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Abstra
tIn this diploma thesis the proposal for evaluating the expe
tation value of Wilson loops in theAdS/CFT 
orresponden
e will be 
onsidered. Many physi
al observables related to the quarksdepend on how the strings, whose endpoints on some probe branes represent the quarks, areembedded in 
ertain ba
kgrounds. Using this pres
ription, quantities like stati
 interquarkpotential, s
reening length, drag for
e and jet quen
hing parameter 
an be determined. Twoba
kgrounds are of spe
ial interest in this work, one ba
kground dual to N = 2 SYM and theLorentz-boosted AdS bla
k hole ba
kground dual to N = 4 SYM at �nite temperatures. Thelatter ba
kground is used as an approximation to explore some interesting properties of theQuark-Gluon-Plasma.This thesis primarily 
on
erns the possible dependen
e of the above mentioned observableson various quark orientations inside the internal spa
e (S5). It was found that the relative S5-angle of a quark and an antiquark has strong in�uen
e on their stati
 potential and the relateds
reening length but it does not 
hange the 
on�nement behavior, and the drag for
e relatedto a moving single heavy quark in a QGP is independent from its various internal orientations.For 
omparison with QCD a method to average over all relative S5-angles is proposed.Keywords: AdS/CFT 
orresponden
e, Wilson loops, Quark-Gluon-PlasmaInhaltsangabeDiese Diplomarbeit untersu
ht das Konzept zur Bestimmung der Erwartungswerte von Wilson-S
hleifen in der AdS/CFT Korrespondenz. In dieser Bes
hreibung werden Quarks dur
h dieEndpunkte des Strings auf Testbranen dargestellt, so dass viele Quarks-spezi�s
he Messgrössendavon abhängen, wie der String in vers
hiedenen Raumzeiten eingebettet ist. Von beson-derem Interesse für die vorliegende Arbeit sind dabei ein zu einer N = 2 SYM Theorie dualerHintergrund, sowie der als AdS S
hwarzes Lo
h genannte Hintergrund. Letztere Raumzeitwurde als Approximation gewählt um einige sehr interessante Eigens
haften des Quark-Gluon-Plasmas studieren zu können. So ist es mögli
h, mittels der bes
hriebenen Methode physikalis-
he Grössen wie statis
hes Quarkspotential, S
reening-Länge, die sogenannte Drag-For
e undJet-Quen
hing-Parameter zu bestimmen.Der S
hwerpunkt dieser Diplomarbeit liegt dabei auf der Untersu
hung einer mögli
henAbhängigkeit der obengenannten Messgrössen von vers
hiedenen Quarkorientierungen im S5-Raum. Es wurde festgestellt, dass der relative Winkel zwis
hen einem Quark und einem An-tiquark grossen Ein�uss auf das statis
he Interquarkpotential und die dazugehörende S
reening-Länge hat. Für das eventuell vorhandene Con�nement-Verhalten sowie die Drag-For
e bezügli
heines einzelnen bewegten s
hweren Quarks konnte jedo
h keine Abhängigkeit von der S5-Orientierung na
hgewiesen werden. Um Kontakt mit QCD knüpfen zu können, wurde eineMittelungsmethode über allen relativen S5-Winkeln vorges
hlagen.S
hlüsselwörter: AdS/CFT Korrespondenz, Wilson-S
hleifen, Quark-Gluon-Plasma
ii
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1. Motivation and Introdu
tionThe strong intera
tion between the quarks des
ribed by ex
hanging of gluons is gov-erned best by quantum 
hromodynami
s (QCD). The well-known running 
oupling hasthe profound 
onsequen
e that the intera
tions be
ome weak at short distan
es, whi
h isknown as asymptoti
 freedom, and strong at large distan
es, whi
h leads to 
on�nementof 
harges. QCD theory has been tested and 
on�rmed with su

ess in high energyexperiments and at low energies, where the theory is non-perturbative, latti
e 
al
ula-tions provide strong eviden
es for the 
orre
tness of QCD, but there still seems to la
ka satisfa
tory des
ription for 
on�nement. Currently there are many indi
ations thatstring theory might be useful to des
ribe the strong intera
tions in the non-perturbativeregimes of QCD.String theory arose in the late sixties in an attempt to des
ribe the strong nu
lear for
ewhi
h binds the quarks together. This was motivated from experimental data relevantto hadroni
 s
attering whi
h provided an apparently in�nite tower of resonan
es withmass and angular momenta related by
J ≈ α′m2

J ,where α′ ≈ 1GeV −2 is the Regge slope. This relation emerges naturally from 
onsideringa rigid rotating string with 
onstant string tension proportional to 1/α′ [1℄. But thisbosoni
 string theory su�ered from several unphysi
al features, the absen
e of fermions,the presen
e of a ta
hyon and spin-2 parti
les, and it is only 
onsistent in 26-dimensionalspa
etime. Due to these di�
ulties and the in
orre
t predi
tion of the theory at highenergies, the theory was abandoned and taken over by QCD in early seventies. Duringthe seventies supersymmetry has been built into string theory to form the superstringtheory, whi
h is free of ta
hyons and 
onsistent in ten-dimensional spa
etime [2℄. Thetheory 
ontains massless spin-2 ex
itations and has been regarded as a 
onsistent the-ory of quantum gravity. Due to the dis
overed 
onne
tion between superstring andsuper-Yang Mills theory in the late nineties [6℄ 
alled the AdS/CFT 
orresponden
e,the relation between string theory and strongly intera
ting world of hadrons has beenre
onstru
ted.The AdS/CFT 
orresponden
e [6℄, for reviews see e.g. [7℄[8℄, relates type IIB stringtheory on AdS5 × S5 spa
e-time (AdS) and N = 4 super
onformal Yang-Mills (SYM)theory living on the 
onformal boundary of AdS whi
h is the 4-dimensional Minkowskispa
e. Taking the 't Hooft limit [5℄ �rst and then the Malda
ena limit (de
oupling orlow-energy limit) [6℄, the 
orresponden
e des
ribes a weak/strong 
oupling duality. Inthese limits, type IIB string theory is approximated to type IIB supergravity (low energy)and N = 4 SYM des
ribes the strongly 
oupled N = 4 SYM theory in the large N limit1



1. Motivation and Introdu
tionwhere N denotes the number of 
olors. The 
orresponden
e 
onje
tures the existen
e ofmaps that identify parameters and 
orrelation fun
tions of both theories, thus makingthe two theories as two di�erent des
riptions of the same theory. Hen
e, if a physi
alobservable is hard to 
ompute in one theory, the problem might be solved more easilyusing the dual des
ription.In �eld theory the stati
 quark antiquark potential 
an be obtained from the expe
-tation value of a Wilson loop having a re
tangular 
ontour C with the temporal sides Tmu
h larger than the spatial sides L representing the separation between heavy quarkand antiquark [12℄. Con�nement o

urs if the so-
alled area law holds, whi
h basi
allystates that the expe
tation value giving the stati
 interquark potential is proportional tothe area of the loop. A pres
ription how to evaluate 〈W [C]〉 using the dual string pi
turewas proposed in referen
es [13℄[14℄. There, the quarks are represented by fundamentalstrings ending on the boundary of AdS. The quark mass is asso
iated to the string lengthand depending on the string orientation, the string endpoint at the boundary 
an beseen as quark or antiquark. Hen
e, a quark pair representing a meson is thought to bethe string with both endpoints on the boundary. The authors of [13℄[14℄ proposed theWilson loop to be de�ned by this open string and its expe
tation value is given by thestring minimal world-sheet ending on the loop C at the boundary of AdS5×S5 . In lead-ing order, the potential 
an be extra
ted from the minimal surfa
e found by extremizingthe Nambu-Goto a
tion. The result des
ribes a potential of 
oulombi
 type [13℄[14℄,sin
e the dual �eld theory is a 
onformal one and hen
e does not show 
on�nement.After the proposal of the 
orresponden
e, an impressive amount of work has beentaken to understand and extend these ideas with the ultimate aim to �nd a gravity dualba
kground to QCD. The te
hnique presented in [13℄[14℄ 
an serve as a �rst 
he
k toexplore the 
on�nement property of the ba
kground. As a �rst step to this dire
tion,the temperature was introdu
ed into the ba
kground to break the 
onformal and su-persymmetry of the theory. This is realized by 
ompa
tifying the Eu
lidean time on a
ir
le with periodi
 boundary 
onditions [16℄. Utilizing this idea, expli
it 
al
ulations in[17℄[18℄ showed that at �nite temperature the quarks potential still has the Coulomb-behavior, however, only up to some 
riti
al separation before it vanishes. The 
al
ulationof Wilson loop along two spa
e dire
tions at �nite temperature 
an be found in [19℄, theresult exhibits 
on�nement and was interpreted as the potential of the 3-dimensionalpure Yang-Mills theory whi
h is the limit of the dis
ussed 
ases in [17℄[18℄ at in�nitetemperature. A general setup for determining the potential was 
onstru
ted in [20℄ andwas applied for several models. A theorem that determines the leading behavior of the
lassi
al potential for a generi
 metri
 was proven, in parti
ular a 
orollary of this the-orem states the su�
ient 
onditions for the potential to have a 
on�ning nature. Some
orre
tions to the leading order of the potential in 
ertain ba
kgrounds 
an be found in[21℄[22℄[23℄.2



Along the line of development, the te
hnique to obtain the potential has been appliedfor most known dual ba
kgrounds whenever the metri
 
an be given in expli
it form.Some of the ba
kgrounds whi
h have dual non-
onformal �eld theory with less symme-try have been found, e.g.: the ba
kground in [24℄ des
ribes a supersymmetri
 solutiondual to N = 2 SYM and the potential exhibits 
on�nement at large quarks separationdistan
es; 
on�ning potential has also been found for some ba
kgrounds dual to N = 1�eld theories [25℄; and the ba
kground des
ribed in [26℄ shows 
on�nement and stringbreaking at some 
riti
al distan
e.Re
ently, experimental results from the Relativisti
 Heavy Ion Collider (RHIC) in-di
ated the existen
e of a new state of strongly intera
ting matter at extremely hightemperatures and densities 
alled Quark Gluon Plasma (QGP) [33℄ where the quarksand gluons are no longer 
on�ned in hadrons. This medium is 
reated in Au-Au 
ollisionat velo
ity 
lose to c. Some observed phenomena like suppression of heavy mesons andenergy loss of a single quark are related to the expe
tation value of the Wilson loop.Using latti
e QCD to study QGP, one en
ounters the di�
ulty that quarks and mesonsare produ
ed with some initial velo
ity relative to QGP. The dual gravity des
ription
an solve that problem in a natural way, namely by boosting the ba
kground, thus thisstrongly 
oupled medium might serve as an ideal testing ground for the AdS/CFT 
or-responden
e. Sin
e there exists no known gravity dual ba
kground to QCD, the AdSbla
k hole metri
 dual to N = 4 at �nite temperature was used as an approximation,sin
e there are good reasons that the two theories might share 
ommon properties underthese extreme 
onditions [38℄ .Theoreti
al analyzes making use of the AdS/CFT 
orresponden
e for evaluating theshear vis
osity of the N = 4 plasma [34, 35, 36℄ have 
on�rmed the 
onje
ture that thishot nu
lear medium behave like a nearly perfe
t �uid, an e�e
t whi
h was 
on
ludedfrom measurements of �ow parameters [33℄. The resulting value for the vis
osity seemsto obey a universal law [36℄ and is well 
ompatible with the values for QGP found atRHIC, thus this su

ess motivates the use of AdS/CFT 
orresponden
e to study furtherproperties of the plasma.Sin
e then there have been many AdS/CFT 
al
ulations, e.g. to determine thevelo
ity-indu
ed suppression of the s
reening length beyond whi
h quarkonium boundstates disso
iate [37℄[39℄. The result is obtained from evaluating the stati
 quarks po-tential using gravity dual des
ription in a boosted AdS bla
k hole ba
kground. Theinvestigation on the dependen
e of the s
reening length on the relative plasma winddire
tion and the 
hemi
al potential have been 
arried out in [40, 41, 42℄. Anotherphenomena observed at RHIC are mono-jets and the suppression of ba
k-to-ba
k jets
ompared to the 
ase of proton-proton s
attering whi
h 
an be explained by the energyloss of heavy quarks moving in the N = 4 SYM plasma [43℄. The jet quen
hing pa-rameter des
ribing the energy loss 
an be obtained from the expe
tation value in theshort distan
e limit of the 
losed light-like Wilson loop in the adjoint representation [44℄.Another approa
h to determine the jet quen
hing parameter 
omes from 
onsidering the3



1. Motivation and Introdu
tionmotion of a single heavy quark moving in the N = 4 SYM plasma [46, 47, 48℄ whi
halso underlies the 
on
ept of the AdS/CFT 
orresponden
e.This diploma thesis mainly 
on
erns the 
omputations of the Wilson loops via stringworld-sheets in 10-dimensional ba
kgrounds where an additional degree of freedom isswit
hed on. This allows the string to move in the internal spa
e whi
h for the to be
onsidered ba
kgrounds is given by the S5-part of the metri
. The string endpointsrepresenting quark and antiquark at the boundary 
an have di�erent positions on the
S5, so the string 
onne
ting the quarks des
ribes a 
urve inside the internal spa
e. Thereseems to exist only a few papers dis
ussing on the potentials [13℄[22℄[28℄[29℄ where theinternal orientation of the Wilson loop is not kept �xed along the re
tangular 
ontour.The reason not to turn on the relative orientation of the quark and antiquark is theabsen
e of any interpretation of su
h degree of freedom in QCD. However, when studyingsupersymmetri
 Wilson loops [13℄[31℄[32℄, the 
orrelation between the loop 
ontour inMinkowski spa
e and the 
ontour on S5 is not trivial.In this thesis the 
al
ulation of Wilson loops will in
lude the relative S5-orientationbetween the quark and antiquark for the N = 2 dual ba
kground [24℄ and the Lorentz-boosted AdS bla
k hole ba
kground [16℄[37℄. Possible dependen
e of the potential, 
on-�nement behavior, s
reening length, drag for
e and jet quen
hing parameter on therelative S5-angle will be 
onsidered.The thesis is organized as follows:In 
hapter two there will be a brief review of some main ideas of the AdS/CFT 
orre-sponden
e [7℄[8℄, the Wilson loops in �eld theory will be introdu
ed and the te
hniquehow to evaluate the expe
tation value of Wilson loops using AdS/CFT [13℄[14℄ will bepresented.In 
hapter three the te
hnique applied to the AdS5 × S5 metri
 [13℄ will be reviewed,the result for the potential extra
ted from the ba
kground dual to N = 2 [24℄ willbe examined and extended by swit
hing on the relative orientation of the quarks. Aproposal on averaging over all relative angles [60℄ will be introdu
ed, a short summaryand dis
ussions on 
on�nement behavior and 
on
avity [28℄ of the potential 
an be foundat the last se
tion.In 
hapter four some properties like the s
reening length [37℄, drag for
e [47℄ andjet quen
hing parameter [38℄ [44℄ related to a massive single quark and heavy mesonsmoving in QGP will be 
onsidered. In ea
h 
ase the internal orientation of quarks willbe swit
hed on. Dis
ussions on the results are atta
hed at the end of ea
h se
tion.A short summary of the results and the outlook are given in the last 
hapter.
4



2. AdS/CFT Corresponden
e and the Wilson Loops2.1. The Corresponden
eIn this se
tion the 
orresponden
e between a gauge theory that arises at low energieson a sta
k of N 
oin
ident D3-branes and a type IIB superstring theory in a 
ertainspa
etime ba
kground will be des
ribed. Here we follow 
losely the referen
es [6℄[7℄[8℄.2.1.1. The Conje
tureThe AdS/CFT duality was 
onje
tured by Malda
ena [6℄ and originally states that
N = 4 U(N) SYM theory in 3+1 dimensions des
ribes the same physi
s as type IIBstring theory on an AdS5×S5 ba
kground, where AdS5 is �ve-dimensional anti-de Sitterspa
e and S5 a �ve-sphere.The N = 4 SYM theory is a gauge theory with one gauge �eld Aµ, four Weyl fermions χaand six real s
alars φi, all in the adjoint representation of the 
olor group. Its Lagrangian
an be des
ribed by [8℄
S =

1

g2
Y M

∫

d4x Tr
(1

4
FµνF

µν +
1

2
(Dµφi)

2 +
1

2
χ̄a /Dχa −

1

2
χ̄a[φi, χa] −

1

4
[φi, φj][φi, φj]

)

.(2.1)It is a 
onformal �eld theory (CFT) with vanishing beta fun
tion. The theory has twoparameters, the number of 
olors N and the gauge 
oupling gY M . When the number of
olors is large, the perturbation theory is 
ontrolled by the so 
alled 't Hooft 
oupling
λ ≡ g2

Y MN .The type IIB string theory is a superstring theory, whi
h 
ontains a �nite number ofmassless �elds, in
luding the graviton, the dilaton and the Kalb-Ramond antisymmetri
2-form. Furthermore it 
omprises of the fermioni
 superpartners and an in�nite numberof massive string ex
itations. This theory has two parameters, the string 
oupling gsand the string length ls =
√

α′ where α′ is the slope parameter. In the low energy limit(long-wavelength limit), when all �elds vary over length s
ales mu
h larger than ls, themassive modes de
ouple and one is left with type IIB supergravity in 10 dimensions. TheLagrangian for this theory 
an be des
ribed by [8℄
SSUGRA =

1

16πG(10)

∫

d10x
√−g e−2ΦD (R + 4 ∂µΦD ∂µΦD + · · · ) , (2.2)where G(10) is the ten-dimensional Newton's gravitational 
onstant, g the determinant ofthe metri
, R the Ri

i s
alar, ΦD the dilation �eld and the dots denotes 
ontributionsfrom some other �elds. 5



2. AdS/CFT Corresponden
e and the Wilson LoopsTo motivate the duality, let us �rst 
onsider the ex
itations around the ground stateof type IIB string theory in the presen
e of N 
oin
ident D3-branes in �at, ten dimen-sional Minkowski spa
e. Dp-branes are massive, 
harged obje
ts extending in p-spatialdire
tions whi
h are de�ned by the property that strings 
an start and end on them.The D stands for Diri
hlet, there are (10 − p − 1) Diri
hlet boundary 
onditions forthe string endpoint 
oordinates transverse to the brane and (p + 1) Neumann boundary
onditions for string endpoint 
oordinates parallel to the brane. The D3-branes are ex-tended along a (3+1) dimensional plane in ten dimensional spa
e time. The ex
itationsof the system 
onsist of open and 
losed strings, as displayed in Fig.2.1(a), in intera
tionwith ea
h other. Quantization of the strings leads to a spe
trum 
ontaining a massless
N = 4 ve
tor multiplet plus a tower of massive string ex
itations. Sin
e the open stringendpoints are atta
hed on the D3-branes, all these modes propagate in the four dimen-sional worldvolume of these branes. Similarly, quantization of 
losed strings provides amassless graviton supermultiplet plus a tower of massive string modes, all propagatingin �at, ten dimensional spa
etime.At energies smaller than the string s
ale 1/ls, where ls denotes the string length, onlymassless string states 
an be ex
ited. Intera
tions in gravity are determined by the valueof Newton's gravitational 
onstant whi
h in ten dimensions is given by [1℄

G(10) ∼ g2
s l

8
s = g2

s(α
′)4. (2.3)Taking the de
oupling limit, i.e. keeping the energy and all the dimensionless parameterslike the string 
oupling 
onstant gs and the number of 
olors N �xed while sending

ls → 0 (α′ → 0), the 
losed strings be
ome non-intera
ting. The intera
tions betweenopen strings are 
ontrolled by the N = 4 SYM 
oupling 
onstant g2
Y M ∼ gs, so the openstring massless states are governed by the low-energy e�e
tive Lagrangian of N = 4U(N) SYM theory [11℄ and the 
losed string massless states by the low-energy e�e
tiveLagrangian whi
h turns out to be that of type IIB supergravity. [2℄The 
omplete e�e
tive a
tion of the massless modes has the following form

Stotal = Sbulk + Sbrane + Sint + some corrections , (2.4)where Sbulk des
ribes the ten dimensional supergravity, Sbrane the physi
s on the world-volume of D3-branes 
ontaining the N = 4 SYM and Sint des
ribes the intera
tionsbetween the brane modes and the bulk modes. In the low energy limit Sint relating thebulk and the branes vanishes and there is no intera
tions between 
losed and massless�open� strings. In this limit Stotal is left with two de
oupled systems: the free gravityin the bulk; and a 
onformal �eld theory whi
h is known to be the pure N = 4 U(N)gauge theory in four dimensions.Next, let us examine the same limit in the se
ond des
ription where the low-energylimit 
onsists of fo
using on ex
itations that have arbitrarily low energy with respe
t toan observer in the asymptoti
ally �at Minkowski region (very far away from the branes).6



2.1. The Corresponden
e

(a) (b)Figure 2.1.: (a) Ex
itations in the presen
e of D-branes (b) Ex
itations in the bulk andnear-horizon region of D3-branesSin
e D-branes are massive 
harged obje
ts, they deform their embedding spa
e and aD3 brane solution [7℄[9℄ of supergravity is given by
ds2 = f−1/2(−dt2 + dx2

1 + dx2
2 + dx2

3) + f 1/2(dr2 + r2dΩ2
5) , (2.5)

F5 = (1 + ∗) dtdx1dx2dx3df
−1 ,

f = 1 +
R4

r4
, R4 ≡ 4πgsα

′2N .The D3- brane solution above is des
ribed by a ten-dimensional metri
, a self-dual �ve-form �eld strength F indi
ating a four-form potential, sin
e on general grounds a p-branewill be a sour
e of a p + 1-gauge potential. Be
ause gtt is non-
onstant, the energy Erof an obje
t as measured by an observer at a 
onstant position r and the energy Emeasured by an observer at in�nity are related by the redshift fa
tor
E = f−1/4Er . (2.6)From the point of view of an observer at r → ∞, there are two kinds of ex
itationsat the low-energy limit: the massless graviton supermultiplet propagating at the ten-dimensional Minkowski region (bulk region); and the whole tower of massive stringex
itations whi
h are sent 
loser and 
loser to r = 0 (near-horizon or throat region) anddue to the redshift appear to have arbitrarily low energy as seen by observer at in�nity,see Fig.2.1(b).As argued before, by taking the α′ → 0 limit while keeping the energy �xed, themassless parti
les propagating in the bulk be
ome non-intera
ting providing free gravity.Moreover, these modes also de
ouple from the modes in the throat regions, sin
e at lowenergies the wave length of these modes be
omes mu
h larger than the size of the throat7



2. AdS/CFT Corresponden
e and the Wilson Loopswhi
h is of order R and therefore 
annot enter this region. Similarly, the modes livingnear the D-branes 
annot es
ape to in�nity, sin
e otherwise they have to 
limb up agravitational potential. As a result, the 
on�guration is again well approximated by twode
oupled systems: free gravity in �at ten-dimensional spa
etime and intera
ting 
losedstrings in the near-horizon region, whose geometry for r ≪ R turns out1 to be that of
AdS5 × S5

ds2 =
r2

R2
(−dt2 + dx2

1 + dx2
2 + dx2

3) +
R2

r2
dr2 + R2dΩ2

5 . (2.7)Both des
riptions 
ontain a subsystem of free 
losed strings in �at spa
etime, so it istempting to 
onje
ture that N = 4 U(N) SYM theory in 3+1 dimensions is the sameas (or dual to) type IIB superstring theory on AdS5 × S5 [6℄.2.1.2. Mat
hing of Symmetries and ParametersMat
hing of symmetries In the last subse
tion a heuristi
 argument based on a lowenergy limit for the AdS/CFT 
orresponden
e has been introdu
ed. Let us now 
onsiderthe symmetry argument. The isometry group of AdS5 is SO(2, 4), and this is also the
onformal group in 3+1 dimensions [8℄. The isometry group of AdS5 
an be understoodby the fa
t that the �ve-dimensional anti-de Sitter spa
etime 
an be obtained by takingthe hyperboloid
−X2

−1 − X2
0 + X2

1 + X2
2 + X2

3 + X2
4 = −R2 (2.8)embedded in a �at six-dimensional spa
etime with the metri
 η = diag(−1,−1, 1, 1, 1, 1).

