh® uy n Cosz(% >, +sinh® uy
cosh? uq +sinh2 u; cosh? uj+sinh? uq

(285)

e g . The correct way would be
2

with z(e¢) = ArcCosh (\/% + 34/ — 1
to calculate the integral for all € and then take the limit ¢ — 0. However this
turns out to be difficult. So we label the € in the upper integration boundary
with € and the € in the integrand with e;. If we call the integrand I(uq, €)

we have

ABTT‘ m(€1)
= lim lim
8 €1—0e3—0 0

dU1[<U1, EQ) (286)
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Now we would like to take the limit e — 0, integrate then and finally take
¢; — 0. For this procedure to be correct we have to verify that the integrand
converges uniformly.

1
lim0 I(uy, €) = 3 log (1+e™™) =: I(uy) (287)
€2 —>

Now we show that this convergence is uniformly. Therefore we have to show
that

lim Sup,, c(0,(c,)) | (I(u1, €2) = I(u1)) [= 0 (288)

ea—0

By direct inspection we see that | I(uq,€2)—1(uy) |= I(u1)—1I(ug,€). Further
this term is monotonely falling and therefore

SUDy, e(0,0(er)) | (1(u1, €2) — I(u1)) |[= 1(0) — I(0, €2) (289)
But the limit
lim (1(0) — 1(0, €2)) (290)
€Q—>

is 0. That means that we can first take the limit e; — 0 and integrate then.

6.6 Proof of the invariance of T and C

First, let us consider transformations on the normal space. A matrix A €
SO(1,n—3) or A € SO(n — 2) acts on the normal space

Uy — Al (291)

So every scalar product on the normal space is invariant under this action.
However, it is not invariant under conformal reparameterization of the sur-
face. We already mentioned that if we reparameterize the parameter space
with a holomorphic function z — h(z) we find

u; — u;(Oh)?

__ 292
Under this reparameterization the metric transforms
e* — e* | Oh |? (293)

So the following combinations are invariant : (u'w;)e™?* and (u'u;)(a/u;)e*.
But the right hand side of (255) is constructed out of invariant quantities thus

T and C are invariant.
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6.7 Proofof 0 = R+2+2v/T in the exceptional spacelike
case for T'# 0

Because we are examining the exceptional case C' = 0 here. We start with
the equation for the curvature together with the Gauss equation.

R = 27000 = —2(u"ti,e” > + 1) (294)
So we have for C = 0
R+ 24 2uti,e™® = R+2+2VT =0 (295)

as stated above.
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