R is 
alled the 
onstant anti-de Sitter radius or sometimes the radius of the spa
etime.By a suitable 
hange of variables
r = X−1 + X4

v = X−1 − X4 =
R2

r
+

x2r

R2
(2.9)

xµ =
XµR

r
, µ = 0, 1, 2, 3and using the relations

dv =

(

−R2

r2
+

x2

R2

)

dr + 2
xr

R2
dx , (2.10)the indu
ed metri
 on the hyperboloid takes exa
tly the form of the AdS5-part of (2.7)

ds2
AdS5

=
r2

R2
(−dt2 + dx2

1 + dx2
2 + dx2

3) +
R2

r2
dr2 . (2.11)Thus this geometry has the symmetry group SO(2, 4). The 
oordinates xµ may bethought of as the 
oordinates along the worldvolume of the D3-branes and may be1The 1 in f = 1 + R4

r4 
an be negle
ted.8



2.1. The Corresponden
eidenti�ed with the gauge theory 
oordinates. At this point it is interesting to notethat the metri
 is invariant under the a
tion of the dilatation operator D : xµ → Λxµprovided that is a

ompanied by the res
aling r → r/Λ, where Λ is a 
onstant. Sin
e
N = 4 U(N) SYM des
ribes a 
onformal theory, it is also invariant under the a
tionof D. Hen
e, if the 
orresponden
e hold, that would mean that short-distan
e physi
sin the gauge theory is asso
iated to physi
s near the AdS boundary (r → ∞) and thelong-distan
e physi
s to the physi
s near the horizon (r → 0).In addition, the isometries of S5 form the group SO(6) ∼ SU(4) whi
h 
an be identi�edwith the R-symmetry of the N = 4 SYM theory. To be more pre
ise, after in
ludingthe fermioni
 generators required by supersymmetry, the full isometry supergroup of the
AdS5 × S5 ba
kground is SU(2, 2|4), whi
h is identi
al to the N = 4 super
onformalsymmetry group [8℄.Mat
hing of parameters In this paragraph the parameters entering the de�nition ofea
h theory and the map between them will be 
onsidered. The gauge theory 
an bespe
i�ed by the number of 
olors N and the 't Hooft 
oupling 
onstant λ = g2

Y MN . Thestring theory is determined by the string 
oupling 
onstant gs and the size of the AdS5and S5 spa
es, whi
h 
an be expressed by the same radius of 
urvature R. There is apre
ise relation between the 't Hooft 
oupling and the parameters on the string theoryside, namely
λ =

R4

α′2
= 4πgsN. (2.12)The number of 
olors N on �eld theory side appears on the other side as the �ux of the�ve-form Ramond-Ramond �eld strength through the S5, ∫

S5 F5 = N .In its strongest form, the 
orresponden
e is supposed to hold for arbitrarily values of
N and λ. Sin
e superstring theory on AdS5 × S5 is still not 
ompletely understood, itproves more 
onvenient to work with its low energy-limit, the supergravity des
ription.At �rst the so-
alled 't Hooft limit is taken whi
h 
onsists in keeping λ = g2

Y MN �xedwhile sending N to in�nity. In this 't Hooft limit, �eld theory reorganizes itself in atopologi
al expansion [5℄. On the other side, due to gs ∼ λ/N , this limit 
orrespondsto the 
lassi
al type IIB string theory on AdS5 × S5 . In the se
ond limit α′ → 0,the 
urvature radius R is assumed to be large 
ompared to the string length ls =
√

α′,thus this 
orresponds to the low-energy limit where supergravity be
omes an e�e
tivedes
ription. On the �eld theory side, due to λ = R4/α′2, this implies large 't Hooft
oupling indi
ating a strongly 
oupled theory. Hen
e in the large N-, large λ-limit, theAdS/CFT 
orresponden
e des
ribes a weak/strong 
oupling duality.2.1.3. The Field/Operator Corresponden
eThe 
orresponden
e states the duality between type IIB string theory des
ribing on
AdS5 × S5 and the N = 4 SYM �eld theory living on the 
onformal boundary of AdS.Both theories have the same global symmetries. Then, if these two theories are indeed9



2. AdS/CFT Corresponden
e and the Wilson Loopsequivalent, it must be possible to spe
ify for ea
h operator O(~x) of the �eld theory livingon the boundary at r → ∞, the 
orresponding �eld φ(~x, r) of the bulk string theory andto show that the 
omputations of the 
orresponding 
orrelators in these two theoriesshould provide the same result. The relation between 
orrelation fun
tions on the twosides was �rst proposed in [6℄ whi
h is expressed by the generating fun
tional on the�eld theory side and the string partion fun
tion on the other side. The 
onne
tion iswritten as 〈

e
R

d4xφ0(~x)O(~x)
〉

CFT
= Zstring [φ (~x, r) |r→∞ = φ0 (~x)] , (2.13)where O(~x) des
ribes any gauge-invariant lo
al2 operator and φ0 (~x) denotes an arbitraryfun
tion spe
ifying the boundary values of the bulk �eld φ (~x, r).The left-hand side of (2.13) en
odes all the physi
al information in the gauge theory,sin
e it allows the 
al
ulation of 
orrelation fun
tion of arbitrary gauge-invariant lo
aloperators by taking the derivatives with respe
t to φ0 (~x) and taking it to zero afterwards.The string partition fun
tion on the right-hand side is in general not easy to 
ompute,but in the large N-, large λ-limit, it dramati
ally redu
es to

Zstring ≈ ei·Ssugra , (2.14)where Ssugra is the on-shell supergravity a
tion.2.1.4. Some Comments about D-BranesD-branes in String Theory A Dp-brane is an extended obje
t with p spatial dimen-sions where open strings 
an end, hen
e p imposes the number of Neumann 
onditionson the motion of the open string endpoints [10℄. With the time dimension the world-volume of a Dp brane is (p + 1)-dimensional. Not all extended obje
ts in string theoryare D-branes, for example, strings are 1-branes but not D1-branes.By quantizing open strings ending on a Dp-brane, one has to introdu
e (p + 1) Neu-mann 
onditions for the string endpoints moving freely on the brane and (D − p − 1)Diri
hlet 
onditions �xing the Dp-brane position in spa
e. Here, D denotes the spa
etimedimension of the embedding spa
e. The massless ex
itations of open strings 
oupling tothe Dp-brane des
ribe the low energy dynami
s of the brane. Using the light-
one gaugeand taking 
are all the boundary 
onditions, the open string wave fun
tion satis�es theequation
(∂2

τ − ∂2
σ)Xµ = 0, (2.15)where τ and σ are the parameters in the light-
one gauge and Xµ the string 
oordinates[1℄. The solution of the wave equation 
an be written as a Fourier expansion. The
reation ai†

n and annihilation ai
n operators 
an be 
onstru
ted from the 
oe�
ients in the2Wilson loops are non-lo
al operators, so this pres
ription must be extended, see next se
tion.10



2.1. The Corresponden
eFourier expansion and the mass operator of the ex
ited states of the quantized system
an be given as3
M2 =

1

α′

(

−1 +

∞∑

n=1

p
∑

i=2

n ai†
n ai

n +

∞∑

m=1

D−1∑

j=p+1

m aj†
maj

m

)

. (2.16)The operator a†
nan just 
ounts the number of parti
les ex
ited in the n-mode. Foros
illators arising from 
oordinates tangential to the brane, the massless states 
an be
onstru
ted by applying the 
reation operator ai†

n on the va
uum state only for n = 1.Here, i runs from 2 to p, so there are (p + 1) − 2 massless states. Sin
e they 
arryLorentz index for the brane and hen
e transform as a Lorentz ve
tor, and moreover, thenumber of states equals the spa
etime dimensionality of the brane minus two, so theyare identi�ed to be photon states whose asso
iated �eld is a Maxwell gauge �eld livingon the brane. The other massless states 
an be realized by a
ting aj†
m on the va
uumfor m = 1. This set of (D − p − 1) massless states arise from 
oordinates normal tothe brane. They do not 
arry a Lorenz index and 
an be interpreted as s
alar �eldsparameterizing the position of the D-brane in the transverse dire
tions.D-branes and Gauge Fields We have seen that quantization of open strings in thepresen
e of D-branes gives the rise for gauge �elds living on the brane. A single D-branesupports on its world-volume a single U(1) multiplet whose massless ve
tor arises fromzero length strings starting and ending at the same point on this brane. In the presen
eof more than one brane, let's say N branes, open strings 
an be labeled by [ij℄ meaningstrings extending from brane i to brane j, where i and j are integers running from 1to N . These strings are also said to be in [ij℄ se
tor. The dis
rete labels i, j used tolabel the branes and the various open string se
tors are 
alled Chan-Paton indi
es [1℄.Ea
h of the ends of the strings 
arries a Chan-Paton label of the gauge group, that isan index in the fundamental representation, so the ve
tor multiplet is then left witha fundamental and an antifundamental index (ingoing and out
oming) and hen
e 
anbe des
ribed by adjoint �elds. When no D-branes 
oin
ide, there is just one masslessve
tor ea
h, or U(1)N in all. Now, if N D-branes 
oin
ide, there are new massless statesbe
ause strings whi
h are stret
hed between these branes 
an a
hieve vanishing length.In total, there will be N2 massless ve
tors whi
h form the adjoint of a U(N) gauge groupand it was found that the e�e
tive a
tion is dimensionally redu
ed from ten-dimensional

U(N) supersymmetri
 gauge theory down to (p + 1)-dimensional world-volume of theD-brane [10℄[11℄4.3In order to use the light-
one gauge, one of the spatial NN string 
oordinates X i (tangential to Dp)will be used together with X0 to de�ne the 
oordinate X±. So this 
onstru
tion is only valid for
p ≥ 1.4The gauge group U(N) 
an be written as SU(N) × U(1) and the 
enter group U(1) is identi�ed todes
ribe the 
enter of mass of motion of the sta
k of 
oin
ident N D-branes. 11



2. AdS/CFT Corresponden
e and the Wilson LoopsBranes Higgsing Now let us 
onsider the situation when two 
oin
ident D-branes getseparated. Strings of zero length starting from one brane and ending on the other be-
ome massive whose mass is determined by the distan
e between the branes times thestring tension. These strings 
arry two Chan-Paton indi
es, ea
h one from the U(1) ofea
h brane, and are naturally identi�ed as W-bosons of a broken U(2) gauge group to
U(1) × U(1). This is the stringy version of the Higgs e�e
t whi
h is sometimes 
alledbranes Higgsing. The distan
e between the branes determines the Higgs expe
tationvalue. For the 
ase of a sta
k of 
oin
ident N D3-branes, the near horizon geometrywill be that of AdS5 × S5 and the r → ∞ region des
ribes the �at 10-dim Minkowskispa
e. The separation of the branes will be realized along the radial 
oordinate r �xingthe mass of the string and inside the internal spa
e5 S5. The AdS/CFT 
orrespon-den
e states a duality between type IIB string theory on AdS5 × S5 and N = 4 SYMtheory in 4 dimensions. This gauge theory does not 
ontain quarks in the fundamen-tal representation. Usually, massive 
harged parti
les 
an be introdu
ed via symmetrybreaking the gauge group by giving expe
tation values to the s
alars of the theory, e.g.
U(N +1) → U(N)×U(1). On the string theory side, that 
an be realized via separatinga single D-brane far away6 from the sta
k of 
oin
ident (N + 1)-branes. The groundstates of open string stret
hing between the single brane and the remaining N-branesare identi�ed with the W-bosons transforming in the fundamental representation of the
U(N) [13, 14℄.
Branes as Probes Another possibility to have parti
les in the fundamental represen-tation is introdu
ing probe branes into the dual geometry. Having a probe brane in theba
kground means introdu
ing an additional brane whi
h is assumed not 
ause any kindof deformations to the geometry and negle
ting all the ba
k rea
tions of this brane tothe original branes. The open strings between the probe brane and the original branesare used to represent additional parti
les in the theory. Probing the ba
kground witha D-brane is one natural way to learn something about string theory from Yang-Millstheory and vi
e versa. As des
ribed in the previous paragraph, a gauge theory lives onthe world-volume of the D-brane. The ba
kground geometry will be en
oded in thisgauge theory via the matter 
ontent, the amount of unbroken supersymmetry and theintera
tion potentials, so solving problems in gauge theory provides information aboutthe ba
kground and vi
e versa.5It was found that the stationary solution for a single straight string has 
onstant position in theinternal spa
e of AdS, hen
e the quark mass does not depend on the S5-position of quark in thisba
kground [13, 14℄.6The meaning of �far away� will be talked in the next 
hapter.12



2.2. Wilson Loops and the stati
 Quark Antiquark Potential2.2. Wilson Loops and the stati
 Quark Antiquark PotentialThe expe
tation value of the Wilson loop in the form of an in�nite re
tangular with in�-nite time-like sides T and transverse side L denoting the distan
e between very massivequark and antiquark gives the stati
 interquark potential [4℄[12℄. In QCD this quan-tity is used for 
hara
terizing the 
on�nement behavior [12℄. Con�nement o

urs if theexpe
tation value of an re
tangular Wilson loop gives the famous area law. In this se
-tion, some properties of the Wilson loop operator in QCD and N = 4 SYM will bereviewed. At the end of the se
tion, the 
onstru
tion and 
al
ulation of the Wilson loopexpe
tation value on the string theory side will be presented.2.2.1. Wilson Loops in Field TheoryThe Wilson line has its origin from an operator Û(y, z) 
alled parallel transporter of
omplex ve
tor �elds Φ = (Φ1, ..., ΦN), whi
h transform in some representation of thegauge group, along some 
urve C 
onne
ting two spa
etime points y and z. This operator
an be expressed by
Û (Cyz)Φ(z) = Φ(y) . (2.17)In order to have a lo
al gauge-invariant theory, one needs to introdu
e a gauge potential

Aµ(x) with its spe
i�
 transformation law for 
onstru
ting the 
ovariant derivative. Theparallel transporter has the transformation law
Û (y, z) → Σ−1(y)Û (y, z) Σ(z) , (2.18)where Σ is an element of some gauge group. It was found that the expression
Û (Cyz) = exp

(

ig

∫

C

Aµdxµ

)

, (2.19)respe
ts the gauge transformation laws. Here, C represents a 
urve 
onne
ting y and
z and g the 
oupling 
onstant of the theory. This obje
t is 
alled the Wilson line.To 
onstru
t the Wilson loop one sets y = z and takes tra
e. These obje
ts 
an begeneralized to the non-abelian 
ase, where a path-ordering operator P will be introdu
edin order to take 
are the non-
ommuting property of the theory.In QCD, the expe
tation of a Wilson loop has the form

〈W (C)〉 =
1

N

〈

TrPexp

(

ig

∮

C

Aµdxµ

)〉

, (2.20)where Aµ stands for the ve
tor-potential7 of the gluoni
 �eld, g the QCD 
oupling
onstant, C some 
losed 
ontour, P the path-ordering operator, 1
N
the averaging over all7For the non-Abelian 
ase, Aµ ≡ Aa

µta with a = 1, ..., N2−1 and ta = (ta)ij is the Hermitean generatorof the 
olor group SU(N) in the fundamental representation 13



2. AdS/CFT Corresponden
e and the Wilson Loops
olors, and Tr the tra
e in the fundamental representation. Sin
e a tra
e is taken overthis operator, and a gauge transformation for Û is given by
1

N
Pexp

(

ig

∮

C

Aµdxµ

)

→ Σ−1(x)
1

N
Pexp

(

ig

∮

C

Aµdxµ

)

Σ(x) , (2.21)the invarian
e of the tra
e under 
y
li
 permutation guarantees the gauge invarian
e ofthe Wilson loop. Another 
ru
ial property of the Wilson loop (or Wilson line in general)is that it depends on the path C. By 
onstru
tion, this quantity is a nontrivial fun
tionof Aµ and is gauge invariant. In fa
t, all gauge-invariant fun
tions of Aµ 
an be re
overedfrom Wilson loops for various 
hoi
es of the path C [3℄.2.2.2. qq̄-Potential and the Wilson's Criterion of Con�nementIn order to get the stati
 quark antiquark potential, one 
onsiders the Wilson loop with
losed 
ontour C as a re
tangular [4℄[12℄ lying in the plane (x1, t) with the size along the
t-axis denoted by T and the size L along the x1-axis. The expe
tation value of su
h aWilson loop for T ≫ L gives the stati
 potential of heavy quark and antiquark separatedby the distan
e L whi
h is given by8

Vqq̂(L) = − lim
T→∞

1

T
log 〈W (C)〉 .Quantizing a gauge �eld theory on a dis
rete latti
e in Eu
lidean spa
e-time [12℄, Wilsonshowed that, for su�
iently strong 
oupling, QCD exhibits 
on�nement of 
olors. Theso-
alled Wilson's 
riterion of 
on�nement says that the 
on�nement of quarks holds ifthe Wilson loops obey the area law and the asso
iated string tension is not zero. That
an be written as

〈WC〉 ∼ e−α·Areamin(C) = e−α·L·T = e−Vqq̄(L)·T , (2.22)where α is the QCD string tension and Vqq̄(L) 
orresponds to the linearly rising potentialbetween a quark and an antiquark. From this we learn that the for
e between thequarks is 
onstant at every distan
e. The pi
ture of this QCD string is seen as the
ontra
tion of the gluoni
 �eld between the quarks into a 
olor tube (string), whoseenergy is proportional to its length.2.2.3. Heavy Quark and Wilson Loops in N = 4 SYMOn the gauge theory side a heavy parti
le is realized by breaking the gauge group,e.g. U(N + 1) gauge theory to U(N) × U(1), through the Higgs me
hanism. Theresulting W boson transforms in the fundamental of the gauge group U(N) and its8The Eu
lidean version is used in this subse
tion.14



2.2. Wilson Loops and the stati
 Quark Antiquark Potentialmass is proportional to the s
alar expe
tation value. In the dual pi
ture when one D-brane is separated from a sta
k of original 
oin
ident (N + 1) D-branes, the W bosonis represented by an open string 
onne
ting the single brane and the remaining branes.Its mass is given by the string length times the string tension.In QCD, an in�nitely massive quark in the fundamental representation moving alongthe loop C will be des
ribed by the phase fa
tor in (2.20) [12℄. In the dual des
riptionof N = 4 , the �quarks� are thought to be W-bosons representing the ground states ofopen strings as des
ribed above. In order to make the quarks very massive, the lengthof the open strings are sent to in�nity. Usually, these strings will pull the N branesand will 
ause deformations to the branes, whi
h are des
ribed by s
alar �elds. One 
ansee these 
ouplings expli
itly by writing the full U(N + 1) Lagrangian, putting in theHiggs expe
tation value and 
al
ulating the equation of motion for the massive �elds[15℄. Hen
e, in the presen
e of s
alar �elds, in the N = 4 super Yang-Mills dual totype IIB superstring theory, the phase fa
tor in the path-integral representation of theW-boson propagator involves not only the gauge �eld A, but also s
alars ΦI [13, 15℄.
W (C) =

1

N
TrP exp

(

i

∮
(
Aµ(x(s))ẋµ(s) + |ẋ|ΦI(x(s))θI(s)

)
ds

)

. (2.23)This expression is given in the Lorentzian9 signature metri
, where s is the 
urve pa-rameter, ΦI (I = 4, .., 9) denote the s
alar �elds, θI angular 
oordinates of magnitude1 and 
an be regarded as 
oordinates on S5, so ~θ(s) 
an be seen as a fun
tion mappingea
h point of the loop to a point on the �ve-sphere. Eq. (2.23) restri
ts the 
oupling ofthe Wilson loop only to the bosoni
 �elds, a detail derivation of this formula and theadditional 
oupling to fermioni
 �elds leading to the 
omplete loop equation for N = 4SYM 
an be found at [15℄.2.2.4. The stati
 Quark Antiquark Potential in the dual Pi
tureAs in QCD, where the string is represented by a 
olor tube 
onne
ting the quark andantiquark, a similar situation in string theory will be 
onsidered. Let us 
ome ba
kto the situation where a D3-brane is separated far away from the N D3-branes. Aheavy quark in this pi
ture is represented by an open string stret
hing between the faraway single D3-brane and the sta
k 
oin
ident N branes, see Fig.2.2(a) [13℄. For the�eld theory living on the world-volume of the D3-brane, the quarks are referred to thestring endpoints atta
hed to the brane. The string orientation (in
oming or outgoing)determines whether it represents quark or antiquark. Hen
e, a string starting at somepoint on the brane, penetrating along the radial 
oordinate r of the AdS5 × S5 metri
down to some distan
e and turning ba
k to the single brane 
an be seen as a �meson�.This situation is sket
hed in Fig.2.2(b).9In [13℄ the Eu
lidean signature metri
 is used, but with Wi
k-rotated θI whi
h is not the 
ase here.15



2. AdS/CFT Corresponden
e and the Wilson Loops
L

U=0

U= 8

(a) (b)

x

UFigure 2.2.: (a) Representation of massive W-bosons (quarks) as strings 
oming fromthe far away D-brane at U = r
α′ → ∞ down to the sta
k of N 
oin
identD3-branes situated at U = 0. (b) A string 
onne
ting quark and antiquark(depending on whether it is a starting or an ending endpoint) at the bound-ary. The quark antiquark potential is given by the di�eren
e of the totallength of the strings in (a) and (b).In order to 
ompute the expe
tation value of the non-lo
al operator (2.23), and hen
ethe quark antiquark potential, the �eld/operator 
orresponden
e (2.13) has to be gener-alized by the 
ondition that the string world-sheet has to end on the loop C at the bound-ary. This mapping between the non-lo
al Wilson loop operator W (C) in the gauge theoryand the string partition fun
tion Z(C) with the above-mentioned boundary 
onditionwas �rst proposed in [13, 14℄ through the relation

〈W (C)〉 = Z(C) = ei·S(C) , (2.24)where S(C) is the 
lassi
al a
tion of the string. This proposal 
omes from the agreementin studying the dynami
s of the type IIB open string using supergravity limit at large Nand large 't Hooft 
oupling 
onstant λ and of the same string realized as world-volumesoliton on D3-brane using Born-Infeld world volume a
tion [14℄. For a re
tangular 
on-tour C of the form L × T , the stati
 potential Vqq̄(L) between the heavy quark andantiquark [12℄ in the large N-, large λ-limit 
an be extra
ted from the following relation
eiVqq̄(L)T = 〈W (C)〉 = ei·S(C) (2.25)In these limits when all quantum �u
tuations 
an be negle
ted, the string a
tion S(C)des
ribing the proper area of the string world-sheet is 
al
ulated by the Nambu-Goto16



2.2. Wilson Loops and the stati
 Quark Antiquark Potential
T

L

θ1 θ2

(a) (b)Figure 2.3.: (a) The basi
 setup of the Wilson loop with U = r/α′ denoting the radial
oordinate. (b) The re
tangular shape of the loop at the boundary with thequarks separation distan
e L, large time T and the S5 positions of quark θ1and antiquark θ2.a
tion
SNG =

1

2πα′

∫

dτdσ
√

− det
α,β

[GMN∂αXM∂βXN ] . (2.26)In the above equation, GMN gives the ten-dimensional ba
kground metri
, XM the string
oordinates in ten-dimensional spa
etime, τ and σ parameterize the string world-sheetand α, β 
an take the value of the set {τ, σ}.For evaluating the stati
 interquark potential we need to �nd the string 
on�gurationyielding the minimal surfa
e Smin
NG whi
h satis�es 
ondition that the surfa
e ends on there
tangular loop at the boundary. The problem of determining the expe
tation value ofthe Wilson loop is mapped to the problem of solving the 
lassi
al equations of motionfor extremizing the Nambu-Goto a
tion.Usually, the minimal Nambu-Goto a
tion Smin

NG diverges sin
e the surfa
e has to go allthe way to the boundary at in�nity, thus an appropriate method is needed for regularizingthis a
tion. In �eld theory, due to the intera
tion of the quarks with the gluoni
 �eld,the self-energy of the quarks need to be subtra
ted from the total energy to obtainthe length-dependent intera
tion potential. In the present 
ase, the in�niteness of theminimal surfa
e is interpreted as if it 
ontains terms for the in�nitely massive W-bosons,whi
h need to be subtra
ted from the a
tion in order to get the potential. The mass ofthe W-boson, whi
h from now on will always be 
alled �quark�, is proportional to thelength of the string stret
hing along the radial 
oordinate r from the far away D3-branedown to r = 0.Consider a metri
 of the generi
 form
ds2 = GMNdXMdXN = −G00(r)dt2 + Gx||x||

(r)dx2
|| + Grr(r)dr2 +GxT xT

(r)dx2
T , (2.27)17



2. AdS/CFT Corresponden
e and the Wilson Loopswhere r des
ribes the radial 
oordinate (the �fth 
oordinate of AdS5), x|| = {x1, x2, x3}and t are the 
oordinates of the usual 4-dimMinkowski spa
e M4, and xT the 
oordinatestransverse 
oordinates.Let us 
onsider the 
omputation of a re
tangular Wilson loop as des
ribed in Fig.2.3.Be
ause of the rotational invarian
e in the four-dimensional Minkowski spa
e M4, thequark and antiquark position 
an be set along the x1 ≡ x-
oordinate, let us say at −L/2and L/2, respe
tively. Here, the string only stret
hes along the radial 
oordinate andwithin the (x, t)-plain in M4 (as in Fig.2.3(a)). For the moment, all the quark positionsin the transverse 
oordinates are assumed to be 
onstant. For the stati
 
ase and thelimit T → ∞, the translation invarian
e along t 
an be assumed. Choosing the world-sheet 
oordinates σ = x and τ = t, the Nambu-Goto string a
tion (2.26) takes the form
SNG =

T

2πα′
·
∫ L/2

−L/2

dσ
√

F2 (r (σ)) + G2 (r (σ)) (∂σr) , (2.28)with
F2 (r (σ)) ≡ G00(r(σ))Gx||x||

(r(σ)) (2.29)
G2 (r (σ)) ≡ G00(r(σ))Grr(r(σ)) . (2.30)In this setting, the mass of the quark 
an be read o� from a straight string with a 
onstantvalue of x stret
hing from r = 0 to r = rmax, the position on the radial dire
tion wherethe single D-brane is pla
ed. Ea
h quark has then the mass

mq =
1

2πα′

∫ rmax

0

G(r)dr . (2.31)For the AdS5 × S5 metri
 the solution for the minimal surfa
e tra
ed out by the singlestring implies 
onstant position in the transverse spa
e [14℄. For other ba
kgrounds
onsidered in this thesis, the same result is found and will be dis
ussed later. Then, thequark antiquark potential 
an be 
al
ulated by extremizing the Nambu-Goto a
tion andafterwards subtra
ting the quark masses 2mq from it.Assuming the string not to move in the transverse 
oordinates, the analysis in [20℄ forthe generi
 metri
 (2.27) showed that if there exists a minimum surfa
e satisfying theboundary 
ondition, the potential 
an be brought to the general form
Vqq̄ = F(r0) · L + K(r0) , (2.32)where L denotes the separation between the quark and antiquark, r0 the fathermostposition of the string along the radial 
oordinate r from the boundary whi
h due tothe symmetry o

urs at σ = 0 and K is some fun
tion of the 
oe�
ients of the generi
metri
.It has been shown in [20℄ that (assuming without loss of generality that F(r) has aminimum or G(r) diverges at r = 0) 
on�nement o

urs if and only if F(0) > 0 and the18



2.2. Wilson Loops and the stati
 Quark Antiquark Potential
orresponding non-vanishing string tension is F(0). This observation 
omes from thefa
t that if a minimal surfa
e 
an still be found for very large L, (2.32) des
ribes an arealaw, and sin
e r0 will be then very 
lose to zero, F(0) 
an be interpreted as the e�e
tivestring tension.In the frame of this diploma thesis, the string 
an also stret
h in the internal spa
e,whi
h is des
ribed by the xT - 
oordinates in (2.27). In order to have di�erent internalpositions of quark and antiquark, it is ne
essary to break the U(N + 2) gauge groupinto U(N) × U(1)1 × U(1)2 by giving two expe
tation values to the two U(1) fa
tors[13℄. Pi
turally, this 
an be realized by moving two D3-branes far away along the radial
oordinate r from the sta
k of original (N + 2) D3-branes with the additional requiringthat the two far away D3-branes 
an have di�erent positions in the transverse spa
e.Although this degree of freedom is absent in QCD, it is given in superstring theorywhere strings are allowed to move in ten-dimensional spa
e-time, and hen
e have someinterpretation in N = 4 SYM (
oupling to the s
alar �elds). In the next 
hapters,it will be shown how quantities like quark antiquark potential, s
reening length, dragfor
e, jet quen
hing parameter and 
on�nement behavior depend on the relative internalorientations of the quark and antiquark.
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2. AdS/CFT Corresponden
e and the Wilson Loops
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3. Conformal and non-
onformal Ba
kgroundsIn the following 
hapter, the method for 
al
ulating the quark antiquark potential pre-sented in the last 
hapter will be applied for two di�erent ba
kgrounds. The �rst one willbe that of AdS5 × S5. Sin
e the string theory of type IIB des
ribed in this ba
kgroundis 
onje
tured to be equivalent to the 
onformal N = 4 SYM theory, a non-
on�nementbehavior of Vqq̄(L) is expe
ted. The se
ond ba
kground is 
laimed to be dual to N = 2SYM [24℄, and hen
e non-
on�nement behavior of Vqq̄(L) might be 
hanged. In ea
h
ase, the additional dependen
e of Vqq̄(L) on the relative internal orientations of quarkand antiquark will be 
onsidered.3.1. The Prototype of AdS5 × S53.1.1. The near-horizon RegionThe near horizon geometry of a sta
k of 
oin
ident D3-branes is des
ribed by the AdS5×
S5 metri
 (2.7). In order to introdu
e the quarks into the theory, one or more D3-branesneed to be moved �far away� from a sta
k of 
oin
ident D-branes. In the following, themeaning of �far away� will be explained. The AdS5 × S5 metri
 has the form

ds2
AdS =

r2

R2
(−dt2 + dx2

1 + dx2
2 + dx2

3) +
R2

r2
dr2 + R2dΩ2

5 , R4 = 4πgsα
′2N (3.1)De�ne a new variable U ≡ r/α′, the metri
 be
omes

ds2
AdS = α′

{
U2

R′2
(−dt2 + dx2

1 + dx2
2 + dx2

3) +
R′2

U2
dU2 + R′2dΩ2

5

}

, (3.2)where R′4 = 4πgsN . In most 
al
ulations, the prime in R′ will be omitted. We shouldkeep in mind the expli
it form of R while using r or U as the radial 
oordinate1. Weare interested in the stati
 potential between the quarks, so the quark and antiquarkmass should be sent to in�nity. Note, U has the dimension of energy, so the mass ofthe quark is proportional to the distan
e along the U-dire
tion between the single andthe sta
k of the remaining D-branes. By taking the de
oupling limit α′ → 0, the onlyrequiring 
ondition is keeping �xed the energy measured from in�nity, whi
h is expressedby r/α′ [7℄. Hen
e, it is possible to have very massive quarks (large separation in U)while keeping r small (staying in the near horizon region). E�e
tively, introdu
ing the1Thoughout this thesis, R is dimensionful in a metri
 with r representing the radial 
oordinate and isdimensionless if the 
oordinate U = r/α′ is used instead of r. 21



3. Conformal and non-
onformal Ba
kgroundsvery massive quarks 
an be realized by moving one single brane very far away along the
U-
oordinate from the remaining branes, then taking the de
oupling limit α′ → 0 whilekeeping the energy proportional to the distan
e along U = r/α′ �xed, r be
omes verysmall and the geometry (2.5) 
an be seen as AdS5 × S5 everywhere.3.1.2. Case of 
onstant AngleThe 
omputations of the potential in this and the next subse
tion follow 
losely the
al
ulations in [13℄. The quark antiquark potential 
an be extra
ted from the expe
tationvalue of the Wilson loop in the form of an re
tangular as in Fig. 2.3(b). Following thepres
ription des
ribed in subse
tion 2.2.4, the potential will be 
al
ulated. For T → ∞,the problem is translational invariant along the time dire
tion. The quark and antiquarkare set at −L/2 and L/2 along the x dire
tion, respe
tively, and for the 
ase of 
onstant
S5-position, ~θ(x) = const for all values of x, so θ1 = ~θ(−L/2) = ~θ(L/2) = θ2. Be
ause ofthe stati
 
on�guration it is natural to take t = τ and x = σ to parameterize the stringworld-sheet. The boundary 
onditions are set on the single D-brane to be

U(±L/2) = Umax → ∞in order to make the quarks very massive. Applying the Nambu-Goto a
tion (2.26) onthe AdS metri
 (3.2), we get
S =

T

2π

∫ L/2

−L/2

dσ
√

(∂σU)2 + U4/R4 . (3.3)The Lagrangian density does not depend expli
itly on σ, thus from equation
d

dσ

(

L − ∂L
∂U ′

U ′

)

= 0, U ′ ≡ ∂σU (3.4)one gets a 
onserved quantity ǫM along σ

U4/R4

√

U ′2 + U4/R4
= ǫM =

U2
0

R2
, (3.5)where U0 is de�ned to be the minimum value of U , whi
h by symmetry o

urs at σ = 0.From this expression it is possible to express ∂U/∂σ as a fun
tion of U alone, and so σ
an be given in the following form

σ =
R2

U0

∫ Umax/U0

1

dy

y2
√

(y4 − 1)
, (3.6)where y ≡ U

U0
and Umax gives the distan
e of the single D-brane to the remaining D-branes along the radial 
oordinate. Taking the limit Umax → ∞ for in�nite massivequarks, the position U0 
an be uniquely determined for a given separation distan
e L

L = 2
R2

U0

∫ ∞

1

dy

y2
√

(y4 − 1)
= 2

R2

U0

√
2π3/2

Γ(1/4)2
. (3.7)22



3.1. The Prototype of AdS5 × S5Using the relation (3.5) to rewrite the square root term in the a
tion (3.3) and repla
ing
U by y and by doing so dσ by dy, the equation (3.3) takes the form

S =
TU0

π

∫ Umax/U0

1

y2

√

(y4 − 1)
dy . (3.8)This expression diverges for Umax → ∞, sin
e it 
ontains the quark masses (2.31), whi
hneed to be subtra
ted. The quark and antiquark mass together is given by

mq + mq̄ = 2mq =
TU0

π

∫ Umax/U0

0

dy . (3.9)The regularized potential Vqq̄(L) (2.25) be
omes
V =

U0

π

[
∫ ∞

1

dy

(

y2

√

y4 − 1
− 1

)

− 1

]

. (3.10)The integration gives a �nite result
lim
ǫ→0

∫ ∞

1

dy yǫ

(

y2

√

y4 − 1
− 1

)

− 1 = −
√

2 π3/2

Γ(1/4)2
, (3.11)then using relation R2 =

√
4πgsN =

√

g2
Y MN and (3.7) to express U0 in term of L, the�nal expression for Vqq̄(L) reads

Vqq̄(L) = −4π2
√

g2
Y MN

Γ(1/4)4L
. (3.12)Due to the 
onformal invarian
e, the 1/L dependen
e of the 
oulombi
 potential o

ursas expe
ted, and that 
an serve as a �rst test for the 
orre
tness of the proposal (2.24),sin
e due to the 
onje
ture the AdS5 × S5 geometry is dual to a 
onformal �eld theory.Furthermore, in the large λ-limit the √g2

Y MN =
√

λ dependen
e in the leading order isa non-trivial fa
t of strong 
oupling whi
h di�ers from weak 
oupling where the resultusually depends on g2
Y MN at the leading order. This information 
on�rms the beforementioned weak/strong duality of the AdS/CFT at large N-, large λ-limit.3.1.3. Case of non-
onstant AngleIn this subse
tion the S5-dependen
e of the quark and antiquark will be turned on. Thismeans that θ1 = ~θ(−L/2) on one verti
al line of Fig.2.3(b) will di�er from θ2 = ~θ(L/2)on the other verti
al line [13℄. The 
on�guration 
an be realized by separating twoD3-branes from the original (N + 2) 
oin
ident D3-branes. The positions of these twoD3-branes in the internal spa
e S5 are not ne
essary identi
al, hen
e the S5 position of23



3. Conformal and non-
onformal Ba
kgroundsthe quark and antiquark sitting on ea
h brane 
an be di�erent. The 
onsidered world-sheet tra
ed out by the string 
onne
ting the quarks goes at σ = −L/2 to U = ∞ andto the point θ1 of the �ve-sphere and at σ = L/2 to U = ∞ and to the point θ2. Thetime-translational invarian
e is still assumed for large T , hen
e to any time, this stringdes
ribes a U-shape in the AdS5 spa
e with the tip going down into the radial dire
tionand on the S5-sphere it 
onne
ts the two points ~θ(−L/2) and ~θ(L/2).Due the symmetry of the problem this string will lie along a great 
ir
le of the sphere.By an appropriate parameterization of the sphere the relative positions of the quarks onthe �ve-sphere 
an be 
ompletely determined by an angle2
θ = |ϑ(−L/2) − ϑ(L/2)| , (3.13)where ϑ(σ) is one of the �ve angles parameterizing the S5. Due to the symmetry around

σ = 0 one 
an set the boundary 
onditions as
ϑ(±L

2
) = ±θ

2
, U(±L

2
) = ∞ . (3.14)The Nambu-Goto a
tion (2.26) for this 
ase 
ontains an additional term des
ribing thestring stret
hing inside the internal spa
e and reads

S =
T

2π

∫ L/2

−L/2

dσ
√

(∂σU)2 + U4/R4 + U2(∂σϑ)2 . (3.15)The Lagrangian in (3.15) does not expli
itly depend on σ and ϑ, thus one obtains two
onserved quantities εm and jm. From the equation (3.4) one has
U4

√

U ′2 + U4/R4 + U2ϑ′2
= εm =

U4
0

√

U4
0 /R4 + U2

0 ϑ
′2
0

, (3.16)where U0 again gives the radial position of the tip of the U-shape string o

urring at
σ = 0, and ϑ′

0 the slope of the angle ϑ(σ) at σ = 0. The se
ond 
onserved quantityarises, when we demand
d

dσ

∂L
∂ϑ′

− ∂L
∂ϑ

= 0 , (3.17)namely
U2ϑ′

√

U ′2 + U4/R4 + U2ϑ′2
= jm = εm · ϑ′

0

U2
0

. (3.18)Giving the quark antiquark separation L on the boundary and the angle di�eren
e θin the internal spa
e, it is ne
essary to solve the equations (3.16) and (3.18) in order2Note, θ without indi
es gives the angle di�eren
e between quark and antiquark or in other words asegment of the great 
ir
le, while θi (with indi
es) gives the position on S524



3.1. The Prototype of AdS5 × S5to determine the string 
on�guration with the minimal world-sheet. After doing somebasi
 algebra and using the boundary 
onditions (3.14), one get the following relations
σ =

R2

U0

√

1 − ζ2

∫ U/U0

1

dy

y2
√

(y2 − 1)(y2 + 1 − ζ2)
, (3.19)

ϑ = ζ

∫ U/U0

1

dy
√

(y2 − 1)(y2 + 1 − ζ2)
, (3.20)where y ≡ U/U0 and ζ is identi�ed by

ζ2 ≡ R4ϑ′2
0

U2
0 + R4ϑ′2

0

. (3.21)By this de�nition ζ is restri
ted on the interval (−1, 1), but due to the symmetry it issu�
ient to take values of ζ ∈ [0, 1). Using the boundary 
onditions (3.14), one �ndsthe 
hara
teristi
s of the stationary string's shape U0 and ϑ′
0 expressed by {U0, ζ} forgiven values of L and θ, namely

L = 2
R2

U0

√

1 − ζ2 I1 (ζ) (3.22)
θ = 2 ζ I2 (ζ) , (3.23)where

I1(ζ) =
1

(1 − ζ2)
√

2 − ζ2

[

(
2 − ζ2

)
E

(√

1 − ζ2

2 − ζ2

)

− F

(√

1 − ζ2

2 − ζ2

)] (3.24)
I2(ζ) =

1
√

2 − ζ2
F

(√

1 − ζ2

2 − ζ2

) (3.25)with F, E are 
omplete ellipti
 integrals3 of the �rst and se
ond kind, respe
tively. Usingrelation (3.16) to repla
e the term under the square root of the a
tion (3.15) by a fun
tiondepending on U , U0 and ϑ′
0, and 
arrying out a 
hange of variable y ≡ U/U0 by makingused of the relation (3.19), one ends up with the following expression for the a
tion

S =
T

π

∫ Umax/U0

1

dy
U0y

2

√

(y2 − 1)(y2 + 1 − ζ2)
. (3.26)3 F (m) =

∫ π

2

0
dθ√

1−m2sin2θ
=
∫ 1

0
dy√

(1−y2)(1−m2y2)

E(m) =
∫ π

2

0
dθ

√
1 − m2sin2θ =

∫ 1

0

(1−m2y2)√
(1−y2)

dy 25



3. Conformal and non-
onformal Ba
kgroundsSubtra
ting the in�nite quark masses (3.9) (Umax → ∞) from the last equation, therenormalized quarks potential 
an be determined
V (U0, ζ) =

U0

π

[
∫ ∞

1

dy

(

y2

√

(y2 − 1)(y2 + 1 − ζ2)
− 1

)

− 1

] (3.27)
V (L, ζ) = −2

π

√

g2
Y MN

L
(1 − ζ2)3/2I2

1 (ζ) . (3.28)Equation (3.23) gives an one-to-one relation between θ and ζ with θ(0) = 0 and θ(1) = π.For vanishing angle θ, the potential above redu
es to the 
ase of 
onstant angle (3.12)as expe
ted. It is interesting to note that for θ = π (this spe
ial 
ase 
an only a
hievedfor ζ = 1 demanding R2ϑ′
0 ≫ U0 → 0 whi
h follows from the de�nition (3.21) ) thepotential goes to zero. This behavior is expe
ted sin
e it is a BPS 
onstru
tion [14℄.The pi
ture of this 1/4 BPS �loop� is also in agreement with the Zarembo's 
onstru
tion[31℄, in the sense that the tangent ve
tors of the two large sides of the re
tangle pointto two opposite poles on the S5.3.2. N = 2 DualWe have seen from the last se
tion that the quark antiquark potential exhibits onlya Coulomb bran
h and does not show 
on�nement behavior. That is a good mat
hto the dual pi
ture sin
e the N = 4 SYM theory des
ribes a 
onformal �eld theoryand hen
e does not have running 
oupling. In order to make 
onta
t with QCD, it isne
essary to investigate dual ba
kgrounds to SYM theories with less supersymmetryand those whi
h break 
onformal invarian
e. In [24℄ the form of F5 as in the 
ase of

AdS5 × S5 remains un
hanged, the SO(6) symmetry of the S5 is preserved, and sin
e itis of interest to have gauge theory de�ned on four dimensional Minkowski spa
e-time,the Poin
aré invarian
e ISO(1, 3) for the remaining metri
 without the radial part willbe assumed. The deformation of the AdS5 ×S5 metri
 o

urs when the 
ouplings to thedilaton and axion �eld are turned on. Solutions with non-
onstant dilaton �eld will be
ru
ial to the 
on�nement behavior, sin
e the expe
tation value of the dilaton is dire
tlyrelated to the 
oupling �
onstant� of the theory. A supersymmetri
 solution for thisspe
i�
 problem has been found in [24℄ whi
h breaks half of the supersymmetries. Theboundary gauge theory is identi�ed to be N = 2 SYM whi
h, due to the non-vanishingbeta fun
tion, turns out to have running 
oupling. Using the method presented in thelast 
hapter, the quark antiquark potential will be evaluated.3.2.1. The metri
 dual to N = 2 SYMNow we are going to 
onsider above mentioned deformed version of the AdS ba
kgroundwhi
h is 
laimed to be dual to the N = 2 SYM, the metri
 for the supersymmetri
26



3.2. N = 2 Dualsolution in the string frame in that 
ase reads
ds2 = α′

(

R4

ρ4
+

χ0R

4g
1/4
s

)1/2
(
dρ2 + dxµdxµ + ρ2dΩ2

5

) (3.29)and by 
hanging the variable ρ = 1/U and interpreting U as the energy of the boundary�eld theory [24℄, the metri
 is
ds2 = α′

(

R4 +
χ0

4g
1/4
s

R

U4

)1/2(
dU2

U2
+ U2dxµdxµ + dΩ2

5

)

. (3.30)where U denotes the radial 
oordinate, R = (4πgsN)1/4 the 
urvature radius of the
AdS5, gs the string 
oupling 
onstant, and χ0 is a dimensionless positive integration
onstant.3.2.2. Quark Antiquark Potential with 
onstant Angle on S5Following the 
omputational te
hniques des
ribed in subse
tion 2.2.4, the result forthe potential in [24℄ will be examined. The expe
tation value of a re
tangular Wilsonloop, from whi
h the quark antiquark potential 
an be extra
ted, is determined fromthe minimal surfa
e des
ribed by a dual string lying in spa
e with endpoints on theboundary representing the quark and antiquark positions. We take the ansatz for theba
kground string as

x0 = τ, x1 = σ, U = U(σ)and rest of the string positions remains 
onstant in τ and σ. The quarks separationdistan
e will be further denoted by L and the boundary 
onditions are set at U → ∞,where the probe brane is pla
ed in order to make the quark masses very massive,
U(±L

2
) = ∞, ϑ(σ) = const. (3.31)The Nambu-Goto a
tion for the string world-sheet is

S =
1

2π

∫

dσdτ

[(

R4 +
χ0

4g
1/4
s

R

U4

)

(
U4 + (∂σU)2)

]1/2

. (3.32)The Euler-Lagrange equation 
an be solved using the fa
t that the Lagrangian densitydoes not expli
itly depend on σ, so we demand L − ∂L
∂U ′U

′ = const, where the primedenotes di�erentiating with respe
t to σ, and get
(

R4 +
χ0

4g
1/4
s

R

U4

)1/2
U4

√

U4 + (∂σU)2
= εK . (3.33)
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3. Conformal and non-
onformal Ba
kgroundsAgain, de�ning U0 to be the minimum value of U , whi
h by symmetry o

urs at σ = 0,and taking 
are the vanishing of (∂σU) |σ=0, the 
onstant εK along σ-axes 
an be givenin terms of U0

εK =
(
R4U4

0 + A
)1/2

, (3.34)
A ≡ χ0R

4g
1/4
s

. (3.35)The relation (3.33) 
an be brought to the following form by writing U = U0y

σ =

√

U4
0 R4 + A

U3
0 R2

∫ Umax/U0

1

1
√

y4 (y4 − 1)
dy , (3.36)and using the boundary 
onditions (3.31), a relation between U0 and L is found to be

L

2
=

√

U4
0 R4 + A

U3
0 R2

η , η =

√
π Γ(3/4)

Γ(1/4)
. (3.37)Sin
e at the end it is of interest to have the potential as a fun
tion of the separationdistan
e, we need to express U0 in terms of L. Noting by de�nition the positivity of theturning point of the traje
tory U0, (3.37) is equivalent to

f(z) = z3 − P 2z2 − P 2B = 0 , (3.38)
z ≡ U2

0 , P ≡ 2η

L
, B ≡ A

R4
=

χ0

R34g
1/4
s

. (3.39)Sin
e f(zi) < 0 for ∀zi with (∂zf(z))|z=zi
= 0, f(z) has only one real solution and U0 isgiven by

U0 =

(
1

6
∆1/3 +

2

3

P 4

∆1/3
+

P 2

3

)1/2

,

∆ ≡ 108P 2B + 8P 6 + 12
√

12P 8B + 81P 4B2 . (3.40)In order to 
al
ulate the a
tion, (3.33) will be inserted in (3.32). Carrying out theintegration dτ we have
S =

T

π

∫ Umax

U0

(

R2U2

√

U4 − U4
0

+
A

R2U2
√

U4 − U4
0

)

dU . (3.41)The a
tion 
onsists of two parts, while the se
ond term in the integral 
onverges the �rstone diverges. This in�niteness of the a
tion is due to the 
ontribution from the massesof the quark and antiquark, whi
h in the dual pi
ture are represented by open strings28



3.2. N = 2 Dual
onne
ting the N branes with the far away �probe� brane. This quantity is related tothe length of the fundamental string stret
hing between those two regions, and in this
ase (3.30) it is
2 mq =

1

π

∫ Umax

0

√

R4 +
A

U4
dU . (3.42)Subtra
ting this 
ontribution from the total energy extra
ted from (3.41), the potentialbe
omes �nite 4 
an be found. For more details about this subtra
tion pro
edure, seeappendix A.5.

Vqq̄ =
1

π

√
π Γ(3/4)

Γ(1/4)

(

−R2U0 +
A

R2U3
0

)

. (3.43)Here we have introdu
ed an 
uto� not only at some Umax but also at some UIR, sin
ethe integral diverges as U approa
hes to zero. We are only interested in the behaviorof the quark antiquark potential depending on U0(L), so basi
ally the terms 
ontaining
UIR 
an be left out and serve as a shift of the potential. Hen
e, this �nite result is exa
tup to a 
onstant depending on where the 
uto� UIR is taken. From (3.40) and (3.43) itis possible to examine the behavior of Vqq̄ depending on the quark antiquark separationdistan
e L.It is of interest to have some analyti
 expressions showing how the potential depends onthe quarks separation distan
e for small and large values of L 
ompared to the 
onstant
B1/4 = A1/4/R. From (3.40) one has for L ≪ B−1/4,

∆ ≃ 8P 6, U0 ≃ P =
2η

L

Vqq̄ ≃ −2η2

π

R2

L
. (3.44)This usual Coulombi
 law behavior as in [13, 14℄ is expe
ted, sin
e for large U the metri
(3.30) turns to that of AdS5 × S5 by a reparametrization U → U ′/R2. However, in theopposite limit where L ≫ B−1/4, the se
ond term in (3.43) dominates, giving

∆ ≃ 216P 2B, U0 ≃
(
P 2B

)1/6
=

(
2η

L

)1/3(
A

R4

)1/6

Vqq̄ ≃
1

2π

√
AL . (3.45)This 
on�ning behavior is new 
ompared to the 
ase of AdS where we have only theCoulombi
 term in the potential. The 
on�nement is a 
onsequen
e of the running
oupling in the dual �eld theory. From another point of view, this result on
e moresuggests the 
orre
tness of the 
onje
tured mapping (2.24).4This result is identi
al with that of [24℄ by a res
aling U0 → U0

R2 . In [24℄ the 
hange of variable
ρ = R2/U was taken, instead of ρ = 1/U as in (3.30). 29
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Figure 3.1.: Plot of the quark antiquark potential, in units of RA1/4, as a fun
tion ofseparation distan
e L, in units of RA−1/4 = B−1/4.To have a whole pi
ture how the quark antiquark potential depends on the distan
e Lbetween the quarks, a plot of Vqq̄ is given in Fig.3.1. Here we res
aled U0 by U0 = A1/4

R
Urand the potential (3.43) be
omes

Vqq̄ =
1

π

√
π Γ(3/4)

Γ(1/4)
RA1/4

(

−Ur +
1

U3
r

)

, (3.46)and from (3.37) the relation between L and Ur is given by
L = 2 RA−1/4

√

U4
r + 1

U3
r

. (3.47)From the last equation it is possible to give a relation between Ur and L (in units of
RA−1/4), then repla
ing Ur(L) in the potential (3.46), a plot of the general 
ourse of
Vqq̄(L) 
an be generated, see Fig. 3.1.3.2.3. Quark Antiquark Potential with non-
onstant Angle on S5In this subse
tion we are going to 
onsider the 
ase where the quarks have di�erentpositions on the S5 of the deformed AdS metri
 (3.30). Be
ause of the symmetry, asdes
ribed in 
hapter 1, the relative quarks position on the S5 
an be fully determined byan angle ϑ(s) where s parameterizes the loop variable. Taking the 
on�guration wherethe Wilson loop 
ontour C forms an re
tangular as usual and letting the angle ϑ betime-independent and vary only along the spatial 
oordinate σ, we 
an write the angleas ϑ(σ).In the following, we want to investigate how the 
oulombi
 and 
on�nement behaviorof the quark antiquark potential are in�uen
ed by the relative angle θ, we also want30



3.2. N = 2 Dualto 
he
k whether a BPS 
on�guration as 
onsidered in [13, 14℄ exists. At the end, theresults will be 
ompared to those of the 
ase of the vanishing relative angle.Considering the string stret
hing on the (x1, t)-plain, along the radial 
oordinate andon the S5, we take the following boundary 
onditions
U(±L

2
) → ∞, ϑ(±L

2
) = ±θ

2
. (3.48)Taking the usual parameterization of the world-sheet by x1 = σ and t = τ , and applyingthe Nambu-Goto a
tion

S =
1

2πα′

∫

dτdσ
√

− det (GMN∂αXM∂βXN) (3.49)on (3.30), we have
S =

T

2π

∫ L/2

−L/2

dσ

[(

R4 +
A

U4

)
(
U4 + U ′2 + U2ϑ′2

)
]1/2

, (3.50)where the prime denotes the partial di�erentiation with respe
t to σ. The Lagrangiandoes not depend expli
itly on σ and is independent of ϑ, thus we have two 
onservedquantities.
√

R4 +
A

U4

U4

√
U4 + U ′2 + U2ϑ′2

= εk ,

εk
ϑ′

U2
= jk . (3.51)The quantities εk and jk are 
onserved quantities along σ. Due to the symmetry, it isthen 
onvenient to determine their values at σ = 0 by expressing (3.51) as fun
tions ofthe turning point U0 and the slope of the angle in the internal spa
e ϑ′

0.
εk =

√

R4 +
A

U4
0

U4
0

√

U4
0 + U2

0 ϑ
′2
0

, (3.52)
jk =

√

R4 +
A

U4
0

U2
0 ϑ′

0
√

U4
0 + U2

0 ϑ
′2
0

. (3.53)Dividing (3.53) by (3.52), one �nds
ϑ′

U2
=

ϑ′
0

U2
0

⇔ ϑ′ =
ϑ′

0

U2
0

U2 . (3.54)Inserting the above relation for ϑ′ in (3.52) and after some 
al
ulations one gets
U ′ =

√
√
√
√U4

[

(U4R4 + A)
(
U4

0 + U2
0 ϑ

′2
0

)

U8
0 R4 + AU4

0

−
(

1 +
U2

U4
0

ϑ
′2
0

)]

. (3.55)
31



3. Conformal and non-
onformal Ba
kgroundsFrom this it is possible to determine the U-
oordinate of the string depending on σ when
U0 and ϑ′

0 are known. After setting y as U = yU0 and introdu
ing a new parameter lbeing identi�ed with
l2 =

ϑ
′2
0 (U4

0 R4 + A)

U4
0 R4

(
U2

0 + ϑ
′2
0

) , (3.56)we end up with
σ =

l

θ0

∫ U/U0

1

dy

y2
√

(y2 − 1) (y2 + 1 − l2)
. (3.57)Using the relation (3.54), ϑ(σ) 
an be given by

ϑ (σ) =

∫
ϑ0

U2
0

U2 (σ) dσ = ϑ0

∫

y2dσ

= l

∫ U/U0

1

dy
√

(y2 − 1) (y2 + 1 − l2)
. (3.58)Using the boundary 
onditions (3.48), where U in the integration boundary goes toin�nity, relations between the quarks separation distan
e L, the relative angle θ, theturning point along the radial 
oordinate U0 and the slope ϑ′

0 at σ = 0 are given by
L = 2

l

ϑ′
0

I1 (l)

θ = 2 lI2 (l) , (3.59)where
I1(l) =

1

(1 − l2)
√

2 − l2

[

(
2 − l2

)
E

(√

1 − l2

2 − l2

)

− F

(√

1 − l2

2 − l2

)] (3.60)
I2(l) =

1√
2 − l2

F

(√

1 − l2

2 − l2

) (3.61)with F, E are 
omplete ellipti
 integrals 5 of the �rst and se
ond kind, respe
tively.From equation (3.59) one has an one-to-one relation between θ and l . Sin
e l isrestri
ted to the interval (−1, 1), the relative angle θ 
an take values between −π and
π. Be
ause of the symmetry, it is su�
ient to let l having values in [0, 1). A plot ofequation (3.59) is given in Fig.3.2.5 F (m) =

∫ π

2

0
dθ√

1−m2sin2θ
=
∫ 1

0
dy√

(1−y2)(1−m2y2)

E(m) =
∫ π

2

0
dθ

√
1 − m2sin2θ =

∫ 1

0

(1−m2y2)√
(1−y2)

dy32
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Figure 3.2.: Plot of the relative angle θ and the parameter l.The quark antiquark potential The next step is to 
al
ulate the extremal Nambu-Goto a
tion as a fun
tion of L and θ whi
h is expressed through l in this 
ase. Be
auseof the symmetry of the problem around σ = 0 in the (σ, U)-plain, the a
tion (3.50) nowreads
S =

2T

2π

∫ L/2

0

dx

√
(

R4 +
A

U4

)

(U4 + U ′2 + U2ϑ′2) . (3.62)From (3.52) we have
√

(U4 + U ′2 + U2θ′2) =

√
√
√
√

R4 + A
U4

R4 + A
U4

0

· U4

U4
0

·
√

(U4
0 + U2

0 θ2
0) , (3.63)then using (3.55) for repla
ing dσ by dU and afterwards introdu
ing y as usual U = U0y,the a
tion takes the following form

S =
T

π

∫ U/U0

1

dy

[

A

U3
0 R2

1

y2
√

(y2 − 1) (y2 + 1 − l2)
+ R2U0

y2

√

(y2 − 1) (y2 + 1 − l2)

]

.(3.64)The a
tion diverges be
ause of the se
ond term. After regularizing this expression bysubtra
ting the 
ontribution from the mass of the quark and antiquark (3.42) (for moredetails see appendix A for the 
ase of non-
onstant angle), the a
tion be
omes �nite
S

T
=

1

π

[
A

U3
0 R2

I1(l) − R2U0I3(l)

]

= Vqq̄ , (3.65)33



3. Conformal and non-
onformal Ba
kgroundswhere
I3(l) = E

(π

2
,
√

l2 − 1
)

− F
(π

2
,
√

l2 − 1
)

. (3.66)Similarly to the 
ase of vanishing relative angle, this expression for the potential is exa
tup to a 
onstant shift, sin
e in order to get a �nite result, an 
uto� UIR → 0 has beentaken. From the equations (3.59), for given values of L and θ, U0 and ϑ′
0 
an be fullydetermined.Let us �x the relative angle between quark and antiquark at the boundary by 
hoosinga 
onstant value for l ∈ [0, 1). Taking 
are the positivity of U0 and A, the followingexpression

l2 =
ϑ

′2
0 (U4

0 R4 + A)

U4
0 R4

(
U2

0 + ϑ
′2
0

) , ϑ′
0 =

2lI1(l)

L
(3.67)is equivalent to

f(z) = z3 − M

L2
z2 − NB

L2
= 0 , (3.68)where

z = U2
0 , M = 4I2

1 (l)
(
1 − l2

)
, N = 4I2

1 (l), B =
A

R4
. (3.69)Sin
e f(zi) < 0 for ∀zi with (∂zf(z))|z=zi

= 0, equation (3.68) has only one real solutionand whi
h is given by
U0 =

√

1

6

Z1/3

L2
+

2

3

M2

L2Z1/3
+

1

3

M

L2
(3.70)with

Z = 108NBL4 + 8M3 + 12
√

3
√

NB (27NBL4 + 4M3) L2 (3.71)With these results we are able to 
onsider the 
ases where L be
omes large or small
ompared6 to (1−l2)
3/4

B1/4
I1(l) .For L ≫ (1−l2)

3/4

B1/4
I1(l), the terms proportional to M3 will be negle
ted, and we have

Z ≃ 216NBL4, U0 ≃
(√

NB
1

L

)1/3

Vqq̄ ≃
1

π

[√
A

2
L − R2 (NB)1/6 I3(l)

1

L1/3
+ O

(
1

L5/2

)]

. (3.72)6The reason why L should be 
ompared with this quantity 
omes from 
onsidering (3.71) in order tosee whi
h terms dominate for various values of L while keeping l (θ) �xed.34



3.2. N = 2 DualCompared with the 
onstant angle 
ase (3.45), there exist additional terms in (3.72),but for very �large� L the potential shows the same 
on�nement behavior in both 
asesexpressing by the same slope parameter denoting the 
onstant for
e between the quarksfor all distan
es.In the opposite 
ase, where L ≪ (1−l2)
3/4

B1/4
I1(l), we have

Z ≃ 8M3, U0 ≃
√

M

L

Vqq̄ ≃
1

π

[

A

R2M3/2
L3 − R2

√
M

L
I3(l)

]

. (3.73)The se
ond term in the above equation dominates for �small� L showing a Coulombi
behavior. This behavior di�ers from the 
ase of 
onstant angle (3.44) by the dependen
eon l(θ). As a mild 
he
k of 
onsisten
y l is set to be 0 and the se
ond term in the aboveexpression is
−2I1(0)I3(0)

π

R2

L
=

−2η2

π

R2

L
.Hen
e, for l = 0 (θ = 0) equation (3.73) redu
es to the 
ase of 
onstant angle (3.44) asit should.Plotting the PotentialRe
all the quark antiquark potential

Vqq̄ =
1

π

[
A

U3
0 R2

I1(l) − R2U0I3(l)

]

. (3.74)We 
an res
ale U0 by U0 = A1/4

R
U0r and the potential be
omes

Vqq̄ = A1/4R · 1

π

[
1

U3
0r

I1(l) − U0rI3(l)

]

. (3.75)Sin
e we want to investigate the dependen
e of the potential on L, we need to know therelation between L and U0r and that 
an be done by solving the equation (3.68) afterres
aling U0 as above and L by Lr = LA1/4R−1. Equation (3.68) is the equivalent to
A3/2

R6

(

z3
r −

M

L2
r

z2
r −

N

L2
r

)

= 0 , zr = U2
0r . (3.76)Solving this equation gives a relation between U0r and Lr, whi
h is L in units of A1/4R−1.Making use of this relation, the potential V in units of A1/4R 
an be 
ompletely expressedby terms depending on Lr and l(θ). The plots are given in Fig.3.3. 35
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Figure 3.3.: (lhs)The potential, in units of A1/4R, as a fun
tion of separation distan
e
L, in units of A1/4R−1, and θ. (rhs) Vqq̄(L) with θ = (.99π, 3π

4
, π

2
, π

4
, 0) fromthe top to bottom ,respe
tively3.3. Summary and Dis
ussionsSummary We have applied the proposal (2.24) for evaluating the quark antiquarkpotential in two di�erent ba
kgrounds. The AdS5×S5 ba
kground is dual to a 
onformal�eld theory whi
h does not have running 
oupling. As expe
ted, the 
al
ulated stati
potential shows only a Coulombi
 bran
h, whi
h states that the quarks behave liketwo stati
 
harged points at all separation distan
es. However, when one 
onsiders theba
kground proposed in [24℄, whi
h is 
laimed to be dual to N = 2 SYM with running
oupling, the potential determined via string dual pi
ture indeed shows 
on�nementbehavior at large quarks separation distan
es. Both results 
an be interpreted as positivetests for the proposal (2.24). Furthermore, the weak/strong 
oupling duality in large N,large λ-limit is expressed by the √g2

Y MN =
√

λ dependen
e in the leading order whi
his a non-trivial fa
t of strong 
oupling whi
h di�ers from the perturbative YM resultswhi
h usually depend on g2
Y MN in the leading order.We are also interested in the 
ase where an additional degree of freedom is turnedon whi
h allows the movement of the open string inside the internal spa
e S5. In thispi
ture, the quarks are represented by the endpoints of open strings on some probebrane. This degree of freedom 
an be expressed through the relative angle θ betweenthe quarks on the �ve-sphere.For the 
ase of AdS5 × S5 the Coulombi
 behavior of the potential does not 
hangeby swit
hing on the S5-orientation, but 
ompared to the 
ase of 
onstant angle (θ = 0)there exists a prefa
tor X(θ) whi
h s
ales the V (θ = 0, L)-potential. The prefa
tor Xdepends only on θ whi
h 
an be expressed by the parameter ζ

X(ζ) =
Γ4(1/4)

2π3
(1 − ζ2)3/2I2

1 (ζ) . (3.77)36



3.3. Summary and Dis
ussionsIf the relative angle approa
hes to π, X(ζ → 1) goes to zero and the potential vanishesindependently from L. This situation was mentioned before as a BPS state whi
h 
an berealized only for U0 → 0. The solution then looks like two strings starting from in�nitygoing straight all the way down to U = 0. For the se
ond ba
kground (3.30) we donot observe an BPS state (non-vanishing potential for any L at θ = π). That 
an beexplained by the breaking of 
onformal and supersymmetry, also there is a shift in thepotential whi
h we do not 
onsider.Averaging the Results It is 
lear that SYM theory di�ers from QCD in many ways,and there is no degree of freedom in QCD whi
h 
an be interpreted as the internaldegree of freedom des
ribed above. However, if one 
arries out 
al
ulations in the stringdual pi
ture and wants to get rid of the S5 degree of freedom, one 
ould average overall possible θ-angles [60℄. That is one possibility to redu
e the degrees of freedom ingoing towards QCD. Our ansatz 
omes from letting the quarks and antiquarks havingarbitrary positions on the �ve-sphere and average over all possible 
on�gurations. Theweight to ea
h 
on�guration of relative angle θ will be ω(θ) given by the volume per θon S5 divided by the total S5 volume7
ω(θ) =

volS4

volS5
sin4 θ =

8

3π
sin4 θ . (3.78)The integration of the weight over all angles θ ∈ [0, π] gives unity as it should. To havea pi
ture of what is meant above let us 
onsider the simpli�ed 
ase where the quarkand antiquark are assumed to have arbitrary positions on the S2-sphere. For the stati

on�guration the string 
onne
ting them is a segment of the great 
ir
le. Due to thesymmetry the relative position between the quarks 
an be parameterized by an angle8 θ.The weight is then given by the 
ir
umferen
e of the 
ir
le at the polar angle θ dividedby the surfa
e area of S2. By doing this, θ = 0 and θ = π have the minimal weight while

θ = π/2 has the maximal one.Applying this method on (3.77), then the average
X(θ) =

∫ π

0

X(θ) ω(θ) dθ (3.79)
an be evaluated numeri
ally by
X(θ) =

∫ 1

0

X(l) ω(l)
dθ

dl
dl ≃ 0.623 . (3.80)7volSn = 2π

n+1
2

Γ[ n+1

2
]8We are just interested in the relative positions between the quarks, not in the pre
ise positions ofthem on the sphere 37
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Figure 3.4.: (lhs) Curvature for θ = 0 . (rhs) Plot of (3.85) for the whole(L,θ)-planeDue to our proposed method, after averaging over all angles θ, this fa
tor of 0.623 willstand infront of (3.12) giving
V (L, θ) = −0.623

4π2
√

g2
Y MN

Γ(1/4)4L
. (3.81)For the se
ond dis
ussed ba
kground (3.30) dual to N = 2 SYM, the S5-angle depen-den
e does not 
ause any 
hange to the 
on�nement behavior (the same slope parameterfor V (L, θ) at any θ), sin
e the attra
tive for
e between the quarks for large enough Lremains the same for both 
ases, namely for the 
ase of vanishing and non-vanishing rel-ative angle. At small L 
ompared to some 
onstant given by the geometry, the potentialis Coulombi
 and at large L it shows 
on�nement. Swit
hing on the relative angle θ, thede�nition of �small� and �large� L 
hanges, it depends strongly on θ. As an extremal
ase for θ = π, the su�
ient 
ondition for L to be 
onsidered as �large� holds, if it hasa non-vanishing value.From the analysis in the last 
hapter for the non-
onstant angle 
ase, L is 
onsideredas large (small) when it is mu
h greater (smaller) than R(1−l2)

3/4

A1/4
I1(l). We 
an 
onsiderthis quantity as the separation distan
e, proportional to whi
h 
on�nement behaviorsets in, then using the averaging method presented before, a suppression fa
tor to the
ase of 
onstant angle 
an be found by averaging over all angles θ

∫ 1

0

(1 − l2)3/4 I1(l)

I1(0)
ω(l)

dθ

dl
dl ≃ .7799 . (3.82)Che
k of Con
avity In the last 
hapter, the quark antiquark potential have been de-termined using string dual pi
ture for two di�erent ba
kgrounds, one dual to a 
onformaland the other to a non-
onformal �eld theory. To 
he
k whether the proposal (2.24) isa good one, it needs to pass 
ertain 
onsisten
y 
he
ks. One of whi
h is the stability
ondition under small �u
tuations. For the 
ase of AdS5 × S5 , equations of motion forthe �u
tuations have been obtained in [27℄ whi
h provide positive results.38



3.3. Summary and Dis
ussionsIn this paragraph we follow the analysis in [28℄ to 
he
k the 
on
avity of the potentialobtained via string dual pi
ture in all dire
tions of the (L, θ) plane. From the �eldtheoreti
al point of view the potential has to be 
on
ave and monotoni
ally growingwith L [30℄,
∂V

∂L
> 0,

∂2V

∂L2
6 0 , (3.83)whi
h states that the for
e between the quarks is always attra
tive and its magnitudeis a never in
reasing fun
tion of separation distan
e. In [28℄ a general expression forthose 
onditions has been found if the string does not extend in the S5-part of a general10-dimensional metri
 (2.27)

1

2π

√

b0 > 0,
db0(U0)

dU0

∂U0

∂L
6 0 , (3.84)with b0 ≡ b(U0) for b = −GttG||. There is no known dual geometry violating theabove 
ondition. If the S5 degree of freedom is turned on, it is ne
essary to 
he
kthe 
on
avity 
ondition 
ase by 
ase. Con
avity for the whole (L, θ)-plane holds if thefollowing inequation is valid

(

L2 ∂2

∂L2
+ 2Lθ

∂2

∂L∂θ
+ θ2 ∂2

∂θ2

)

V (L, θ) ≤ 0 . (3.85)In large T-limit it redu
es to a milder 
ondition, namely standard 
on
avity at θ = 0and V (L, 0) ≤ V (L, θ). Due to the 
omplexity of the problem, the validity of (3.85)for quarks potential (3.65) 
ould not be solved analyti
ally. In Fig.3.4 we present twographi
al representations indi
ating the 
on
avity of the potential for the non-
onformal
ase.
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4. Quark-Gluon-PlasmaHadroni
 matter undergoes a phase transition to a de
on�ned phase above some 
riti
altemperature Tc ∼ 200MeV , where a gas of hadrons turns into a gas of quarks andgluons. This 
riti
al temperature 
an be obtained from models in latti
e QCD and thereare many hints from experiments at RHIC[33℄ indi
ating that this QCD state of matterhas been realized by Au-Au 
ollision at velo
ity 
lose to c. Due to the strong 
oupling ofthe medium, 
onventional theoreti
al methods for investigating the properties of QGPen
ounter many di�
ulties. The gauge/gravity 
orresponden
e provides a stimulatingframework to explore the strong 
oupling regime of the gauge theories using the dualstring des
ription. Although QCD and N = 4 SYM are very di�erent theories at zerotemperature, they might share some 
ommon properties above the 
riti
al temperature[38℄. Considering the QGP as a N = 4 SYM plasma, physi
al quantities like vis
osity,drag for
e, jet quen
hing parameter, interquark potential of heavy meson moving insidethe plasma and its s
reening length 
an be explored. In the following 
hapter, phenomenaregistered by experimental data like suppression of 
harmonium states and ba
k-to-ba
kjets 
ompared to the 
ase of proton-proton 
ollision will be analyzed via string dualdes
ription.4.1. The AdS Bla
k Hole ba
kgroundA

ording to the AdS/CFT, raising the temperature of the gauge theory 
orresponds tointrodu
ing a bla
k brane (bla
k hole) in to the 
enter of AdS5 [16℄, and the Hawkingtemperature of the bla
k hole related to the horizon of the geometry is identi�ed withthe temperature of the gauge theory living on the boundary. In thermal �eld theory,expe
tation values of physi
al observables in thermal ensemble 
an be 
al
ulated usingpartition fun
tion Tr e−βH whi
h is written in the form of Eu
lidean fun
tional integral.In order to have Eu
lidean time one needs to 
arry out a Wi
k rotation t → iτ andthe tra
e may be implemented in that way that the partion fun
tion is (anti)-periodi
alwith respe
t to τ ∼ τ + β, where the inverse of β gives the temperature of the system.From the other side, the metri
 dual to N = 4 SYM theory at non-zero temperatureis the bla
k three-brane metri
[16℄,
ds2 = −fdt2 +

r2

R2
(dx2

1 + dx2
2 + dx2

3) +
1

f
dr2 + R2dΩ2

5 , f ≡ r2

R2

(

1 − r4
H

r4

)

. (4.1)The event horizon is lo
ated at r = rH , where Gtt = 0. The horizon is the threedimensional �at spa
e (in x1, x2, x3 dire
tions), that is the reason why this metri
 is41



4. Quark-Gluon-Plasma
alled bla
k three-brane. The Hawking temperature is determined 
ompletely by thebehavior of the metri
 
lose to the horizon r → rH . The interesting part in this regionare the terms 
ontaining Gtt and Grr, so let us 
on
entrate only on the (r, t) part of themetri
. After Taylor expanding f(r) in the neighborhood of rH ,
f(r) =

4rH

R2
(r − rH) + O

(
(r − rH)2) (4.2)the metri
 takes the form

ds′2 = −4rH

R2
(r − rH)dt2 +

R2

4rH (r − rH)
dr2. (4.3)Changing the radial variable from r to ς by r = rH + ς2/rH and Wi
k-rotating t → iτ ,the metri
 has the form of the �at metri
 in 
ylindri
al 
oordinates

ds′2 =
R2

r2
H

(dς2 +
4r2

H

R4
ς2dτ 2). (4.4)By doing so, the Eu
lidean time 
oordinate τ just gets 
ompa
ti�ed sin
e τ plays therole of the angular 
oordinate in this parameterization. Identifying the periodi
ity men-tioned above and noting that the Hawking temperature gives the value where the 
oni
alsingularity (ς = 0) disappears, the Hawking temperature reads

1

β
= TH =

rH

πR2
. (4.5)This so-
alled Hawking temperature will be identi�ed with the temperature of the �eldtheory living at the boundary of the spa
etime 1.Sin
e we are still working with geometry dual to N = 4 SYM, and the dual �eldtheory 
ontains only �elds in the adjoint representation of the gauge group, we haveto add a probe brane into the geometry in order to have parti
les in the fundamentalrepresentation. A D3-brane will be introdu
ed at the boundary of AdS5 and lying along

~n on S5 where ~n is a unit ve
tor in R6. The D-brane is situated at some large, �xed valueof the radial 
oordinate. The reason is twofold, �rst the quark masses proportional tothe string length have to be large sin
e we are interested in the stati
 potential betweenthem, and as a se
ond reason the 
ontour of the Wilson loop should be in a 4-dimensionalMinkowski spa
etime. If the quark and antiquark 
an have di�erent positions on the�ve-sphere, two probe D3-branes sitting at the same radial 
oordinate r but di�erentpositions in the transverse spa
e (having di�erent ~n) need to be introdu
ed, hen
e inthis pi
ture the quark and antiquark are pla
ed on di�erent D3-branes.1To be more pre
ise, there is another geometry 
ompeting with this geometry in the Eu
lidean partionsum Z =
∑

exp[−βH ]. The temperature is introdu
ed by repla
ing the 
onformal boundary geome-try R
4 of AdS by S3×S1, where S1 represents the periodi
 imaginary time. There are two di�erentmanifolds with this 
onformal boundary, the �nite temperature version of AdS and the AdS bla
khole metri
. The dominant one is the one with smaller Eu
lidean a
tion, whi
h at su�
ient hightemperature turns out to be the AdS bla
k hole metri
 [16℄.42



4.1. The AdS Bla
k Hole ba
kground
τ

C light−like

C static C static
boosted

longitudinal

x

transverse
x

3

1

time
t

L

Figure 4.1.: S
hemati
 illustration of the shape of Wilson loop at di�erent velo
ities withrespe
t to the medium. Cstatic 
orresponds to v = 0, Cboosted to 0 < v < c and
Clight−like to v = c.In heavy ion 
ollisions quark antiquark pairs are produ
ed moving with some velo
ity

v with respe
t to the medium. This 
auses great 
hallenges when the 
onventionalmethods are applied for studying the physi
s of the moving quarks. Using the string dualdes
ription, this problem 
an be solved in a very natural way. It proves very 
onvenientto work in the rest frame of the pair, so the geometry will be Lorentz-boosted. Let the qq̄pair with 
onstant length extending along the x1 dire
tion move with 
onstant velo
ity
v in x3 dire
tion, i.e. perpendi
ular to its separation, we boost the system to the restframe (t′, x′

3) of the qq̄ pair using the Lorentz transformation
dt = dt′ cosh η − dx′

3 sinh η,

dx3 = −dt′ sinh η + dx′
3 cosh η, (4.6)where the rapidity is given by tanh η = v or γ = 1/

√
1 − v2 = cosh η. Then the qq̄pair 
an be seen as at rest in a moving quark-gluon plasma wind and after dropping theprime, the boosted AdS bla
k hole metri
 reads

ds2 = −Adt2 − 2Bdtdx3 + Cdx2
3 +

r2

R2
(dx2

1 + dx2
2) +

1

f
dr2 + R2dΩ2

5 (4.7)with
A =

r2

R2
− r4

1

r2R2
, B =

r2
1r

2
2

r2R2
, C =

r2

R2
+

r4
2

r2R2
, (4.8)43



4. Quark-Gluon-Plasmaand
r4
1 = r4

H cosh2 η = r4
Hγ2, r4

2 = r4
H sinh2 η = r4

Hγ2v2 .Working in this frame, the Wilson loop is stati
 and the QGP is moving with somevelo
ity v in the negative x3-dire
tion. This Wilson loop 
an be used to 
al
ulate thequark antiquark potential in a moving quark gluon plasma in the next se
tion. In Fig.4.1, one �nds an illustration of the Wilson loops at di�erent velo
ities [38℄.4.2. Quark-Antiquark System at �nite TemperatureThe quark antiquark potential in a ba
kground at�nite temperatures has been 
al
ulatedin [17, 18℄ using the proposal in [13, 14℄. It was found that there is a maximal separationlength, above whi
h no stationary solution exists. This phenomenon is interpreted asstring breaking and the 
riti
al length is 
alled the s
reening length. Below the s
reeninglength, the turning point along the radial 
oordinate is a double-valued fun
tion of theseparation distan
e L. A

ordingly, the potential Vqq̄(L) is a double-valued fun
tiondes
ribing two 
lassi
al string 
on�gurations satisfying the same boundary 
onditions.In this se
tion there will be a review of ref.[37, 38℄ showing how the s
reening lengthand the potential are e�e
ted when the quarks are not at rest, but moving though theQGP with some velo
ity v. Furthermore we will extend the problem by swit
hing onthe relative orientation θ on the �ve-sphere between quark and antiquark and examinehow the s
reening length and potential depend on the additional parameter θ. At theend there is a dis
ussion from the �eld theoreti
al point of view showing that one of thetwo 
lassi
al string 
on�gurations mentioned above is unstable.4.2.1. S
reening Length and qq̄-Potential at θ = 0First we need to set up the shape of the re
tangular Wilson loop in the Minkowski spa
eat the boundary. The short side L of C is 
hosen to lie along the x1 dire
tion and longside along the time dire
tion t. By doing so the problem is restri
ted to the 
ase wherethe plasma wind is blowing perpendi
ular to the quark antiquark pair2.The ansatz for the ba
kground string 
an be taken as
t = τ, x1 = σ̃ ∈ [−L/2, L/2] , r = r(σ̃)2It is possible to 
hose the short side L lying in the (x1, x3)-plane by introdu
ing an angle φ betweenthe extention of L and the x3-
oordinate. Then the problem will be generalized to any dire
-tion with respe
t to plasma wind. The problem 
an be solved numeri
ally and it was found thatthe wind dire
tion has very mild in�uen
e on the s
reening length and potential (φ only 
auses ashift, the shape of of the 
urve Lmax(φ) and Vqq̂(φ) does not 
hange). It was found in ref. [41℄that the s
reening length has the minimum when φ = π/2 and the maximum when φ = 0, while

Lmax(π/2)/Lmax(0) ≃ 0.9. For the sake of simpli
ity and 
larity, φ = π/2 is assumed thoughoutthe thesis44



4.2. Quark-Antiquark System at �nite Temperatureand the rest of the string positions remains 
onstant in τ and σ̃. The quark and antiquarkare set at σ̃ = −L/2 and σ̃ = L/2, respe
tively. The probe D3-brane at the boundaryof AdS bla
k hole is lo
ated at some radial 
oordinate whi
h will be taken to in�nityin order to make the quarks in�nitely massive. Both, the quark and antiquark aresituated on this brane, so they are sitting at the same position in the internal spa
e S5.Introdu
ing following dimensionless variables
y ≡ r/rH , ℓ ≡ LrH/R2 = LπTH , (4.9)and res
aling σ = σ̃rH/R2, the boundary 
onditions be
ome

y

(

± ℓ

2

)

= Λ → ∞ . (4.10)Applying the Nambu-Goto a
tion for the string world-sheet on the ba
kground (4.7)
S =

1

2πα′

∫ L/2

−L/2

dσ̃dτ

√

A

(
r2

R2
+

(∂σ̃r)2

f

)

, (4.11)transforming all the dimensionful parameters above into dimensionless variables de�nedin (4.9) and after intergrating over τ , one gets
S =

T

2πα′

∫ ℓ/2

−ℓ/2

dσ

√

(y4 − cosh2 η)(1 +
y′2

y4 − 1
)r2

H

= T TH

√
λ

∫ ℓ/2

0

dσ

√

(y4 − cosh2 η)(1 +
y′2

y4 − 1
) . (4.12)Here, T denotes the proper time, whi
h should be assumed to be large, λ = R4/α′2 the't Hooft 
oupling, TH the Hawking temperature and the prime in y′ the di�erentiationwith respe
t to σ. At this pla
e, it is interesting to note that the a
tion 
an be realor imaginary depending on the sign of (y4 − cosh2 η) inside the square root. A
tually,the reality or imaginarity of the a
tion for a given velo
ity will depends on where theprobe brane is pla
ed at some the radial 
oordinate Λ, where the boundary 
onditionsare set. The a
tion above has real value if √Λ > cosh η and the string will start fromthe boundary at Λ going down to some radial 
oordinate y0 ≥ √

cosh η, make a turnthere and 
ome ba
k to the boundary. From the Lagrangian above, a 
onserved quantityalong σ 
an be 
onstru
ted, namely
L − y′ L

∂y′
=

y4 − cosh2 η
√

(y4 − cosh2 η)(1 + y′2

y4−1
)

=

√

y4
0 − cosh2 η , (4.13)where y0 gives the turning point of the string world-sheet along the radial 
oordinate 3.One 
an rewrite the above equation as3y0 plays the role of U0, but is dimensionless. Note our earlier 
onvention, in a metri
 with radial
oordinate denoted by U , R is dimensionless and is de�ned by R4 ≡ R′4 = 4πgsN , while in metri
with r as radial 
oordinate, R4 = 4πgsNα′2 is dimensionful. 45



4. Quark-Gluon-Plasma
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Figure 4.2.: Separation ℓ length as a fun
tion of the turning point y0 for η = {0, .5, 1, 2}(γ = cosh η) from the top to bottom, respe
tively.
∂y

∂σ
= y′ =

1
√

y4
0 − γ2

√

(y4 − 1)(y4 − y4
0) , (4.14)where cosh η has been repla
ed by γ = 1/

√
1 − v2. From the boundary 
onditions (4.10),using y(0) = y0 and ℓ

2
=
∫ ℓ

0
dσ, we have
ℓ = 2

∫ Λ

y0

√

y4
0 − γ2

√

(y4 − 1)(y4 − y4
0)

dy . (4.15)Substituting y by y0/w and taking the limit where Λ goes to in�nity, the followingexpression 
an be found for the qq̄ separation length
ℓ =

2
√

y4
0 − γ2

y0

∫ 1

0

w2dw
√

(1 − w4) (y4
0 − w4)

(4.16)
=

2
√

π

3

Γ(7/4)

Γ(5/4)

√

y4
0 − γ2

y3
0

2F1

(
1

2
,
3

4
,
5

4
,

1

y4
0

)

, (4.17)where 2F1 (a, b, c; z) is the standard hypergeometri
 fun
tion. This equation states thatfor any given velo
ity and separation length, y0 determined by (4.17) would des
ribe the
hara
teristi
 value of the stationary U-shape string whi
h minimizes the string world-sheet. One 
an then ask the question whether it is always possible to �nd a stationary46



4.2. Quark-Antiquark System at �nite Temperaturestring shape with some y0 satisfying the minimizing problem for given values of L and
v. Let us take a look at Fig. 4.2 showing the above relation between ℓ and y0 for variousvelo
ities.The s
reening length The plot shows that a solution for y0 exists only for values of ℓup to a 
riti
al ℓmax. From now on this maximal value ℓmax will be 
alled s
reening length,sin
e above this value no stationary solution for the minimal world-sheet bounded by theWilson loop C 
an be found. Later we will see this behavior again when the potentialis evaluated. It is interesting to note that for every distan
e ℓ < ℓmax there are twosolutions for y0 satisfying the same boundary 
onditions. This signi�es the existen
e oftwo 
lassi
al string 
on�gurations, the one with larger value of y0 is 
alled the �short�string and the other one with smaller value of y0 the �long� string.In QGP the s
reening length gives the maximal interquark distan
e above whi
h heavymesons (like 
harmonium bound states) disso
iate. This quantity depends strongly onthe relative velo
ity between the quark antiquark pair and the medium. Unfortunately,an analyti
al expression for ℓmax 
an not be found from (4.17). However, for the highvelo
ity limit, whi
h is assumed for parti
les produ
ed inside the QGP at RHIC, γ is
onsidered to be large. Due to the reality 
ondition for ℓ, y0 ≥ √

γ is large, thus we
an take the �rst derivative of ℓ with respe
t to y0, and after negle
ting all the termsproportional to 1/γ4, an approximated expression for ℓmax depending on the velo
ity
an be written as
ℓmax (γ) ≈ ℓ

(
31/4√γ

)
= 0.7433

1√
γ

2F1

(
1

2
,
3

4
,
5

4
,

1

3γ2

)

. (4.18)Numeri
al analysis of equation (4.17) shows that ℓmax = 0.869 for γ = 1 whi
h does notdi�er mu
h from the value of 0.837 obtained by interpolating to γ = 1 from the aboveapproximation for large γ, and this motivates writing the s
reening length as [37℄
Lmax =

g(v)

πTH
(1 − v2)1/4. (4.19)The introdu
ed fun
tion of velo
ity g(v) 
an be plotted for velo
ity between [0,1℄ andit was found in [37℄ that g(v) has a very mild in�uen
e4 on Lmax and the dominant

v-dependen
e5 of Lmax is the fa
tor (1 − v2)1/4. At this pla
e a �rst statement aboutthe velo
ity-dependen
e of physi
al observables 
an be made, namely that the s
reeninglength de
reases with in
reasing velo
ity whi
h as an approximation 
an be expressedby
Lmax(v) ≃ Lmax(0)(1 − v2)1/4 . (4.20)4Numeri
al analysis shows g(0) = 0.869 and g(1) = 0.7433.5Another analysis of s
reening length [39℄ shows that the Ls behavior for some region of v not 
loseto c is a
tually 
loser to (1− v2)1/3 than (1− v2)1/4. Throughout this thesis we work with the large

γ-limit. 47



4. Quark-Gluon-PlasmaIt was argued in ref.[44℄ that if the dis
overed velo
ity-s
aling of Lmax holds for QCD,it will have qualitative 
onsequen
es for quarkonium suppression. For example, latti
e
al
ulations of quark antiquark potential indi
ate that J/Ψ state disso
iates at tempera-ture around 2.1Tc where as ex
ited states of cc̄ like χc and Ψ′ 
annot survive temperaturesabove 1.2Tc [44℄. If 
ollisions at RHIC rea
h temperature between 1.2Tc and 2.1Tc, onewould expe
t the suppression of the ex
ited 
harmonium states, but not the suppres-sion of the J/Ψ. However, taking the equation (4.20), the temperature6 Tdiss ∼ 1/Lmaxneeded to disso
iate J/Ψ de
reases as (1 − v2)1/4 and that might be one of the reasonsfor the observed suppression of the produ
tion of 
harmonium states.The Potential For evaluating the minimal surfa
e tra
ed out by the stationary string,relations (4.13) and (4.14) will be substituted into (4.12),
S = T TH

√
λ

∫ Λ

y0

dy
y4 − γ2

√

(y4 − 1)(y4 − y4
0)

. (4.21)This a
tion diverges when the limit Λ → ∞ is taken. In order to have a �nite result,a subtra
tion for removing the �self-energies� of the quark and antiquark propagatingindependently along the long sides of the Wilson loop has to be 
arried out. The quarkmasses are proportional to the minimal surfa
e of two straight string stret
hing alongthe radial 
oordinate from the boundary to the horizon of this ba
kground. Sin
e weare working in the rest frame of the quark antiquark pair in a �owing medium (boostedba
kground), we need to 
he
k whether this straight string 
on�guration still des
ribesthe stationary solution.In the following a stationary solution for a single quark in a moving plasma, let us sayin x3-dire
tion, will be 
onsidered. The string world-sheet of the single quark stret
hesin a three dimensional subspa
e spanned by t-, r- and x3-
oordinate. This world-sheet
an be parameterized by two variables τ and σ as
τ = t, σ = r, x3 = x3(σ) . (4.22)The quark mass mq = S/T 
an be obtained after extremizing the Nambu-Goto a
tionapplied on the boosted AdS bla
k hole metri
 (4.7)

Sq =
T

2πα′

∫ rHΛ

rH

dr

√

A

f
+ (AC + 4B2)(∂rx3)2 , (4.23)where Λ denotes the radial position of the probe brane in the usual y = r

rH

oordinate.Introdu
ing the dimensionless variable z = rHx3

R2 , the a
tion Sq be
omes
Sq =

T TH

√
λ

2

∫ Λ

1

dy

√

y4 − γ2

y4 − 1
+ (y4 − 1)z′2 . (4.24)6It was found from latti
e QCD that the 
riti
al temperature needed to disso
iate a quark antiquarkpair is proportional to 1/Lmax [38℄.48



4.2. Quark-Antiquark System at �nite TemperatureThis a
tion does not depend expli
itly on z, thus the Euler-Lagrange equations of motionimplies a 
onserved quantity
cq =

[√

y4 − γ2

y4 − 1
+ (y4 − 1)z′2

]−1

z′(y4 − 1) , (4.25)whi
h leads to
z′2 = c2

q

1

(y4 − 1)2

y4 − γ2

y4 − 1 − c2
q

. (4.26)We are still interested in the 
ase where Λ >
√

γ whi
h, as dis
ussed at the beginning ofthe last subse
tion, is ne
essary in order to avoid imaginary a
tion. The string relatedto the single quark stret
hes between the horizon at y = 1 and the boundary at y = Λ.The only possible solution for the above equation is 
alled drag solution [46℄[47℄ whi
harises from the observation that the denominator and the numerator of the last fa
torhave to 
hange sign at the same radial 
oordinate. Otherwise z′2 would be negativewhen the string passes some 
riti
al point on the way from the boundary at √γ to thehorizon at y = 1. This 
ondition restri
ts the value of cq to be
c2
q = γ2 − 1 . (4.27)Integrating z′ above for c2

q = γ2 − 1 gives the drag solution des
ribing the shape of theopen string stret
hing from the boundary down to the horizon
z(y) =

√

γ2 − 1

(
1

4
log(y − 1) − 1

4
log(y + 1) − arctan(y)

2

)

+ const . (4.28)After inserting the relation z′(cq) into (4.24), the quark mass reads
mq =

TH

√
λ

2

∫ Λ

1

dy . (4.29)Subtra
ting quark masses 2mq from the a
tion (4.21), substituting y by w = y0

y
andsending Λ to in�nity, one obtains the interquark potential from the regularized a
tion

Vqq̄ (y0, γ)√
λTH

=

∫ 1

0

y0

w2

(

y4
0 − w4γ2

y2
0

√

(1 − w4) (y4
0 − w4)

− 1

)

dw − (y0 − 1) (4.30)
= 1 −

√
2π3/2

Γ (1/4)2




5 (γ2 + y4

0 + 1) 2F1

(
1
2
, 3

4
, 5

4
, 1

y4

0

)

− 92F1

(
1
2
, 7

4
, 9

4
, 1

y4

0

)

5y3
0



 .Both, the separation length ℓ from (4.17) and the potential are fun
tions of velo
ity vand the turning point y0. There is no analyti
al expression giving the expli
it relation49



4. Quark-Gluon-Plasma
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Figure 4.3.: Plot of the potential, in units of √λTH , as a fun
tion of the separation ℓ,in units of 1
πTH

, for η = {0, .5, 1, 2} (γ = cosh η) from the top to bottom,respe
tively.between ℓ and Vqq̂, but it is possible to show the dependen
e of Vqq̂ on ℓ graphi
allyvia parametri
 plotting using y0 as 
urve parameter for 
ertain values of γ. A plot of
Vqq̄(L) for various γ is given in Fig.4.3. From the plot we see again the presen
e ofa maximal separation distan
e above whi
h only trivial solution for two dis
onne
tedstrings exist. Below the 
riti
al distan
e there are two bran
hes of the potential. As seenin Fig.4.2 and keeping in mind the meaning of y0 as the furthermost radial point from theboundary, one expe
ts that the 
on�guration with larger value of y0 has shorter lengthand so energeti
ally more favorable 
on�guration. Then the short string 
on�gurationwith larger value of y0 
orresponds to the lower bran
h of the potential. That 
an alsobe 
on
eived by the fa
t that the world-sheet tra
ed out by the short string is smaller
ompared to the one tra
ed out by the longer string. Later we will show in the dis
ussionthat due to 
on
avity 
onditions the longer string with smaller value of y0 represents anunstable string 
on�guration.Another 
hara
teristi
 of the quarks potential evaluated via N = 4 dual ba
kgroundat �nite temperature 
an be seen from the above �gure. For small values of γ and ℓ 
loseto ℓmax the potential 
an 
ross zero whi
h means that this 
on�guration has higher totalenergy than the �straight�7 parallel string pair. This 
on�guration is sometimes 
alledmetastable and will be suppressed by higher velo
ities as seen from the above plot.7Due to the drag for
e the shape of the single string (4.28) is not straight.50



4.2. Quark-Antiquark System at �nite Temperature4.2.2. S
reening Length and qq̄-Potential at θ 6= 0The 
ontent of this subse
tion is 
losely related to [60℄. Allowing the ba
kground stringto stret
h additionally in the internal spa
e S5 and basi
ally taking the same ansatz forthe remaining dire
tions and using all the notations mentioned in subse
tion, a stringworld-sheet obeying the following boundary 
onditions will be 
onsidered:
y

(

± ℓ

2

)

= Λ → ∞ , ϑ

(

± ℓ

2

)

= ±θ

2
, (4.31)where ϑ is the σ-dependent angle on the great 
ir
le 
onne
ting the S5 position of qand q̄. Then the Nambu-Goto a
tion with the indu
ed metri
 for a string world-sheet,approa
hing on the boundary of AdS bla
k hole (r → ∞) the just dis
ussed re
tangle,turns out to be (as usual using translation invarian
e in time for large T )

S (C) =
1

2πα′

∫ −L
2

−L
2

dσ̃dτ

√

A

(
r2

R2
+

1

f
(∂σ̃r)2 + R2 (∂σ̃ϑ)2

) (4.32)
=

√
λTTH

∫ ℓ
2

0

dσ

√

(y4 − γ2)

(

1 +
y′2

y4 − 1
+

ϑ′2

y2

)

, (4.33)with the prime denoting the di�erentiation with respe
t to σ. Sin
e the Lagrangian doesnot depend expli
itly on σ and is independent of ϑ, there are two 
onserved quantities
ǫ and j

ǫ =

√

y4 − γ2

1 + y′2

y4−1
+ ϑ′2

y2

=

√

y2
0 (y4

0 − γ2)

y2
0 + ϑ′

0
2 ,

j = ǫ · ϑ′

y2
= ǫ

ϑ′
0

y0

. (4.34)The rightmost sides express these 
onserved quantities in terms of geometri
 
hara
ter-isti
s of the string world-sheet: y0 the minimal y value realized for symmetry reasons at
σ = 0 where y′ = 0, and ϑ′

0 = ϑ′(0) giving the slope of the angle at σ = 0. Repla
ing
ϑ′ = ϑ′

0y
2/y2

0 in equation (4.34), we �nd
y′ =

√

(y4 − 1)(y2 − y2
0)(y

2y4
0 + y2y2

0ϑ
′2
0 + y6

0 + γ2ϑ′2
0)

y4
0(y

4
0 − γ2)

. (4.35)S
reening length for θ 6= 0 Using the above equation, the boundary 
onditions (4.31)and after 
hanging the 
oordinate y to w as w = y0/y, relations between ℓ, θ and y0, ϑ′
051



4. Quark-Gluon-Plasma
an be found
θ = 2

√
1 − h

∫ 1

0

dw
√

(1 − kw4/γ2)(1 − w2)(1 + hw2)
,

ℓ =
2k1/4

γ1/2

√
h − k

∫ 1

0

w2 dw
√

(1 − kw4/γ2)(1 − w2)(1 + hw2)
, (4.36)where we swit
hed from y0, ϑ′

0 parameterizing the 
onserved quantities in (4.34) to hand k de�ned by
h =

y6
0 + γ2ϑ′

0
2

y6
0 + y4

0ϑ
′
0
2 , k =

γ2

y4
0

. (4.37)Real ǫ and j in (4.34) require y4
0 ≥ γ2, i.e. k ∈ (0, 1], whi
h together with reality for θand ℓ in (4.36) 
onstrains the parameters h and k to

0 < k ≤ h ≤ 1 . (4.38)Unfortunately we 
an not �nd some exa
t analyti
al expressions for these two integrals,but in the large velo
ity limit expanding the �rst fa
tor under the square root in theintegrals for large γ, one gets a representation in terms of ellipti
 integrals
θ = 2

√
1 − h

{

K(−h) +
k

6h2γ2

(

2(h − 1)E(−h) + (2 − h)K(−h)
)

+ O(γ−4)
}

, (4.39)
ℓ =

2k1/4
√

h − k

γ1/2

{E(−h) − K(−h)

h
+

k

30h3γ2

(

(8 + h(8h − 7))E(−h) (4.40)
+ (h(3 − 4h) − 8)K(−h)

)

+ O(γ−4)
}

,where K and E denote the standard 
omplete ellipti
 integrals of the �rst and se
ondkind. In leading large γ approximation the relative S5-angle θ depends on h only and, inaddition, the θ ↔ h relation is one to one with θ(0) = π and θ(1) = 0. This simpli�es thefurther analysis 
onsiderably, and we will restri
t ourselves to this level of approximationthroughout this se
tion.For �xed θ, i.e. �xed h, the res
aled dimensionless q-q̄ separation ℓ depends on theremaining 
onserved quantity k via the trivial k1/4
√

h − k fa
tor taking into a

ount the
onstraint (4.38). This de�nes a maximal value ℓmax = ℓ(k = h/3) whi
h plays the roleof a s
reening length, sin
e for larger q-q̄ separation one obviously �nds no solution ofthe stationarity 
ondition for the Nambu-Goto a
tion (4.33)
ℓmax = Z(θ) · γ−1/2 + O(γ−5/2) ,

Z(θ) =
2
√

2

33/4

E(−h) − K(−h)

(h(θ))1/4
. (4.41)52



4.2. Quark-Antiquark System at �nite Temperature
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(a) (b)Figure 4.4.: (a) The quark antiquark separation ℓ, in units of (πTH)−1, as a fun
tion of
k = γ2

y4

0

with θ =
{
0, π

3
, π

2
, 5π

6

} from the top to bottom ,respe
tively. The darklines refer to the "short strings" while the gray lines to the "long strings".(b) The prefa
tor Z as a fun
tion of the angle θ.The large velo
ity s
aling ℓmax ∝ γ−1/2 holds for all θ ∈ [0, π). The prefa
tor Z(θ)monotonously de
reases from Z(0) = 0.7433, known already from [37℄, to Z(π) = 0, seealso Fig.4.4. For ℓ < ℓmax there are two solutions to the stationarity 
ondition, one for
k < h/3, the �short string� and one for k > h/3, the �long string�.We have seen that the s
reening length depends strongly on the relative S5 orientationof quark and antiquark. This maximal separation even shrinks to zero if the quarks weresituated at antipodal points on the �ve-sphere. To get out of this analysis somethingwhi
h, assuming some kind of universality, should be 
ompared to QCD, we apply thein 
hapter 2 presented method to average Z(θ) over all θ with a weight ω(θ) given bythe volume per θ on Ω5 divided by the total Ω5 volume. Then the average

Z(θ) =

∫ π

0

Z(θ) ω(θ) dθ (4.42)using (4.39) up to the leading order 
an be expressed as an integral over h and evaluatednumeri
ally. The result is Z = 0.5797 and gives a suppression fa
tor Z/Z(0) = 0.7797relative to ref. [37℄.The qq̄ potential for θ 6= 0 The next step is to examine the dependen
e of qq̄ potential(4.33) on ℓ and θ. Using relations (4.34) and (4.35), one gets
V =

TH

√
λ

ǫ

∫ ℓ/2

0

(y4 − γ2) dx = TH

√
λ

∫ ∞

y0

(y4 − γ2) dy
√

(y4 − 1)(y4 − γ2 − ǫ2 − j2y2)
. (4.43)The integral is divergent at y → ∞. We adopt the usual pro
edure to subtra
t theminimal a
tion for a string world-sheets des
ribed by two independently straight string53



4. Quark-Gluon-Plasmahanging down from the boundary to the horizon. In this 
ase we allow quark andantiquark to have di�erent positions on the �ve-sphere, so one might wonder whetherthe quark masses depend on this additional degree of freedom. Intuitively, one mightexpe
t an in
reasing quark mass due to the fa
t that the single string must stret
h alsoon the S5, and by doing so it will gain additional length.The analysis is similar to the one 
arried out expli
itly for the 
onstant angle 
ase.The only di�eren
e is that we have to 
onsider the string moving in ϑ dire
tion alongthe way from the boundary to the horizon. Taking the ansatz
τ = t, σ = r, x3 = x3(σ), ϑ = ϑ(σ) , (4.44)the a
tion for the single string reads

Sq =
T

2πα′

∫ rHΛ

rH

dr

√

A

f
+ (AC + 4B2)(∂rx3)2 + AR2ϑ′2 ,

=
T TH

√
λ

2

∫ Λ

1

dy

√

y4 − γ2

y4 − 1
+ (y4 − 1)z′2 + (

y4 − γ2

y2
ϑ′2) , (4.45)where the prime in the last line denotes di�erentiation with respe
t to y. The abovea
tion 
ontains an additional term for the S5 part and does not depend on z and ϑ.Solving the equation of motions and identifying two 
onserved quantities cz and cϑalong z and ϑ, respe
tively, one �nds

z′2 =
c2
z

y4 − 1

(
1

y4 − 1
+

ϑ′2

y2

)
y4 − γ2

y4 − 1 − c2
z

, (4.46)
ϑ′2 =

c2
ϑy

4

y4 − 1

(y4 − γ2) + (y4 − 1)2z′2

(y4 − γ2)(y4 − γ2 − c2
ϑy

2)
. (4.47)The expressions on the right hand sides of the two equations above have to be non-negative, and sin
e we are interested in a string 
on�guration stret
hing from the Λ ≥ √

γdown to the horizon at y = 1, the only solution satisfying the stationary 
onditions ofsu
h a string world-sheet turns out to be
cϑ = 0, c2

z = γ2 − 1 , (4.48)whi
h is exa
tly the same solution obtained for the vanishing relative angle 
ase8. Thusthe quark mass does not depend on its various orientations on the �ve-sphere. Subtra
t-ing the quark and antiquark mass from the minimal Nambu-Goto a
tion, expressing inaddition ǫ and γ via (4.34),(4.37) by h and k and transforming the integration variableby y = y0/w we get
Vqq̄

λ1/2TH

=






1 +

γ
1

2

k
1

4



−1 +

∫ 1

0

( 1 − kw4

√

(1 − kw4

γ2 )(1 − w2)(1 + hw2)
− 1
)dw

w2

)










. (4.49)8Later, this solution will be used for studying the possible S5-dependen
e of the drag for
e.54



4.2. Quark-Antiquark System at �nite Temperature
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(a) (b)Figure 4.5.: (a)A numeri
al plot of potential V , in units of √λTH , as a fun
tion of theseparation ℓ, in units of 1
πTH

, and the angle θ for γ = 1 using (4.36) and(4.49). The upper �plane� 
orresponds to the long strings while the lower oneto the short ones. (b)The leading order of potential V for the short stringbran
h, in units of √λTH , as a fun
tion of the separation ℓ, in units of 1
πTH

,and the angle θ for γ = 1.As above in the integrals for ℓ and θ, the expansion for large γ allows a representationin terms of ellipti
 integrals
Vqq̄(L, θ, v) = THλ1/2

(

1 +
γ1/2(h + k)

hk1/4

(

K(−h) − E(−h)
)

+ O(γ−3/2)

)

. (4.50)A graphi
al representation of the potential as a fun
tion of the q-q̄ separation ℓ forvarious values of the velo
ity v and the S5 angle θ 
an be generated by �xing h(θ) andusing (4.40) and (4.50) for parametri
 plots with k as parameter.4.2.3. Summary and Dis
ussionsWe have evaluated the s
reening length and the potential of the quark antiquark pairprodu
ed with high transverse momentum in a QGP. As an approximation to QCD athigh temperature, a boosted ba
kground dual to N = 4 SYM has been used. Turning onthe relative S5 angle, we still found two possible string 
on�gurations satisfying the samestationary boundary 
onditions. The large velo
ity s
aling law (4.19) for the s
reeninglength holds for any angle θ, but the s
reening length strongly depends on an additionalprefa
tor whi
h is a fun
tion of θ. Averaging over all possible relative S5 orientationsgives a suppression fa
tor of 0.7797 
ompared to the 
ase of the quark and antiquarkhaving the same position on the �ve-sphere.In the following we will dis
uss the instability of the long string 
on�guration fromthe �eld theoreti
al point of view and will give an argument why the averaging methodmakes sense for all θ ranging between zero and π at large velo
ity limit. 55



4. Quark-Gluon-Plasma
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, π
2
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3
, 0
} from the top to bottom,respe
tively. The dark lines refer to the "short strings" while the gray linesto the "long strings". (b) Basi
ally the same representation in(a) but for

γ = cosh(2).In ref.[50℄ a stability analysis via small �u
tuations in various dire
tions to the quarkantiquark axis have been dis
ussed with the result that the long string 
on�gurations areunstable and hen
e physi
ally irrelevant. Using the generalization of 
on
avity 
onditionsfor the whole (L, θ)-plane given in [28℄, we will examine the stability of the solution(4.50). Using (4.40), (4.50) one gets
(

∂Vqq̄

∂ℓ

)

θ

=
γ
√

h − k

2
√

k
, (4.51)

(
∂2Vqq̄

∂ℓ2

)

θ

=
h2γ3/2

2(h − 3k)k3/4(K(−h) − E(−h))
. (4.52)With (4.38) and K(−h)−E(−h) < 0 , ∀h ∈ (0, 1] we see that, while monotony is alwaysrealized, 
on
avity holds on the short string bran
h (k < h/3) only. This perfe
tly �tswith the stability analysis on the string side, where it has been shown that the short(long) string bran
h is stable (unstable) with respe
t to small �u
tuations. We did notanalyti
ally 
he
k the extended 
on
avity in the (L, θ)-plane, but the graph in Fig.4.5(b)suggests its validity.As seen from �gure above, for large enough θ, part of the short string bran
h rea
hespositive values for the potential. Due to our renormalization pres
ription this impliesa metastable situation [50℄. In spite of the stability with respe
t to small �u
tuations,the 
on�guration of two separated world-sheets lo
ated at �xed σ and stret
hing along

y from the horizon to in�nity would be favored.At �rst sight this metastability in the neighborhood of the s
reening length 
ouldobstru
t our averaging proposal for the s
reening length advo
ated above. However,56



4.3. Comment on Drag For
e
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Figure 4.7.: Stability analysis represented on the γ-θ-plane, the short string 
on�gurationis stable (metastable) in the regions above (below) the 
urve.another look at Fig.4.6(b) indi
ates a weakening of this e�e
t for in
reasing γ su
h thatthe 
riti
al value for θ is driven to π for γ → ∞. That 
an be seen at Fig.4.7. wherethe 
urve des
ribes the zero value of V (ℓmax) in the (γ, θ)-plane. Sin
e after all ourdis
ussion of the s
reening length 
on
erns its leading behavior for large γ, no obje
tionto an averaging over the whole S5 remains.4.3. Comment on Drag For
eIn this se
tion we make a 
omment about the S5-dependen
e of the drag for
e [46℄[47℄a
ting on a moving heavy quark in a thermal medium des
ribed by the AdS bla
k holemetri
. In ref.[47℄ it was argued that due to the in�nite mass of the quark, after someinitial �u
tuations its velo
ity should be 
onstant9 relative to the plasma. The belowderivation of drag for
e follows 
losely the des
ription in [47℄. Working in the restframeof the plasma, the motion of the string along the x3 
oordinate 
an be des
ribed by
x3(r, t) = vt + ξ(r), (4.53)where ξ(r) des
ribes the traje
tory of the dual string along the radial 
oordinate. Re
allthe metri
 for AdS-Bla
k hole

ds2 = −fdt2 +
r2

R2
(dx2

1 + dx2
2 + dx2

3) +
1

f
dr2 + R2dΩ2

5 , f ≡ r2

R2

(

1 − r4
H

r4

)

, (4.54)9This ansatz 
an also be understood as assuming the 
onstant velo
ity of the quark, then it is ofinterest to �nd out how mu
h for
e is needed to maintain the 
onstant motion. 57



4. Quark-Gluon-Plasmaand taking the usual parameterization t = τ , r = σ while all other 
oordinates areindependent of τ and σ, the Nambu-Goto a
tion (2.26) reads
S =

1

2πα′

∫

dτdr

√

1 +
r2f

R2
ξ′2 − r2

R2f
v2 (4.55)

=
1

2πα′

∫

dτdr

√

1 +
n

H
ξ′2 − v2

n
; H ≡ R4

r4
, n ≡ f

√
H . (4.56)A 
onserved quantity πξ = ∂L

∂ξ′

an be obtained from the above equation sin
e theLagrangian does not depend on ξ, and from this relation we get
ξ′2 = π2

ξ

H2

n2

n − v2

n − π2
ξH

(4.57)
ξ(r) des
ribes the string shape dangling from the boundary at in�nity to the horizonat rH , so ξ′2 has to be non-negative in this interval10. Sin
e n takes the values in [0,1),
(n − v2) will swit
h its sign at some radial position for v > 0. To avoid a negative lefthand side of the above equation, n − π2

ξH has to 
hange its sign at the same radialposition as its numerator. Hen
e, this 
ondition leads to
π2

ξ =
v2

1 − v2

r4
H

R4
. (4.58)Plugging πξ into (4.57), we get

ξ′ = v
r2
HR2

r4 − r4
H

(4.59)whi
h after integrating ξ′ gives the same string shape along the radial 
oordinate 
om-pared to the result11 of (4.28). This solution des
ribes a bending string trailing outbehind the quark, ar
ing downwards into the horizon. This string exerts a drag for
e onthe external quark whi
h will be determined next.The equations of motion for the Nambu-Goto a
tion may be expressed as
∂Pτ

µ

∂τ
+

∂Pσ
µ

∂σ
= 0 ; Pκ

µ ≡ ∂L
∂(∂Xµ

∂κ
)

. (4.60)
Pτ

µ and Pσ
µ are the 
urrent densities in the τ and σ dire
tions of the pµ 
omponent ofthe spa
etime momentum. The drag for
e is then des
ribed by the time derivative ofthe momentum dpx3

dt
where

px3
(τ) =

∫

Pτ
x3

(τ, σ)dσ . (4.61)10For zero velo
ity ξ′(r) vanishes giving the usual straight string hanging from the boundary down tothe horizon.11The same result is obtained after boosting ba
k to the plasma restframe. In (4.28) z = rHx3

R2 and
y = r/rH .58



4.3. Comment on Drag For
eThe momentum px3
above is 
omputed by integrating the �ux Px3

over a 
onstant τ -pathon the string world-sheet and sin
e the Pσ
x3

is parallel to any 
onstant τ -path it doesnot 
ontribute to the �ux. From another point of view px3

an be seen as the 
onserved
harge obtain by integrating the zeroth 
omponent Pτ

x3
of the 
urrent over spa
e.Using (4.60) the drag for
e is

dpx3

dt
=

∫
∂Pτ

x3

∂τ
dσ = −

∫
∂Pσ

x3

∂σ
dσ = −Pσ

x3
. (4.62)We have 
al
ulated Pσ

x3
= ∂L

∂x′
3

= ∂L
∂ξ′

= πξ before in (4.59), using this result the �nalexpression for the drag for
e reads
dpx3

dt
= − 1

2πα′

v√
1 − v2

r2
H

R2
= −π

√
λ T 2

H

2

v√
1 − v2

. (4.63)There is a world-sheet momentum Pσ
x3

�owing into the horizon. In order to maintainthe 
onstant motion, a for
e a
ting on the quark has to be added whi
h depends on thevelo
ity of the quark and the temperature of the medium12We have seen that in the absen
e of an additional for
e, the quark will slow downwhile transferring its momentum into the medium. However, this solution might still bein agreement with the ansatz (4.53) if there were a for
e a
ting on the string endpointand feeding momentum into the string. In ref.[46℄ it was argued that a 
onstant ele
tri
�eld on the probe brane would provide pre
isely su
h a for
e so that the quark willapproa
h an equilibrium value v at whi
h the rate of momentum loss to the plasma isbalan
ed by the driving for
e exerted by the ele
tri
 �eld. This was proposed to beanother13 ba
k-to-ba
k jet solution with external for
ing in whi
h quark and antiquarkmove apart at 
onstant velo
ity after disso
iation.At this point we want to make a 
omment about the possible dependen
e of the dragfor
e on the S5 position of the single quark. This situation was analyzed in the lastse
tion in order to �nd out whether the quark mass depends on its internal orientation,see (4.46) and (4.47). It was found that there exists no minimal surfa
e tra
ed out bya single string whi
h 
hanges its S5 position along the radial 
oordinate. For any S5orientation of the string endpoint the shape of the string is des
ribed by (4.28) and
ϑ′(σ) = 0. Hen
e, Pσ

x3
keeps the same form for all quark's internal orientations and we
on
lude that the drag for
e does not depend on the S5 position of the quark.12For a string with both endpoints on the probe brane there is no drag for
e [57℄ a
ting on its endpoints,whi
h 
an be interpreted as that a 
olor singlet state does not intera
t with the thermal medium.13The other �solution� is the trivial one where the disso
iation pro
ess o

urs near the boundary trans-verse to the plasma where the quarks 
an es
ape the medium without su�ering signi�
ant loss ofenergy. 59



4. Quark-Gluon-Plasma4.4. Jet Quen
hing ParameterWhen a quark antiquark pair is produ
ed inside a parti
le 
ollider, the quarks willtypi
ally end up hadronizing into ba
k-to-ba
k jets. If the pair is produ
ed in a QGPand gets disso
iated 
lose to the boundary of the plasma ball, the situation 
ould bedi�erent. One of the quarks might be able to es
ape the plasma without signi�
ant lossof energy and form the jet as usual, while the other one has to travel through the plasmaand will lose energy to the medium. This event will be observed as a single jet and thephenomenon is known as jet quen
hing telling us something about the intera
tion of thequarks with the QGP. The plasma is a strongly intera
ting medium and the string/gaugeduality might be appropriate to 
ompute physi
al quantities des
ribing this pro
ess ofenergy loss. The result for the drag for
e dis
ussed in the last se
tion 
an be used to
ompute the jet quen
hing parameter [46℄ whi
h des
ribes the energy loss of a quarkmoving in the QGP, sin
e the quantity
dpx3

dt
=

1

v

dE

dt
=

dE

dx3
(4.64)
an be interpreted as energy loss per distan
e traveled. The analysis in [46℄ gives theresult

d

dt
〈(~p⊥)2〉 = 2π

√
λ T 3

H , (4.65)whi
h is the rate of 
hange of the mean square transverse momentum of a quark and issometimes 
alled the jet quen
hing parameter.In this se
tion, however, we are going to 
onsider another method arising from inves-tigating radiative loss of a light-like proje
tile in a strongly intera
ting thermal medium[44℄, sin
e it is believed that the dominant energy loss is due to gluons radiation.4.4.1. Field Theoreti
al Ba
kgroundThe authors of ref.[44℄ proposed a non-perturbative de�nition of jet quen
hing parameter
q̂ whi
h 
an be obtained by 
omputing the thermal expe
tation value of a Wilson loopin the adjoint representation whose 
ontour has the form of a re
tangular loop C withlarge parallel light-like edges14 L− separated by a small extension L,

〈W A(C)〉 ≈ exp[−1

4
q̂
L−

√
2
L2] . (4.66)There exists a relation15 between the expe
tation value of the Wilson loop in the adjointand fundamental representation, whi
h in the large N is approximated as

〈W A(C)〉 ≈ 〈W F (C)〉2 . (4.67)14L− is in light 
one 
oordinates.15For SU(N), there is an identity for Wilson lines TrW = trW · trW † − 1, where Tr and tr denotetra
es in the adjoint and fundamental representations, respe
tively.60



4.4. Jet Quen
hing ParameterA

ording to the AdS/CFT 
orresponden
e, the 
al
ulation of the expe
tation valueof the Wilson loop in the fundamental representation is equivalent to the probem of�nding minimal surfa
e presented before. Until now, the expe
tation of the Wilsonloop is evaluated as the exponential exp(iS) of the Nambu-Goto a
tion for a string withboundary 
onditions 
orresponding to the Wilson loop C on the probe brane. To have the
orre
t behavior 
ompared to (4.66), the exponential suppression requires an imaginarya
tion. In [38℄[44℄ this requiring is ful�lled by taking the light-like limit of the spa
elikestrings. Memorizing the dis
ussion at the beginning of this 
hapter, the spa
elike string
on�guration is realized if we pla
e the probe brane at some radial 
oordinate smallerthan √
γ yielding imaginary a
tion. We will 
ome ba
k to more details in the nextsubse
tion. Using this method and assuming the physi
s of QGP 
an be des
ribed by

N = 4 SYM, a theoreti
al predi
tion for q̂ 
an be 
ompared to the results at RHIC.The 
omplete argumentation why the jet quen
hing parameter q̂ obtained by (4.66)should give information about the medium-dependent energy loss of a single quark mov-ing in a strongly 
oupled medium is beyond the s
ope of this diploma thesis, moredetails about this proposal 
an be found at [38℄[51℄[52℄[53℄ and referen
es therein. Wefollow the des
ription in [38℄ will try to give a sket
h how the Wilson loop in the adjointrepresentation arises in the 
al
ulation of interest.We start from the eikonal formalism in whi
h S-matrix amplitudes are determined interms of eikonal Wilson lines in the target �eld. This formalism 
omes from the ideathat at high energy, the propagation time through the target is short (the target getsLorentz-
ontra
ted), then the partons propagate independently of ea
h other and donot 
hange their transverse potisions during the propagation. The gluons 
an only beprodu
ed before or after intera
ting with the target. An in
oming hadroni
 proje
tile
an be des
ribed as a superposition of the partoni
 states16
Ψα

in = |α(0)〉 +

∫

dx f(x) T b
αβ|β(0); b(x)〉 . (4.68)In the above equation |α(0)〉 des
ribes a quark with 
olor α at transverse position 0,the ket |β(0); b(x)〉 des
ribes the two-parton state, 
onsisting of a quark with 
olor β attransverse position 0 and a gluon of 
olor b at transverse position x. The Weizsä
ker-Williams �eld f(x) ∝ g x

x2 with g des
ribing the strong 
oupling 
onstant is built up bythe 
oherent state of quasi-real gluons. Subs
ripts in greek letters denote the fundamen-tal while latin ones the adjoint indi
es.In the eikonal approximation, the pro
ess of s
attering of the proje
tile with the targetat high energy is des
ribed by adding an eikonal phase to ea
h proje
tile 
omponentdenoting its 
olor rotation, then the outgoing wave 
an be written as
Ψα

out = W F
α γ(0) |γ〉 +

∫

dx f(x) T b
αβW F

β γ(0) W A
b c(x) |γ ; c(x)〉 , (4.69)16Lorenz, spin indi
es and integration over the distribution of radiated gluon are suppressed in thefollowing expression. 61



4. Quark-Gluon-Plasmawhere W r(x) = P exp{i
∫

dz−T rA+
r (x, z−)} is a straight light-like Wilson line in light-
one 
oordinates where the light
one gauge A− = 0 was used, z gives the moving dire
-tion of the proje
tile, A is the gauge �eld in the target17 and T r are the generators ofthe gauge group in a r-representation 
orresponding to a given parton.The intera
tion in the target �eld 
hanges the relative phases between the 
omponentsof the wave fun
tion and thus de
oheres the initial state. As a result, the outgoing statedi�ers from the initial one and one 
an interpreted the �nale state as if it 
ontainsemitted gluons. The next step is to 
al
ulate the number spe
trum of the produ
edgluons. The di�eren
e between the in
oming and outgoing state is the subspa
e of Ψoutwhi
h is orthogonal to Ψin and 
an be expressed by

|δΨα〉 =

[

1 −
∑

γ

|Ψγ
in〉〈Ψγ

in|
]

|Ψα
out〉 (4.70)

=

∫

dx f(x)
[
T b

α βW F
β γ(0) W A

b c(x) − T c
βγW

F
α β(0)

]
|γ ; c(x)〉 . (4.71)The number spe
trum of the produ
ed gluons with momentum k is obtained by 
al
ulat-ing the expe
tation value of the number operator in the state |δΨα〉 averaged over thein
oming 
olor index α

Nprod(k) =
1

N

∑

α,d

〈

δΨα|a†
d(k) ad(k)| δΨα

〉

. (4.72)Noting the annihilation and 
reation operator a
ting on |δΨα〉 as
ad(x)|δΨα〉 =

∫

dx f(x)
[
T b

α βW F
β γ(0) W A

bd(x) − T d
βγW

F
α β(0)

]
|γ〉 , (4.73)

〈δΨα|a†
d(y) =

∫

dy f(y)〈γ|
[

W A†

db̄
(y)
(

W F †(0)T b̄
)

γα
−
(
T dW F †(0)

)

γα

]

,and using the relations
Tr
[
T bT c

]
=

δbc

2
, W A

bc(x) = Tr
[
T b W F (x) T c W F †(x)

]
, (4.74)then number spe
trum of the produ
ed gluons reads

Nprod(k) =

∫

dx dy eik·(x−y)f(x)f(y)
CF

N2 − 1

[

〈
Tr
[
W A †(0) W A(0)

]〉 (4.75)
−
〈
Tr
[
W A †(x) W A(0)

]〉
−
〈
Tr
[
W A †(y) W A(0)

]〉
+
〈
Tr
[
W A †(y) W A(x)

]〉

]

.17The gauge �elds in the target 
an be seen as stati
 
lassi
al sour
es and the �eld distribution is taken
are by a method 
alled target averaging [53℄62



4.4. Jet Quen
hing ParameterThe x and y denote the transverse positions of the gluon in the amplitude and 
omplex
onjugate amplitude. The only information about the target whi
h enters in the above isthat en
oded in the transverse size dependen
e of the expe
tation value of two light-likeadjoint Wilson lines.We have seen that due to the 
olor algebrai
 identities (4.74) all the eikonal phases inthe fundamental representation have been repla
ed by adjoint ones. This allows us towrite the gluon spe
trum in terms of expe
tation values of produ
ts of adjoint Wilsonlines. Determining the expe
tation values of the above expressions means averagingover the gluon �eld of the target. There are many pro
edures whi
h des
ribing how thetarget averaging is taken, depending on the what type of s
attering pro
ess we want to
onsider [53℄. Using the dipole approximation whi
h is valid for small transverse distan
e
L = |x−y|, and is taken in the limit where the proje
tile undergoes many s
atterings. Inthis approximation the ve
tor potentials of di�erent s
attering 
enters are un
orrelatedin 
olor spa
e and the result for averaging is [38℄[53℄

1

N2 − 1

〈
Tr
[
W A †(y) W A(x)

]〉
−→

〈
W A(Clight−like)

〉
= exp

[

−q̂
1

4

L−

√
2

L2

]

+ O
(

1

N2

)

,(4.76)where the light-
one distan
e L−/
√

2 = ∆z is identi�ed with the in-medium path lengthand q̂ 
hara
terizes the average transverse momentum squared transferred from thetarget to the proje
tile per unit path length. By the �arrow� it is meant that in orderto obtain a gauge-invariant formulation, the two long light-like Wilson lines will be
onne
ted by two short transverse segments of length L yielding the 
losed re
tangularloop Clight−like, that is how the adjoint light-like Wilson loop arises in the 
al
ulation18.4.4.2. The Cal
ulation in the dual Pi
tureThis 
omputation of Wilson loop at small ℓ-limit follows 
losely the 
al
ulation in [38℄.Until now, in order to 
al
ulate the s
reening length and qq̄-potential in large velo
itylimit, the probe brane radial position Λ >
√

γ is taken to in�nity �rst and the limit
γ → ∞ afterwards. For 
al
ulating the jet quen
hing parameter the order of takinglarge limit of Λ and γ 
hanges. Sin
e we are interested in 
onstru
ting the light-likeWilson loop, the γ → ∞ limit with large and �xed Λ is taken �rst, so that √γ > Λ. Inthis 
ase the a
tion be
omes imaginary whi
h yields a real quantity in the exponent of
eiS.Assuming the string to extend in the x1 = σ and the radial dire
tion y, introdu
ing theboundary 
onditions y ± (ℓ/2) = Λ, using the result in (4.12) and noting the 
ondition18To des
ribe the energy loss of a quark moving through a QGP, one has to go beyond the eikonalapproximation, sin
e gluons are produ
ed within the target. However, this re�ned kinemati
aldes
ription [38℄[51℄ does not involve additional information about the medium beyond that alreadyen
oded in the jet quen
hing parameter q̂ that has been introdu
ed above. 63



4. Quark-Gluon-Plasma
√

γ > Λ, the a
tion be
omes
S = T TH

√
λ

∫ ℓ/2

0

dσ

√

(y4 − γ2)(1 +
y′2

y4 − 1
)

= i T TH

√
λ

∫ ℓ/2

0

dσ

√

(γ2 − y4)(1 +
y′2

y4 − 1
) . (4.77)This a
tion does not depend expli
itly on σ, thus we have a 
onserved quantity q

q =

√

(γ2 − y4)

(

1 +
y′2

y4 − 1

)−1

→֒ y′ =
1

q

√

(y4 − 1) (γ2 − q2 − y4) . (4.78)From this equation we see, that the string 
onne
ting −ℓ/2 and ℓ/2 has two possibleturning points along the radial 
oordinate, namely at the horizon y = 1 and at theposition where y = (γ2 − q2)1/4. Sin
e y runs from the horizon at y = 1 to the boundaryat y = Λ and the right hand side of the last equation should be real, it is ne
essary todemand (γ2 − q2) ≥ Λ4. By doing so19 the latter turning point 
an only be realized at
y = Λ whi
h indi
ates the trivial solution y(σ) = Λ = const.However, this trivial solution does not ful�ll the Euler-Lagrange equation derived from(4.77), so we are left with the only string 
on�guration whi
h starts from Λ at σ = −ℓ/2,goes all the way down to the horizon at σ = 0, due to symmetry makes a turn there and
omes ba
k to the boundary Λ at σ = ℓ/2. Note, the string always tou
hes the horizonfor any value of ℓ. From the boundary 
onditions, using ℓ

2
=
∫ ℓ

2

0
dσ and (4.78), we have

ℓ = 2q

∫ Λ

1

dy
1

√

(γ2 − q2 − y4)(y4 − 1)
, (4.79)

S = i T TH

√
λ

∫ Λ

1

dy
γ2 − y4

√

(y4 − 1)(γ2 − q2 − y4)
. (4.80)In order to have analyti
al expressions for the equations above and a

ording to thedis
ussion at the beginning, the γ → ∞-limit will be taken �rst followed by the Λ → ∞-limit

ℓ =
2q

γ

∫ Λ

1

dy
1

√

y4 − 1
+ O

(
1

γ3

)

ℓ ≈ lim
Λ→∞

2q

γ

∫ Λ

1

dy
1

√

y4 − 1
=

2q

γ

√
π

Γ
(

5
4

)

Γ
(

3
4

) . (4.81)19That means the ne
essary 
ondition for the existing of the purely imaginary extremal surfa
e for
ertain ℓ requires the pla
ing of the probe brane not to 
lose to √
γ, so that γ2 − Λ4 > q2(ℓ, γ).64



4.4. Jet Quen
hing Parameter
q(γ) was assumed to be small when the above limits was taken. The reason is that weare interested in evaluating the expe
tation value of the Wilson loop at small ℓ-limit,and that indi
ates small q. This 
omes from 
onsidering the 
onserved quantity q in(4.78) along σ. Let us determine at q at σ = ℓ/2 indi
ating y = Λ

q =

√

(γ2 − Λ4)

(

1 +
y′2

Λ

Λ4 − 1

)−1

, (4.82)where y′
Λ denotes the slope of y(σ) at σ = ℓ/2. For ℓ → 0 at given values of γ and Λ, y′

Λgoes to in�nity sin
e the string goes straight down to the horizon, thus making q small.In the following the a
tion will be Taylor-expanded in small q-limit, i.e. small ℓ

S(ℓ) = S(0) + q2S(1) + O(q4) , (4.83)yielding
S(0) = i T TH

√
λ

∫ Λ

1

dy

√

γ2 − y4

y4 − 1
, (4.84)

q2S(1)(ℓ) =
i T TH

√
λ

2
q2

∫ Λ

1

dy
1

√

(γ2 − y4) (y4 − 1)

≈ i T TH

√
λ q2

2γ

√
π

Γ
(

5
4

)

Γ
(

3
4

) = i

√
λπ3/2 Γ

(
3
4

)
T 3

H

8 Γ
(

5
4

) (Tγ)L2 (4.85)where in the last equation (4.81) and ℓ = π L TH have been used and the integral was
arried out in leading order of γ. The equation (4.84) des
ribes the in�nite part of thea
tion and should 
an
el out with the minimal surfa
es tra
ed out by two straight stringsdangling from the boundary at y = Λ to the horizon.Re
all the results in (4.24) and (4.26)
Sq =

T TH

√
λ

2

∫ Λ

1

dy

√

y4 − γ2

y4 − 1
+ (y4 − 1)z′2 ,

cq =

[√

y4 − γ2

y4 − 1
+ (y4 − 1)z′2

]−1

z′(y4 − 1) ,

z′2 = c2
q

1

(y4 − 1)2

y4 − γ2

y4 − 1 − c2
q

.We are looking for solutions with imaginary a
tion for √γ > Λ, so inserting z′ into thea
tion and demanding the expression under the square root to be negative for all valuesof y ∈ [1, Λ], we need to set 
ondition for cq so that
y4 − γ2

y4 − 1 − c2
q

< 0 . (4.86)65



4. Quark-Gluon-PlasmaSin
e √γ > Λ the numerator is always negative, then the su�
ient 
ondition for havingimaginary a
tion is y4−1−c2
q > 0 whi
h is trivial due to the de�nition of purely imaginary

cq above. 20 Note, z′2 is well-de�ned (non-negative) for any value of imaginary value of
cq. The a
tion for a single spa
e-like string is

Sq =
i T TH

√
λ

2

∫ Λ

1

dy

√

γ2 − y4

y4 − 1 − c2
q

. (4.87)Motivating from the physi
al expe
tation that
lim
ℓ→0

[S(ℓ) − 2Sq] = S(0) − 2Sq = 0 (4.88)sin
e, as argued in [38℄, the expression inside the square bra
ket of (4.75) giving theprobability amplitude for the s
attering pro
ess should vanish at this limit. On themathemati
al side, the solution in this 
ase would look like a string going straight fromthe boundary tou
hing the horizon and 
oming ba
k at almost the same σ-position,hen
e subtra
ting two times the quark mass should yield zero. From (4.84) and (4.87)the only reasonable solution for the subtra
ting pro
edure is (4.87) with cq = 0.The jet quen
hing parameter q̂ in (4.76) 
an now be read o� from (4.85). Identifying
(Tγ) = L−/

√
2, where L− is the extension in light-
one 
oordinates of the Wilson loopin the light-like dire
tion, and noting the expe
tation value of the adjoint Wilson loopdi�ers by a fa
tor of 2 in the exponent S from the expe
tation value of the fundamentalWilson loop, the jet quen
hing parameter21 reads

q̂ =
π3/2Γ

(
3
4

)

Γ
(

5
4

)
√

λ T 3
H . (4.89)On
e again, we see the non-trivial √λ-dependen
e whi
h is a 
onsequen
e of strong
oupling. In order to 
ompare this result with experimental data at RHIC and thinking

αQCD = 1/2 being reasonable for temperature not far above the QCD phase transition,the authors of [44℄ have set N = 3 and αSY M = 1/2. From (4.89), one �nds for thetemperature of 300 MeV, whi
h is an estimated value the average the temperature atRHIC, the jet quen
hing parameter̂
q = 4.5 GeV2/fm (4.90)
ompared to the RHIC data with values for the time-averaged22 q̂ around 5-15 GeV2/fm[54℄.20cq is purely imaginary in this 
ase, sin
e the a
tion is imaginary.21The jet quen
hing parameter 
an be obtained dire
tly using light-
one 
oordinates [44℄ where theextremal surfa
es are �nite yielding the same result.22q̂ de
reases with time as the QGP expands and 
ools.66



4.4. Jet Quen
hing Parameter4.4.3. Dis
ussionsThe result for jet quen
hing parameter evaluated by the proposed method des
ribedabove is 
lose to the experimental estimate. Anyway, one should have in mind thatthe 
al
ulation was done for a N = 4 dual ba
kground whi
h is not a dual ba
kgroundto QCD. Clearly, QCD is very di�erent from N = 4 SYM whi
h is a 
onformal, su-persymmetri
 theory with no fundamental quarks, no running 
oupling and hen
e no
on�nement. Compared to QCD N = 4 SYM has additional s
alars, fermioni
 �elds inthe adjoint representation and it 
ontains additional global symmetry. However, as ar-gued in referen
e [38℄, these two theories might share 
ommon properties at temperaturehigher than Tc where supersymmetry is badly broken and in QCD, there is no 
on�ne-ment. In order to make a meaningful statement for QCD, the authors of [38℄ proposethat the ratio of the QCD jet quen
hing parameter to that of N = 4 SYM is given bythe square root of the ratio of the number of degrees of freedom between the two theo-ries yielding a suppression fa
tor of 0.63 for (4.89). This suppression would enlarge thedis
repan
y between theoreti
al predi
tion and experimental measurement whi
h 
ouldbe interpreted as signal indi
ating that additional energy loss sour
es besides gluonsradiation might be important.The jet quen
hing parameter has been 
al
ulated also for non-
onformal ba
kground[55℄, deformed ba
kground [56℄, ba
kground dual to N = 4 with non-zero 
hemi
al po-tential [57℄, or ba
kground with no asymptoti
al AdS5 
omponent [59℄ with the mainlesson that the proposed de�nition of jet quen
hing parameter [44℄ is gauge theory spe-
i�
 and therefore not universal. It was found that the jet quen
hing parameter in
reasesas one goes from a 
on�ning gauge theory to a 
onformal theory.The result for the jet quen
hing parameter (4.65) evaluated via drag for
e is 16.5%smaller than the one 
al
ulated from the expe
tation value of the light-like Wilson loop(4.89). One argument for this di�eren
e is that the des
ribing of the energy loss of aquark moving in a QGP in these two methods arises from di�erent perspe
tives, one
oming from the dragging reason and the another from the gluon radiation reason.In this diploma thesis we are interested in the possible dependen
e of physi
al observ-ables on the internal degree of freedom (S5). It has been found that the drag for
e doesnot depend on the S5-orientation of the string endpoint on the probe brane, thus the jetquen
hing parameter obtained dire
tly via drag for
e [46℄ is independent of various inter-nal quark orientations. The jet quen
hing parameter as proposed in [38℄[44℄ is obtainedfrom the expe
tation value of a light-like Wilson loop with small transverse distan
e inthe adjoint representation. However, due to the relation (4.67) the expe
tation value ofthe Wilson loop in the fundamental representation is evaluated. Hen
e, this loop relatesto the quarks and it is tempting to raise the question what happens if the long light-likeedges of the loop are assumed to have di�erent positions in the internal spa
e. 67



4. Quark-Gluon-PlasmaTaking the boundary as usual for a string 
onne
ting two points on the probe braneand swit
hing on the internal dependen
e, we are going to extremize the a
tion
S = i T TH

√
λ

∫ ℓ/2

0

dσ

√

(γ2 − y4)(1 +
y′2

y4 − 1
+

ϑ′2

y2
) . (4.91)Sin
e the a
tion does not depend expli
itly on σ and is independent of ϑ, there existtwo 
onserved quantities

L − ∂L
∂y′

y′ ≡ qj ,
∂L
∂ϑ′

≡ pj with
pj

qj
=

ϑ′

y2
.Using the relation between qj and pj, one �nds

y′ =
1

qj

√

(y4 − 1)(γ2 − y4 − q2
j − p2

jy
2) . (4.92)Reality 
ondition for the above expression is ne
essary for the extremal surfa
e to existand this imposes a maximal value for y given in terms of γ, qj and pj. This 
riti
al valuegives the largest possible radial 
oordinate where a probe brane 
an be pla
ed23

Λm =

[
1

2

(√

4γ2 − 4q2
j + p4

j − p2
j

)]1/2

. (4.93)For the light-like Wilson loop the large γ-limit at �xed Λ will be taken �rst. Then usingthe boundary 
ondition and ℓ
2

=
∫ ℓ/2

0
dσ, we get for the small ℓ-limit

ℓ =
2π Γ(5/4)

Γ(3/4)

qj

γ
+ O(

1

γ3
) , (4.94)where the large γ-limit was taken �rst, followed from the large Λ-limit. The relativeangle θ 
an be evaluated using the boundary 
onditions, θ

2
=
∫ θ/2

0
dϑ =

∫ ℓ/2

0

pj

qj
y2dσ andafter transforming y =

√
w, we have

θ =

∫ Λ2

1

dw
pj ·

√
w

√

(w2 − 1)
(
w + Λ2

m + p2
j

)
(Λ2

m − w)
. (4.95)Unfortunately, we do not know how to solve this integral expli
itly. To have an idea ofwhat is represented by (4.95), let us look at a short numeri
al analysis of this integral.Noting the 
ondition (4.93), taking large γ and then large Λ limit would mean that the Λin the integration boundary approa
hes Λm. Numeri
al analysis shows that the relativeangle 
an take values between zero and π for various 
ombinations of Λm and pj.23Pla
ing the probe brane between Λm and √

γ does not give purely imaginary a
tion.68



4.4. Jet Quen
hing Parameter
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Figure 4.8.: Numeri
al plot of (4.95)The a
tion (4.91) in the small qj , i.e. small ℓ limit24, 
an be brought to the followingform
S(ℓ) = S(0) + q2

j S
(1) + O(q4

j )

S(0) = i T TH

√
λ

∫ Λ

1

dy
γ2 − y4

√

(y4 − 1)
(
γ2 − y4 − y2p2

j

) , (4.96)
q2
j S

(1)(ℓ) =
i T TH

√
λ

2
q2
j

∫ Λ

1

dy.
γ2 − y4

(
γ2 − y4 − y2p2

j

)3/2√

y4 − 1
(4.97)Compared that to the 
ase of vanishing relative angle, there is an additional term de-pending on pj . This remnant 
an be explained by the enlargement of the extremalsurfa
e for θ 6= 0 sin
e it has to stret
h additionally inside the internal spa
e.At small ℓ and in large γ-, large Λ-limit, the leading order the 
onserved quantity qj is
ompletely determined by ℓ (4.94), then the jet quen
hing parameter q̂ 
an be extra
tedfrom the 
oe�
ient of ℓ2 ∼ q2

j .At this pla
e I en
ounter many di�
ulties, sin
e I do not know how to solve the aboveintegrals expli
itly. The large γ-limit 
annot be taken properly, sin
e this would 
hangethe original geometry and hen
e pj. From Fig.4.8. one re
ognizes that angle θ 
lose to
π demands pj ≫ Λm, hen
e from (4.93) that would mean p4

j ≫ 4γ2 − 4q2
j . When theangle θ is 
lose to zero, it just des
ribes the opposite 
ase. Be
ause I have not foundany su�
ient approximation to the solution of the problem, the answer to the question,whether the jet quen
hing parameter obtained via light-like Wilson loop in the adjoint24Compared to q in (4.78), (4.82), the denominator of qj gets an additional positive term arising fromthe slope of the angle, thus the small-ℓ small qj-relation still holds. 69



4. Quark-Gluon-Plasmarepresentation at small distan
e ℓ depends on the relative S5-angle, will be left for futurework.
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5. Summary and OutlookSummary We have applied the method proposed in [13℄[14℄ to 
al
ulate the quarkantiquark potential using the dual des
ription. The quarks and antiquarks in this de-s
ription are represented by string endpoints on the probe brane, thus a meson 
an beseen as a string with its both endpoints on this brane. It is known from �eld theorythat the stati
 quark antiquark potential 
an be extra
ted from the expe
tation valueof a Wilson loop, whose shape has the form of a re
tangular with the sides along thetime dire
tion mu
h larger than the spatial sides representing the distan
e between thequarks [12℄. Using the AdS/CFT 
orresponden
e, the expe
tation value of a Wilsonloop in the fundamental representation of N = 4 SYM 
an be evaluated by solving theproblem of �nding minimal surfa
e in the dual ba
kground. Sin
e the Wilson loop isa non-lo
al operator, the �eld/operator 
orresponden
e (2.13), whi
h is only valid forgauge invariant lo
al operator, has been extended. The proposal basi
ally said that theminimal surfa
e des
ribed by the extremal Nambu-Goto a
tion has to end on the Wilsonloop lying on the probe brane at the boundary. The extremal surfa
e is in�nite sin
ethe integration is taken up to the boundary at in�nity. In order to have a �nite expres-sion for the potential, a subtra
tion pro
edure needs to be introdu
ed for removing thein�nite part of the a
tion.Motivated from the fa
t that the potential depends only on the separation1 betweenthe quarks, the in�nite part, whi
h does not depend on variables parameterizing theseparation, is found to be the mass of the string with one endpoint on the brane andthe other entpoint at the horizon of the geometry, whi
h sometimes is interpreted as thequark mass. After subtra
ting twi
e this mass, the potential be
omes �nite.The superstring 
onne
ting the quarks lives in ten-dimensional spa
e-time, hen
e theproblem 
an be extended by letting these endpoints having di�erent positions in theinternal spa
e. In all the dis
ussed ba
kgrounds the internal spa
e is identi�ed with the�ve-sphere. The situation of a meson with a quark and an antiquark having di�erentpositions on the �ve-sphere is realized by introdu
ing two probe D3 branes into thegeometry whi
h have 
oin
ident world-volume and position along the radial 
oordinate,but di�erent S5 orientations. Then the relative angle 
an be introdu
ed by setting thequark and antiquark on di�erent probe brane.The main motivation of this diploma thesis is 
onfronted with the problem how somephysi
al quantities related to the quarks depend on the additional degree of freedom,the S5-orientation of the quarks. We found:1Separation between the quarks at the boundary in
ludes also the θ-depending part for the 
ase ofnon-vanishing relative angle on S5. 71



5. Summary and Outlook(i) For the metri
 dual to N = 2 SYM [24℄, the 
on�nement behavior does not dependon the relative angle θ between the quark and antiquark, whi
h is expressed by thesame for
e strength for large quarks separation L in four-dimensional Minkowskispa
e. However, the meaning of large separation L depends strongly on θ, seedis
ussion in 3.3.(ii) The s
reening length ℓmax of heavy meson produ
ed with some velo
ity γ =
1/
√

1 − v2 relative to the QGP still s
ales with 1/
√

γ [37℄, but there exists aprefa
tor whi
h gives the dependen
e of the s
reening length on θ, see eq. (4.41).(iii) The drag for
e of a single quark moving relative to the QGP does not depend onits position on S5, thus the jet quen
hing parameter obtained via drag for
e isindependent of θ.(iv) Sin
e all the results were obtained from dual ba
kgrounds to SYM theories, inorder to make 
onta
t to QCD, where the dis
ussed internal degree of freedomis absent, we proposed a method to average the results over all possible relative
S5-orientations of the quarks [60℄.Outlook We have investigated the two ba
kgrounds whose internal spa
e is the �ve-sphere. There are many other dual ba
kgrounds, for example those given in [25℄[26℄,where the internal spa
e is a deformed version of S5. It would be interesting to 
onsiderthe internal degree of freedom of su
h metri
s. In 
ontrast to the �ve-sphere, wherethe geodesi
s are the great 
ir
les and the relative position between the quarks 
an beparameterized by one single angle, it is not easy to �nd the geodesi
 line 
onne
tingtwo arbitrary points inside the deformed S5. However, the deformed internal spa
e 
analways be parameterized by �ve angles, so one 
ould let the string be 
onstant alongsome internal 
oordinates and investigate the dependen
e of the expe
tation value of theWilson loop on the remaining angles of interest.Re
ently, a pres
ription for 
omputing planar gluon s
attering amplitudes at strong
oupling using the AdS/CFT 
orresponden
e was proposed in [64℄[65℄. In the 
lassi
alapproximation the 
al
ulation of gluon s
attering amplitudes is formally the same tothe 
al
ulation of the expe
tation value of a Wilson loop by �nding the minimal surfa
ewhi
h ends on a sequen
e of lightlike segments at the boundary2 whi
h are spe
i�ed bythe momenta of the gluons. In [65℄ the 
on�guration of the gluons is approximated asa re
tangular Wilson loop with no 
ouplings to the s
alar. The 
omputation was doneonly for the AdS5-part of the AdS metri
, so it raises the question whether it is physi
alto turn on the S5-part of the metri
.

2In this 
ase the boundary 
onditions are set at r → 0!72



A. Appendix: Regularizing the A
tionThe method in generalWe have to deal with some expressions of the form
∫

f (U) dU
︸ ︷︷ ︸

→∞

−
∫

h (U) dU
︸ ︷︷ ︸

→∞

(A.1)with the hope that the di�eren
e provides a �nite value. Fortunately, all the integralshave the form ∫ ∞

a

g (U) dU with g (U → ∞) → finite . (A.2)and after a transformation of parameters as U = 1
x
, the integral takes the form

∫ ∞

a

g (U) dU =

∫ ǫ

1/a

−g(1/x)

x2
dx =

∫ 1/a

ǫ

g̃(x)

x2
dx ≡ G (ǫ) , (A.3)with ǫ ≡ limU→∞

1
U
. Be
ause of (A.2) g̃(x → 0) → finite. If a is zero, it is ne
essary tointrodu
e an 
uto� UIR whi
h 
an take values arbitrarily 
lose to zero. The term G (ǫ)
an be seen as

G (ǫ) =

∫ 1/a

ǫ

(
g̃(x) − g̃(0) − xg̃′(0)

x2
+

g̃(0) + xg̃′(0)

x2

)

dx (A.4)
=

∫ 1/a

ǫ

g̃(x) − g̃(0) − xg̃′(0)

x2
dx − g̃(0) · 1

x
|1/a
ǫ + g̃′(0) logx|1/a

ǫ ,where the prime denotes partial di�erentiation on x. Giving expli
it expressions for f(U)and h(U), we 
an �nd f̃(x) and h̃(x) like above and then determine F (ǫ) and H(ǫ) inthe form of (A.4). In some 
ases the di�eren
e F (ǫ) − H(ǫ) might provide �nite result.
N = 2 ba
kground: The 
ase of 
onstant angleFrom (3.41) and (3.42) we have
Vqq̄T = S − 2mq (A.5)

=
T

π

∫ Umax

U0

(

R2U2

√

U4 − U4
0

+
A

R2U2
√

U4 − U4
0

)

dU − T

π

∫ Umax

0

√

R4 +
A

U4
dU73



A. Appendix: Regularizing the A
tionThe se
ond part in the �rst integral is �nite and after 
hanging of variables as U = U0y,one �nds
∫ Umax

U0

A

R2U2
√

U4 − U4
0

dU =
A

R2U3
0

∫ Umax/U0

1

dy
√

y4 (y4 − 1)
=

A

R2U3
0

√
π Γ(3/4)

Γ(1/4)
.(A.6)Identifying ∫ f(U)dU with the remaining part of the �rst integral and ∫ h(U)dU withthe se
ond one, we have

f(x) =
R2

√

1 − U4
0 x4

, h(x) =
√

R4 + Ax4 . (A.7)Sin
e h(U) is integrated over the interval [0,Umax℄ and will diverge as U gets 
losed tozero, a 
uto� at UIR is introdu
ed. Using (A.4) and sin
e f ′(0) = h′(0) = 0, f(0) =
h(0) = R2 the di�eren
e F (ǫ) − H(ǫ) reads
F −H =

∫ 1

U0

ǫ

R2

x2

(

1
√

1 − U4
0 x4

− 1

)

dx−
∫ 1

UIR

ǫ

√
R4 + Ax4 − R2

x2
dx−R2 (U0 − UIR) .(A.8)We are only interested in the behavior of the quark antiquark potential depending on Land will 
onsider su
h term like

−
∫ 1

UIR

ǫ

√
R4 + Ax4 − R2

x2
dx + R2UIR (A.9)as a 
onstant value, whi
h shifts the 
urve Vqq̄(L) along the energy axis. Thus, we willnot 
onsider this term in further 
al
ulations. Setting t = U0x and taking the limes

ǫ → 0, the rest of (A.8) be
omes 1
lim
ǫ→0

(F (ǫ) − H(ǫ)) = R2U0

[∫ 1

0

1

t2

(
1√

1 − t4
− 1

)

dt − 1

]

= R2U0

[

F
(π

2
,
√
−1
)

− E
(π

2
,
√
−1
)

+
1 −

√
1 − t4

t
|10 − 1

]

= −R2U0

√
π Γ(3/4)

Γ(1/4)
. (A.10)With (A.6) and (A.10)we have found a �nite result for the potential

Vqq̄ =
1

π

√
π Γ(3/4)

Γ(1/4)

(

−R2U0 +
A

R2U3
0

)

. (A.11)1 F (π
2 , m) =

∫ π

2

0
dθ√

1−m2sin2θ
=
∫ 1

0
dy√

(1−y2)(1−m2y2)

E(π
2 , m) =

∫ π

2

0
dθ

√
1 − m2sin2θ =

∫ 1

0

(1−m2y2)√
(1−y2)

dy74



N = 2 ba
kground: The 
ase of non-
onstant angleRe
all the equation (3.64)
S =

T

π

∫ Umax/U0

1

dy

[

A

U3
0 R2

1

y2
√

(y2 − 1) (y2 + 1 − l2)
+ R2U0

y2

√

(y2 − 1) (y2 + 1 − l2)

]

.The �rst part of the a
tion is �nite, namely
∫ Umax/U0

1

A

U3
0 R2

dy

y2
√

(y2 − 1) (y2 + 1 − l2)
=

A

U3
0 R2

I1(l) , (A.12)with
I1(l) =

1

(1 − l2)
√

2 − l2

[

(
2 − l2

)
E

(

π

2
,

√

1 − l2

2 − l2

)

− F

(

π

2
,

√

1 − l2

2 − l2

)]The se
ond part of the a
tion diverges, so we are going to subtra
t the quark masses
2mq from this term. While h(U) in (A.1) keeps the same form, f(U) is identi�ed withthe se
ond part of the a
tion whi
h in U 
oordinate looks like
∫ Umax/U0

1

R2U0
y2dy

√

(y2 − 1) (y2 + 1 − l2)

y=U/U0→
∫ Umax

U0

R2U2dU
√

(U2 − U2
0 ) (U2 + U2

0 − l2U2
0 )

U=1/x→
∫ 1/U0

ǫ

R2

x2

dx
√

(1 − x2U2
0 ) (1 + x2 (U2

0 − l2U2
0 ))

=

∫ 1/U0

ǫ

dx

x2
f(x) . (A.13)Taking the di�eren
e F (ǫ)−H(ǫ) in the form of (A.4) with f(0) = R2 and f ′(0) = 0 wehave

F (ǫ) − H(ǫ) =

∫ 1/U0

ǫ

R2

x2

(

1
√

(1 − x2U2
0 ) (1 + x2U2

0 (1 − l2))
− 1

)

dx − R2U0

ǫ→0, t=xU0→ R2U0

[
∫ 1/U0

0

(

1

t2
√

(1 − t2) (1 + t2 (1 − l2))
− 1

t2

)

dt − 1

]

,here we left out the "
onstant" term (depending on UIR)
−
∫ 1

UIR

ǫ

√
R4 + Ax4 − R2

x2
dx + R2UIR . 75



A. Appendix: Regularizing the A
tion
lim
ǫ→0

(F (ǫ) − H(ǫ)) = R2U0

[

−E
(π

2

)

,
√

l2 − 1 + F
(π

2
,
√

l2 − 1
)]

− (A.14)
R2U0

[(

−1

t
|10 +

√

(1 − t2) (1 + t2 (1 − l2))

t
|10

)

+ 1

]

= R2U0

[

−E
(π

2
,
√

l2 − 1
)

+ F
(π

2
,
√

l2 − 1
)]

= −R2U0I3(l)Adding (A.12)and (A.14) together the potential be
omes
Vqq̄ =

1

π

[
A

U3
0 R2

I1(l) − R2U0I3(l)

]

. (A.15)
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